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Abstract

For a square matrix M, its energy E(M) is the sum of its singular
values. Let H be a k-uniform hypergraph, and let B(H) be the
incidence matrix of H. The incidence energy BE(H) of H is the
energy of B(H).

Let Tp,qa be the set of k-uniform hypertrees of order n and size
r with diameter 3 < d < r — 1. In this article, the k-uniform hyper-
trees with minimum incidence energy over 7,4 are characterized.
In addition, we have obtained the incidence energy of a hyperstar,
and determined which hyperstar has the maximum and minimum
incidence energy among all hyperstars with n vertices.

1 Introduction

In spectral graph theory, the structure of a graph is studied through
the eigenvalues/eigenvectors of matrices associated with them. Many re-
searchers around the world, motivated by this theory, have defined some
matrices associated with hypergraph, aiming to develop a spectral hy-
pergraph theory. In 2012, Cooper and Dutle [5] proposed the study of
hypergraphs by means of the adjacency tensor. It is known, however, that

to obtain eigenvalues of tensors has a high computational and theoretical
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cost. Perhaps for this reason, recently, some authors have renewed the in-
terest to study the matrix representations of a hypergraph, as for example
in [1,3,6,9,11,12].

Let H = (V(H),E (H)) be a hypergraph with vertex set V(%) and
hyperedge set E(H), where E(H) C 2V and 2V (%) stands for the power
set of V(H). A hypergraph A is k-uniform if |e| = k for every e € E(H).
Especially, 2-uniform hypergraph is the ordinary graph. The distance be-
tween two vertices in a connected hypergraph is the length of the shortest
walk connecting these two vertices. The diameter of a connected hyper-
graph is the largest distance between two of its vertices. A connected
and acyclic hypergraph is called a hypertree. For a k-uniform hyper-
tree H = (V(H),E(H)) of order n = |V(H)| and size t = |E(H)|, if
there exists a vertex v satisfying v € e for any e € E(H), H is called
a hyperstar with the center v, denoted it by S, ;. For convenience, let
[n] ={1,2,...,n}. Let E(v) ={e|lveeec E(H)},d(v) = |E(v)|is the de-
gree of v. A vertices and edges alternating sequence P = vgejvies - - - epvy
isapathifv;_1,v; € e;, and all v; and e; are distinct for ¢ € [p]. If d(v;) = 2
for i € [p — 1], and the other vertices in V(P) are 1-degree vertices, then
P is a loose path. An edge e is called a pendent edge if e contains exactly
k — 1 1-degree vertices. A path P = vpejvies---epvp is called pendent
path if d(vg) > 3, d(v;) = 2 for i € [p — 1] and the others vertices in V(P)
are 1-degree vertices. For a hypergraph #, the subdivision graph S(H) is
obtained by adding a new vertex v, and making it adjacent to all vertices
of e for each edge of H. Let T, 4 be the set of k-uniform hypertrees of
order n and size r with diameter 2 < d < r. Obviously, T € T, 2 is the hy-
perstar, and 7 € T, is a loose path. In the following we let 3 < d <r —

L Let T(n,d;nd,...,nf tnd, oo onb=t oo nl o o nb=2nk ) € Tha
be a hypercaterpillar obtained from a path vjejvies---eqv) by adding
nf (nf > 0) pendent edges to vf, where e; = {v}_l,vf_l,...vfjll,v}
2<i<d-1).

Let G be a graph with vertex set V(G) = {v1,v9,...,v,} and edge
set E(G). The adjacency matrix of G, denoted by A(G), is an n X n ma-
trix (a;;) in which a;; = 1 if v;u; € E(G), and a;; = 0 otherwise. The
characteristic polynomial of A(G), denoted by ¢a(G,\) = |A — A(G)],
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is called the characteristic polynomial of G. The n roots of the equation
da(G,\) = 0, denoted by A1 (G), A2(G), ..., \n(G), are called the eigen-
values of G. The energy E(G) of G is defined [7] as

E(G) = Z Ai(G)]-

If G is a bipartite graph, then its characteristic polynomial is

2]
$(G) =Y (—1) oz,
k=0

where by = 1 and bgp, > 0. If G = T is a tree, then by, = m(T, k) for all
k=1,...,[%], where m(T, k) equals to the number of k-matchings of T
(see [8]). For two bipartite graphs Gy and G2, we define G; < G if and
only if bop(G1) < bop(Ge) for all k =1,..., [%] Moreover, if there exists
a k such that box(G1) < bop(G2), we write G; < G. The following result

was proven (see [8]).

G1 2 Gy = E(G1) < E(Gy),
Gh <G2$E(G1) <E(G2). (1)

In 2007, Nikiforov ( [10]) extended the concept of graph energy to
matrices. For a square matrix M, its energy E(M) is defined as the sum
of its singular values. Let B(H) = (b(v,e))v ()| x|E() be the incidence
matrix of a k-uniform hypergraph H, where b(v,e) = 1 if v € e, and
b(v,e) = 0 otherwise. Following the definition of Nikiforov, the authors
in [4] defined the energy of B(H) as the incidence energy BE(H) of H,

and proposed the relation
BE(H) = 5 E(As), (2)

where A; is the adjacent matrix of S(H).
On this basis, the authors of [12] obtained the lower and upper bounds

on BE(H) for k-uniform hypertrees and characterized their corresponding
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extremal hypergraphs. Motivated by the above research, in this paper, we
characterized the k-uniform hypertrees with the minimum incidence energy
in Ty, q. In addition, we have studied a particular class of hypergraphs and
determined which hyperstar has maximum and minimum incidence energy

among this class.

2 The minimum incidence energy of k-uni-

form hypertrees with give diameter

Lemma 1 ( [4]). Ifu and v are two adjacent vertices of a graph G and
e =uv, then for k > 1,

(i) m(G, k) =m(G —e, k) + m(G —u—v,k—1);

(i) If v is a pendent vertex, then m(G, k) = m(G—v, k)+m(G—u—v, k—1).

Let G be a k-uniform hypertree and eg = {v1,v2,...,v;} be an edge
which is not belonging to G. Let G; be the hypertree obtained by identi-
fying v of eg and a vertex w of G, denote the new vertex vi. Let Hq be
a hypertree obtained from G; by attaching some pendent edges at some
vertices of eg. Let e1q, ..., e be the edges attaching at vy, and let Hs be
the hypertree obtained from #; by moving the pendent edges attaching
at v1 to vk, as shown in Figure 1. Let H3 be the hypertree obtained from
H1 by deleting the vertices in V(S(;—1)¢+1,¢) —v1 and adding a loose path

of length ¢ at vy, as shown in Figure 2.

Figure 1. The hypergraphs H; and Ha.

Lemma 2 ( [12]). Let Hi and Ha be the hypertrees as shown in Figure
2.1. Then BE(H1) > BE(Hs).
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Figure 2. The hypergraphs H1 and Hs.

Lemma 3 ( [12]). Let H1 and Hs be the hypertrees as shown in Figure
2.2. Then BE(H3) > BE(Hl)

Let G; and Gy be two k-uniform hypertrees and P = vgejviesvs be a
path of length 2, which is not belonging to G; and Gs, e; = {vi_l, vE g,
vf:ll, vi}. Let G3 be the hypertree obtained by identifying vy of e; and
a vertex w of Gy, denote the new vertex vy, and identifying vy of ey and
a vertex u of Gy, denote the new vertex vs. Let Hy be a hypertree ob-
tained from Gz by attaching some pendent edges at some vertices of e;.
Let e11,...,e1¢ be the edges attaching at v% and esq, ..., es be the edges
attaching at v;. Let H5 be the hypertree obtained from H4 by moving the
pendent edges attaching at v3 to vy, depicted in Figure 3.

Figure 3. The hypergraphs H4 and Hs.

Lemma 4. Let Hy and Hs be the hypertrees as shown in Figure 2.3.
Then BE(H4) > BE(H5)

Proof. By (1.2), BE(H4) =

1E(S(H4)) and BE(Hs) = s E (S(Hs5)). Now
we only compare S(H,) with S

(Hs), where S(H4) and S(H5) are shown

in Figure 4.
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S(G2)

V2

S(Ha)

Figure 4. The graphs S(H4) and S(Hs).

It is obvious to see that

t—1
S(H4)—’U(2)—611 = S(H4)—U§€11 —Ug —e2 =2 = S(H4)— U 1)(2)611'—11(2)—613,

i=1

t t

S(Ha) — | vieri — v1 — ea1 2 S(Ha) — | vieri — viear — v1 — e

=1 i=1

t s—1
2
== S(Hy) - U vpers — U vi€1j — U1 — €2s,
i=1 j=1

S(Hs) —v1 —e1n = S(Hs) —vienn —v1 — ez

¢
S(Hs) — | Jvieni — U vi€zj — U1 — eas,
i=1

1%
1%

t s
S(Ha) = |Jvderi — (Jvier; = S(Hs) — | Jvien — | viea,
; i=1 j=1

S(Ha) — U vger; — v1 — ea1 = S(Hs) —v1 — ers.

i=1
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Further by a direct calculation, for ¢ > 1, we have

m(S(’H4),€) m(S(H4)—U0€11, ) m(S(’H4) —U(Q) —611,6—1)

=m (S(H4) - 1}0611 - 0(2)612, 6)

+m (S(’H4) —vder —v3 — e, — 1)

+m (S(H4) - 1}3 — 611,( — 1)

t
=m (S(%4) — U 08611‘,€> +itm (S(H4) — Ug —e11,f — 1) s
=1

and

t
m <S(H4) - U v%eliJ)
i=1

t
=m (S(H4) - U vger; — U1€21a£>

i=1

¢
+m (S(’H4) — Uv%eli —v1 — eaq, L — 1)

i=1

t
=m <S(H4) — U vger; — vieay — U1€22,5>

i=1

t
+m (S(’H4) — U vgel; — vien1—v1 — €2a, £ — 1)

=1

¢
+m (S(H4) — Uv%eu — v — eaq,f — 1)

i=1

t s
=m | S(H4) — U vgeri — U viez;, L
i=1 j=1
t
“+sm (S(H4) - U v%eli — V1 — 621,5 — 1) .

i=1
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Then
t s
m(S(H4),€) =m S(H4) - U ’Ug@h‘ - U vlelj,€
i=1 j=1
t
+ sm (S(H4) — U U(2)61i — V1 — 621,@ — 1)
i=1

+tm (S(H4) — v — €11, £ — 1),

and

m (S(Ms),£) =m (S(Hs) — vien, £) +m (S(Hs) —v1 — enr, £ — 1)
=m (S(Hs5) — vienn — v1€12,%)
+m (S(Hs) —vien —v1 —e1, £ — 1)
+m (S(Hs) —v1 — e, £ —1)

t s
m | S(Hs) — U vi€1; — U 01621'75)

=1 j=1

+ (s +t)m (S(Hs) —v1 —eq1, £ —1).

If ¢ =1, then m (S(H4),l) —m (S(Hs),£) = 0. If £ > 2, since S(Hs5) —
v1 —e11 C S(Ha) — v3 — e11, then

=t (m (S(’H4) - vg —eq1,4 — 1) —m(S(Hs) —v1 — e, l — 1)) > 0.

Thus BE(H4) > BE(Hs5). The lemma holds. [ |

Let G be a k-uniform hypertree with vertex set V(G) and hyperedge
set E(G), and let P = vpeqviea - - - €2p11V2p12 be a path of length 2p + 1
(p > 1), which is not belonging to G, and ¢; = {v;_1,v2 ,...vF " v; }.
Let G; be the hypertree obtained by identifying vg of e; and a vertex w
of G, denote the new vertex vg. Let Hg be a hypertree obtained from
Gy by attaching n; > 0 pendent edges at v; (1 <i < p+1). There exists
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ke {1,2,...,p} such that ny # 0if E(G) = (. Let e11,...,e15 (s > 0) be
the edges attaching at v, and let ea1, . .., €9 (¢ > 1) be the edges attaching

at vp+1. Let H7 be the hypertree obtained from Hg by moving the pendent
edges attaching at v,11 to vp, depicted in Figure 5.

TR

Figure 5. The hypergraphs Hg and H7.

Lemma 5. Let Hg and Hr be the hypertrees as shown in Figure 2.5.
Then BE(Hg) > BE(H7).

Proof. By (1.2), BE(H¢) =

1E (S(Hs)) and BE(H7) = LE (S(H7)). Now
we only compare S(Hg) with S

1p
2

(H7), where S(Hg) and S(H7) are shown

in Figure 6.

Figure 6. The graphs S(H¢) and S(H7).
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It is obvious to see that

S(He) — vpt1 — €21 = S(He) — vpr1€21 — Uptr1 — €22

t—1

== S(He) — U Upt1€2i — Up41 — €2t

=1
t

— Jvprre2i —vp — €11 2 S(He) — | vps1€2i — vpers — vp — €22
=1

t s—1
- U Up+1€2; — U Up€1j — VUp — €1s,
=1 j=1

S(H7) —vp —enn =2 S(Hr) — vper1 — vp — €12

s t—1
~...xS(H;) — U vpe1; — U Up€aj — Up — €24,
i=1 j=1

I
I

t s
— U Upt1€2i — U vper; = S(Hr) — U Upeoi — U Upe1j,
i=1 j=1

j=1

t

S(He) — U Upyi1€2; — Up —e11 = S(Hr) —vp — enn.

i=1

By a direct calculation, for £ > 1, we have

( (Hﬁ) ) (S He Up+16217€) + m(S(HG) — Upt1 — eo1,f — 1)

) —
) — Upy1€21 — Uppi1€22,F)
He) — Upg1€21 — Vpg1 — €22, 0 — 1)

He) — Vpr1 —e21,£ — 1)

=m <S(H6) - U ’Up+1e2i;€>

=1
+tm (S(HG) — Upt1 — 621,6 — 1) R
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and
t
m (S(H@) — U ’Up+162i,€>
=1
t
=m (S(HG) - U Up+1€2; — ’Up€117€>
i=1
t
+m <S(7‘[6) - U Up4+1€2; — Up — e11,f — 1)
i=1
t
=m (S(H(}) - U Up4+1€2; — Up€11 — ’L}p€12,£>
i=1
t
+m <S(H6) - U ’Up+1€27; — vpeu—vp — 612,[ — ].>
i=1
t
+m <S(7‘[6) - U Up4+1€2; — VUp — e11,f — 1)
i=1
t s
=m S(HG) - U Up+1627; — U ’Upelj,£
i=1 j=1
t
+sm <S(H6) - U Up+1€2; — Up — 611,€ — 1) .
i=1
Then
t s
m(S(He), ) =m | S(He) — U Upt1€2; — U vpe1j, L
i=1 j=1
t
—+ sm <S(H6) - U Up+1€2; — Up — 611,6 — 1)
i=1
+tm (S(He) = vpt1 — €21,£ — 1),
and

m (S(Hr),£) = m (S(Hr) —vpe1r,£) + m(S(Hz) —vp, —e11,0— 1)



144

=m (S(H7) — Upen — Upelg, €)
+ m(S 7‘[7) — ’Up611 — Up — 612,6 — 1)

+m(S(H7) —vp —er,£—1)

t s
=m | S(Hr) — U Up€o; — U vperj, b
i=1 j=1
+(s+t)m(S(Hr) —vp —e11,£ —1).
So

m (S(Hg), L) — m (S(Hr), L)
=t (m (S(He) — vp+1 — €21, = 1) =m (S(H7) —vp —e11, £ — 1)).

We consider two cases.
Case 1. E(G) # 0.
Let A be the graph as shown in Figure 7. By repeatedly utilizing the

Lemma 1 (4), it can be concluded that

Figure 7. The graph A.

m(S(He) — vpy1 — €21, — 1) —m (S(Hr) —vp, —e11,£ — 1)

p+1
>m (S(G) U (Z n> SpUSp_1,0 — 2p>

=1

p+1
—m (Au <<Zn> - 1) SkUSk_1,€—2p> :
i=1

Note that m (S(Hs), ) — m (S(H7),£) > 0 for any ¢, and there exists
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¢ = 2p + 2 such that m (S(Hs),¢) — m (S(Hz),¢) > 0. Then BE(Hg) >
BE(H7).

Case 2. E(G) = ) and there exists k € {1,2,...,p} such that nj # 0.
By repeatedly utilizing the Lemma 1(¢), it can be concluded that

m(S(Hg) —Up+1 —621,@— 1) —m(S(?—h) —Up —611,5— 1)

p+1 p+1
>m <<Zn,> S USk_1,¢— 2p> —-m <<Zm> S USk_1,¢— 2p>
i=1 i=1

=0.

Note that m (S(Hs),¢) —m (S(H7),£) > 0 for any ¢, and when £ = 2p+1,
m (S(Hg),£) —m (S(H7),£) > 0. Then BE(Hg) > BE(H7). The lemma
holds. ]

Theorem 1. LetT € T, 4 with3 <d<r—1.
(1) If d is even, then

BE(T(n,d; 0,...,0 ,r—d, 0,...,0)) < BE(T),
N—— ——
(d—2)2(k—1) (d—2)2(k—1)

with the equation holds if and only if T = T (n,d; 0,...,0 ,7—d, 0,...,0).
~—— N——

(d=2)(k=1) (d=2)(k=1)
2 2

(ii) If d is odd, then

BE(T(n,d; 0,...,0 ,r—d, 0,...,0)) < BE(T),
~—— S——

(d=3)(k=1) (d=1)(k=1)
2 2
with the equation holds if and only if T = T (n,d; 0,...,0 ,7—d, 0,...,0).
—— ~—

(d—3)(k—1) (d—1)(k—1)
2 2

Proof. Let T € Tpq with 3 <d <r—1. If T is not a hypercaterpillar,
then by Lemmas 2 and 3, there is a hypercaterpillar 77 € T, 4 such that
BE(T') > BE(T). By Lemmas 4 and 5, the theorem holds. [ ]
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3 The incidence energy of a hyperstar

In this section, we will obtain the incidence energy of a hyperstar, and
determine which hyperstar has the maximum and minimum incidence en-
ergy among all hyperstars with n vertices. The definition of a power graph

was introduced in [3] as follows:

Definition 1. Let G = (V, E) be a graph and let £k > 2 be an integer.
We define the power graph G* as the k-graph with the following vertex set
and edge set

V(gF) =V(G)u ( U ce) and E (GF) = {eUq, : e € B(G)},

e€E(
where ¢, = {vf,...,vf_,} for each edge e € E(G).

We define a hyperstar as a power graph of a star. A generalization of

the join operation was introduced in [2] as follows:

Definition 2. Consider a family of k-graphs, F = {G4,..., G}, where
each graph G; has order n; fori =1,...,k, and H is a graph with V(H) =
{v1,...,vx}. Each vertex v; € V(H) is assigned to the graph G; € F. The
H-join of Gy,...,Gy is the graph G = H[Gq,...,Gy] such that V(G) =

k
U V(G;) and edge set:
i=1

k
E(G)—(_UE(Go)u U {ij:ie V(G e V(Gu)}

uweE(H)

The spectrum of the H-join of regular graphs was characterized in
[2]. Let H be a graph with k vertices without isolated vertices. Let
G1, ..., Gy be asequence of k disjoint arbitrary p;-regular graphs of orders
n;, j=1,...,k Let G = H|G1,...,Gg). For j =1,...,k, we use 4; to
denote the adjacency matrices of G;. Let A(H) = (d;;) be the adjacency
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matrix of H. Define

P1 d124/T1 N2 s 51k\/n1nk
. 512\/711”2 D2 ce 52k\/n2nk
G= . . _ . -3
016/ Ok—1,k\/Mh—170% Dk

Theorem 2 ( [2]). Forj=1,...,k, let G; be a pj-regular graph of order
nj with spectrum og,. If G = H[G1,...,Gy], and G is as defined in (3.1),
then

k
a( U UG\{p]

Theorem 3. Let S, be the star on n vertices. If k > 2 is an integer,
then

BE ((S))F) = VE+n—2+(n-2vVk—1,

Proof. By (1.2), BE ((Sn)k) =1iE (S ((Sn)k>) Now we only calculate

E (S ((Sn)k)) Let Hy be the tree formed by attaching a vertex to all
pendent vertex of the star S,. The adjacency matrix of Ap,, takes the

form
A o Aﬂ an(n—l)
Ho — T )
an(nfl) 0
where
0 0
1 1
1 0 1
Ap = . . . . . . ) an(nfl) = .
1 0 0
1 00 -+ 0 O 0 0 0
Useing the above notation,
S((Sn)’“) —Ho |Ki,. ., K1, Ki1,... K1) . (4)
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By the identification in (3.2), the cardinality is

1, ifi=1,...,n,
n; =
k—1, ifi=n+1,...,2n—1,

and the regularity p; is equal to zero for 1 < ¢ < 2n — 1. Hence by applying
Theorem 2 to S ((Sn)k)7 we obtain

n—1)(k—2
Tas(sr)) = {0 Vo, Ly,

An Vk —1B,x(n—
where Cs,,_1 = ( x(n=1) )

Vk_anX(n—l)T O

Further by a direct calculation, we have

[n— [n—2]
acz,H:{o,\/k+n—2,—\/k+n—2,\/k—v 2},(— k—l) }

Thus BE ((Sn)’“) =1E (S ((sn)k)) =VE+tn—2+ (n—2)vE— 1L [
Corollary. If S is a hyperstar with t > 2 vertices, then
Vi=BE ((SQ)t) <BE(S)<BE(S) =t+Vt—2.

Proof. Let S be a hyperstar with ¢ > 2 vertices. Then there are 2 <
n < tand 2 < k < t such that S = (Sn)k In this way, we have that
t=(n—1)(k—1)+1, and so n = £=% + 1. Therefore

t—1 t—1
BE(S):q/m+kfl+\/mf k—1.

Consider the function f : [2,¢] — R, defined by

t—1

t—1

Computing its derivatives, we obtain
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If t > 4, then f'(z) < 0 for all x € [2,¢], and f(x) is an increasing function.
Ift =3 ort =2, then S = (S»)". Hence the result follows. |
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