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Abstract

A large number of graph invariants of the form Y = F(du,dy)
are studied in mathematical chemistry, where uv denotes the edge
of the graph G connecting the vertices v and v, and d,, is the de-
gree of the vertex u. Among them the variable Randi¢ type lodeg
index RLI,, with F(dy,d,) = log®d, log®d,, for a > 0, was found
to have applicative properties. The aim of this paper is to obtain
new inequalities for the variable Randi¢ type lodeg index, and to
characterize graphs extremal with respect to them. In particular,
some of the open problems posed by Vukicevi¢ are solved in this
paper; we characterize graphs with maximum and minimum values
of the RLI, index, for every a > 0, in the following sets of graphs
with n vertices: graphs, connected graphs, graphs with fixed mini-
mum degree, connected graphs with fixed minimum degree, graphs
with fixed maximum degree, and connected graphs with fixed max-
imum degree. Also, our results can be applied to a large class of
topological indices of the form ZMGE(G) F(du,d,), as variable sum
lodeg index and variable inverse sum lodeg index, solving some of
the open problems posed by Vukicevié.
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1 Introduction

Topological indices are parameters associated with chemical compounds
that associate the chemical structure with several physical, chemical or
biological properties. These indices play an important role in mathematical
chemistry, especially regarding quantitative structure-activity relationship
(QSAR) and the quantitative structure—property relationship (QSPR).

A family of degree—based topological indices, named Adriatic indices,
was put forward in [21,22]. Twenty of them were selected as significant
predictors. One of them, the Randi¢ type lodeg index, RLI, was singled
out in [21] as a significant predictor of heat capacity at T constant. This

index is defined as

RLI(G) = Z log dy, log dy,
weE(G)

where uv denotes the edge of the graph G connecting the vertices u and
v, and d,, is the degree of the vertex u.

We study here the properties of the variable Randic¢ type lodeg index
defined, for each a € R™, as

RLI,(G)= > log"d,log"d,.
w€EE(G)

Note that RLI; is the Randi¢ type lodeg index RLI.

The idea behind the variable molecular descriptors is that the variables
are determined during the regression so that the standard error of estimate
for a particular studied property is as small as possible (see, e.g., [16]).

The aim of this paper is to obtain new inequalities for the variable
Randi¢ type lodeg index, and to characterize graphs extremal with re-
spect to them. Also, we want to remark that many previous results on
topological indices are proved for connected graphs, but our inequalities
hold for both connected and non-connected graphs.

In particular, we characterize the graphs with maximum and minimum
values of the RLI, index, for every a > 0, in the following sets of graphs

with n vertices: graphs, connected graphs, graphs with a fixed minimum
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degree, connected graphs with a fixed minimum degree, graphs with a
fixed maximum degree, and connected graphs with a fixed maximum de-
gree. These results solve the problems (1), (7) and (8) stated by Vukicevié
in [24], for every value of the parameter a. We can use these results for de-
tecting chemical compounds that could satisfy desirable properties. Hence,
extremal graphs should correspond to molecules with a extremal value of
a desired property since there exists a property well correlated with this
descriptor for some values of a, in particular, a = 1.

Hollas [6] generalized several known indices to BID(G), defined as

BID(G)= Y F(du,dy).
weE(G)

In some literature, BID(G) was called the bond incident degree index [1],
[18] or the connectivity function [18], [25] of G. See [13,14] for recent
results on BID indices. Also, our results can be applied to this class of
topological indices. In particular, we solve these optimization problems

for the variable inverse sum lodeg index

1

L@ = 3 gl ogd,

weEE(G)

with a < 0, and for the variable sum lodeg index

SLI(G)= > (logd, +log"d,),
weE(G)

with a > 0. These optimization problems for the variable inverse sum
lodeg index and the variable sum lodeg index also appear in [24] as open
problems.

The variable inverse sum lodeg index is used in the prediction of heat
capacity at constant P and of total surface area for octane isomers [21], [23].
The variable sum lodeg index is used in the prediction of octanol-water

partition coefficient for octane isomers [21].

Furthermore, our results can be applied to:
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e variable inverse sum deg index (with a < 0)

)

ISD.(G) = >

o
wweE(G) du + dv

e variable sum exdeg index (with a > 1)

SEL(G)= > (a®™+a®™),

weE(G)

e variable first Zagreb index (with a > 1)

M{G)= > (det4dit)
uwveE(G)

(first Zagreb and Forgotten indices are particular cases),

e variable second Zagreb index (with a > 0)

MEG) = Y (dudy)"

weEE(G)

e variable sum connectivity index (with a > 0)

Xa(G) = Z (du + dv)a 5

weE(G)

e first and second Gourava indices [7]
GO (G) = > (dutdytdud,),  GOxG)= D (du+tdy)dudy,

wEE(G) weEE(Q)

e first and second hyper-Gourava indices [8]

HGOl (G) == Z (du + dv + dudv)2 ’
weEE(G)

HGOQ(G) = Z ((du + dv)dudv)2 )

weE(G)
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e, the Gutman-Milovanovié index [11]

Map(@) = Y (dudy)*(du+do)”,
wv€EE(G)
which is a natural generalization of Zagreb indices.

Throughout this paper, G = (V(G), E(G)) denotes an undirected finite
simple (without multiple edges and loops) graph without isolated vertices.
We denote by n, A and § the cardinality of the set of vertices of G, its
maximum degree and its minimum degree, respectively. Thus, we have
1<i<A<n.

2 Some extremal problems

on general indices

Let I be any topological index defined as

(@)= Y Fd,d), (1)

weE(G)

where F(z,y) is any non-negative symmetric function F' : ZT x Z*t —
[0, 00).

We say that the index I defined by (1) belongs to J; if F' is a positive
function that is strictly increasing in each variable. Also, we say that
I € 7 if F(1,y) = 0 for each y € Z*, F(x,y) is a strictly increasing
function for each z,y > 2 in each variable, and also F(z,y) > 0 when
x,y > 2.

Considering the index I in these classes allows to study many indices
in a unified way.

It is clearly more difficult to work with indices in F5 than with indices
in fl.

Note that I € F» for:

e F(z,y) =log®zlog®y with a > 0 (variable Randié¢ type lodeg index),
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o F(x,y) = (log?x + logty)~! with a < 0 (variable inverse sum lodeg
index).

Also, it is clear that I € F; for:

o F(z,y) = (2% +y*)~! with @ < 0 (variable inverse sum deg index),

o F(x,y) = log*z + log*y with @ > 0 (variable sum lodeg index, for
graphs without isolated edges),

o ['(z,y) = a” + a¥ with a > 1 (variable sum exdeg index),

o F(z,y) = 2! +y*~1 with a > 1 (variable first Zagreb index),

o F(x,y) = (xy)* with @ > 0 (variable second Zagreb index),

o F(z,y) = (x +y)* with a > 0 (variable sum connectivity index),

o F(z,y) = 2 +y + ay and F(z,y) = 2%y + xy? (first and second
Gourava indices, respectively),

o F(z,y) = (x+y+azy)? and F(z,y) = (2%y + 2y?)? (first and second
hyper-Gourava indices, respectively),

e F(z,y) = (zy)*(x +y)”? with a, 8 > 0 (Gutman-Milovanovi¢ index).

If 1 < § < A are integers, we say that a graph G is (A, 0)-quasi-regular
if there exists v € V(G) with d, = ¢ and d,, = A for every u € V(G) \{v};
G is (A, §)-pseudo-regular if there exists v € V(G) with d, = A and d,, = §
for every u € V(G) \ {v}.

In [4] appears the following result.

Lemma 1. Consider integers 2 < k < n.

(1) If kn is even, then there is a Hamiltonian k-regular graph with n
vertices.

(2) If kn is odd, then there is a connected (k, k — 1)-quasi-reqular graph
with n wvertices and a connected (k + 1,k)-pseudo-regular graph with n

vertices.

Proposition 1. If G is a graph, u,v € V(G) with uwv ¢ E(G), and I €
F1 U Fa, then I(GU {uv}) > I(Q).

Proof. Let {z1,...,2q,} and {y1,...,yq,} be the neighbors of u and v in
G, respectively. If z,y > 1, then

F(z+1,y) > F(z,y), (2)
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and we have the strict inequality if y > 1.
We have by (2)

(G U {uww}) — I(G) = F(dy +1,dy + 1)

+ Z (F(du + 1’d$i) - F(du’dwb))

dy
+ Y (F(dy +1,dy,) = F(dy,dy,))
j=1

> F(dy 4+ 1,dy +1) > 0.
|

Given an integer n > 2, let G(n) (respectively, G.(n)) be the set of
graphs (respectively, connected graphs) with n vertices.

Given integers 1 < § < A < n, let H(n,0) (respectively, H.(n,d)) be
the set of graphs (respectively, connected graphs) with n vertices and min-
imum degree ¢, and let Z(n, A) (respectively, Z.(n, A)) be the set of graphs

(respectively, connected graphs) with n vertices and maximum degree A.

Theorem 2. Consider I € F; U Fo and an integer n > 2.

(1) The only graph that mazimizes the I index in G.(n) or G(n) is the
complete graph K, .

(2) If a graph minimizes the I index in G.(n), then it is a tree.

(3) Assume that I € Fy. If n is even, then the only graph that mini-
mizes the I index in G(n) is the union of n/2 paths Ps. If n is odd, then
the only graph that minimizes the I index in G(n) is the union of (n—3)/2
paths Py with a path Ps.

(4) If I € Fo, then the only graph that minimizes the I index in G.(n)
is the star graph S, .

(5) If I € Fu, then the only graphs that minimize the I index in G(n)

are the unions of star graphs.

Proof. Proposition 1 gives items (1) and (2).

Assume that I € F; and n is even. Handshaking lemma gives 2m >
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nd > n. For any graph G € G(n), we have

I(G)= > Fldyd)> > F1,1)=mF(1,1)>

wveE(G) wweE(G)

F(1,1),

|3

and the equality in the bound is attained if and only if d,, = 1 for every
u € V(G), i.e., G is the union of n/2 path graphs Ps.

Assume now that I € F; and n is odd, and consider a graph G € G(n).
If d, = 1 for every u € V(G), then handshaking lemma gives 2m = n, a
contradiction since n is odd. Thus, there exists a vertex w with d,, > 2.
Handshaking lemma gives 2m > (n — 1)d + 2 > n+ 1. Denote by N(w)
the set of neighbors of w. We have

I(G)= Y F(dydy)+ > F(d,,d,)

weN (w) weB(G) uviw
Y P12+ > F(1,1)
wEN (w) wWEE(G),u,vw
>2F(1,2) + (m—2)F(1,1)
> 92 F(1,2) (”+ L ) (1,1)
—or(1,2)+ =2 p(1,1),

and the equality in the bound is attained if and only if d,, = 1 for every
u € V(G) \ {w}, and d,, = 2. Therefore, G is the union of (n — 3)/2 path
graphs P, and a path graph Ps.

Assume that I € Fo. It is clear that I(G) > 0 for every graph G,
and I(G) = 0 if and only if F(d,,d,) = 0 for every uwv € E(G), ie.,
min{d,,d,} = 1 for every uwv € E(G), and this holds if and only if G is a
union of star graphs. This proves items (4) and (5). |

Corollary 1. Let G be a graph with n vertices and I € Fy U Fs.
(1) Then
1
I(G) < in(n— DF(n—1,n-1),

and the equality in the bound is attained if and only if G is the complete
graph K,.
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(2) If I € Fy and n is even, then
1
1) > LnF(1L,1),
and the equality in the bound is attained if and only if G is the union of
n/2 path graphs Ps.

(3) If I € F1 and n is odd, then

I(G) > = (n—3)F(1,1) + 2F(1,2),

N | =

and the equality in the bound is attained if and only if G is the union of
(n — 3)/2 path graphs Py and a path graph Ps.
(4) If I € F, then
I(G) > 0,

and the equality in the bound is attained if and only if G is a union of star

graphs.

Proof. Theorem 2 gives

1G) <K= Y Fldwdy) = = n(n—1)F(n—1,n 1),
weE(Ky) 2

and the equality in the bound is attained if and only if G is the complete
graph K,,. This gives item (1).
Also, the argument in the proof of Theorem 2 gives directly the other

items. [ |

Given integers 1 < § < n, denote by K’ the n-vertex graph with
maximum and minimum degrees n — 1 and §, respectively, obtained from
the complete graph K, _1 and an additional vertex v in the following way:
Fix & vertices uy,...,us € V(K?) and let V(K?) = V(K,_1) U {v} and
E(K%) = E(K,_1)U{uv,...,usv}.

Theorem 3. Consider I € F1 U Fy and integers 1 < § < n.
(1) Then the only graph in H.(n,d) that mazimizes the I index is K?.
(2) If 0 > 2 and én is even, then the only graphs in H.(n,d) that

minimize the I index are the connected -reqular graphs.
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(3) If § > 2 and én is odd, then the only graphs in H.(n,d) that mini-

mize the I index are the connected (6 + 1,0)-pseudo-reqular graphs.

Proof. Given a graph G € H.(n,6) \ {K?}, fix any vertex u € V(G) with
d, = 6. Since

G #GU{vw:v,w € V(G)\ {u} and vw ¢ E(G)} = K2,

Proposition 1 gives I(K?) > I(G). This proves item (1).

Denote by m the cardinality of the set E(G). Handshaking lemma
gives 2m > nd.

Since d,, > ¢ for every u € V(G), we have

1
I(G)= > F(dyd)> > F(6,8) =mF(6,6) > 5 ndF(3,0),
uwveE(G) wveE(G)

and, since § > 2, the equality in the bound is attained if and only if d,, = ¢
for every u € V(G), i.e., G is regular.

If én is even, then Lemma 1 gives that there is a connected d-regular
graph with n vertices. Hence, the only graphs in H.(n,d) that minimize
the I index are the connected d-regular graphs.

If on is odd, then handshaking lemma gives that there is no regular
graph. Hence, there exists a vertex w with d,, > § + 1. Handshaking
lemma gives 2m > (n —1)d + 6 + 1 = nd + 1. Denote by N(w) the set of

neighbors of w. We have

I(G)= Y Fldwdw)+ >, F(du,dy)

uweN (w) weE(Q),u,v£w
> Y F(65+1)+ > F(8,6)
uweN (w) weE(Q),u,vAw
> (0 +1)F(6,6+ 1) + (m — 3§ — 1)F(8,0)
nd + 1

2(5+1)F(5,6+1)+( —6—1)F(5,5)7

and, since § > 2, the equality in the bound is attained if and only if d,, = §
for every u € V(G) \ {w}, and d,, = § + 1. Lemma 1 gives that there

is a connected (§ + 1, §)-pseudo-regular graph with n vertices. Therefore,
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the only graphs in H.(n,d) that minimize the I index are the connected
(6 4+ 1, 6)-pseudo-regular graphs. [ ]

Remark. If we replace H.(n, 0) with H(n, §) everywhere in the statement of
Theorem 3, then the argument in its proof gives that the same conclusion

holds if we remove everywhere the word “connected”.

Theorem 3 and Remark 2 have the following consequence.

Corollary 2. Let G be a graph with n vertices and minimum degree 0,
and I € F1 U Fs.
(1) Then

m=6—-1)(n—0—-2)F(n—2,n—2)+6F(d,n—1)

0(6-1DFn—-1,n—-1)+dén—-90—-1)F(n—2,n—1),

and the equality in the bound is attained if and only if G is K?.
(2) If on is even, then

1(G) > %ndF((S, 5),

and the equality in the bound is attained if and only if G is d-reqular.
(3) If én is odd, then

I(G) > = (6(n—2) = 1)F(6,6) + (0 + 1)F(8,6 + 1),

N =

and the equality in the bound is attained if and only if G is (6 + 1,6)-

pseudo-regqular graphs.

For any odd natural number A and i = 1,2, define 7> as the set of
indices I € F; such that the function

F*(k) =k F(A k) — %kF(A, A)

is strictly increasing for 1 < k < A — 1.

Theorem 4. Consider I € F1 U Fs and integers 2 < A < n.
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(1) If An is even, then the only graphs that mazimize the I index in
Z.(n,A) are the connected A-regular graphs.

(2) If An is odd and I € FP UFS, then the only graphs that mazimize
the I index in Z.(n,A) are the connected (A, A — 1)-quasi-regular graphs.

(3) If a graph minimizes the I index in T.(n,A), then it is a tree.

Proof. Denote by m the cardinality of the set E(G). Handshaking lemma
gives 2m < nA. Since d,, < A for every u € V(G), We have

1
HG) =Y Fldyd)< Y, F(A,A) =mF(A,A) < S nAF(A, A),
weE(G) weEE(G)

and the equality in the bound is attained if and only if d,, = A for every
u € V(G).

If An is even, then Lemma 1 gives that there is a connected A-regular
graph with n vertices. Hence, the only graphs in Z.(n, A) that maximize
the I index are the connected A-regular graphs.

If An is odd, then handshaking lemma gives that there is no regular
graph in Z.(n, A). Let G € Z.(n,A). Hence, there exists a vertex w with
minimum degree 6 = d,, <A — 1. Then 2m < A(n — 1) + 6. We have

I(G) = Z F(du,dw) + Z F(duadv)

u€EN (w) w€E(G),u,v#w
< Y FA6)+ > F(AD)

uweEN (w) w€E(G),u,v£w
=0F(A,6)+ (m—0)F(A,A)

1
< GF(A,6)+ 5 (A(n—1) = §)F(A,4)
1

= () + 5 An = DF(A, 4),

and the equality in the bound is attained if and only if d,, = A for every
u e V(G)\ {w}, and d,, = 4.
If I € FA U FS, then F*(k) is strictly increasing for 1 < k < A —1
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and

I(G) < F*(5) + %A(n “DF(A,A) < F*(A—1) + %A(n —1F(A,A)

A(n—2)+1F

=(A-1F(AA-1)+ 5

(A,4),

and the equality in the bound is attained if and only if d,, = A for every
u € V(G)\{w}, and d,, = A—1. Lemma 1 gives that there is a connected
(A, A —1)-quasi-regular graph with n vertices. Therefore, the only graphs
in Z.(n, ¢) that maximize the I index are the connected (A, A — 1)-quasi-

regular graphs.

Given any graph G € Z.(n,A) which is not a tree, fix any vertex
u € V(G) with d,, = A. Since G is not a tree, there exists a cycle C in
G. Since C has at least three edges, there exists vw € E(G) N C such
that u ¢ {v,w}. Thus, G \ {vw} € Z.(n,A) and Proposition 1 gives
I(G) > I(G\ {vw}). By iterating this argument, we obtain that if a graph

minimizes the I index in Z.(n, A), then it is a tree. |

Let us denote by S} 11 the star graph Sa;; with an additional edge
attached to a vertex of degree 1 in Sa41.

Theorem 5. Consider I € F; U Fy and integers 2 < A < n.

(1) If An is even, then the only graphs that mazimize the I index in
Z(n,A) are the A-regular graphs.

(2) If An is odd and I € FRUFS, then the only graphs that mazimize
the I index in Z(n,A) are the (A, A — 1)-quasi-regular graphs.

(3) If I € F1 and n— A is odd, then the only graph that minimizes the
I index in Z(n,A) is the union of the star graph Say1 and (n — A —1)/2
path graphs Ps.

(4) If I € F1 and n = A+ 2, then the only graph that minimizes the I
index in I(n,A) is SA ;.

(5) If I € Fi, n > A+ 4 and n — A is even, then the only graphs that
minimize the I index in Z(n,A) are either:

(a) the union of the star graph Say1, (n — A —4)/2 path graphs P,

and a path graph Ps when F(1,A) 4+ F(1,2) < F(2,A) + F(1,1),
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(b) the union of SA, and (n — A —2)/2 path graphs P, when
F(1,A) + F(1,2) > F(2,A) + F(1,1),
(¢) or both of them when F(1,A)+ F(1,2) = F(2,A)+ F(1,1).
(6) If I € Fo, then the only graphs that minimize the I index in Z(n, A)

are the unions of star graphs.

Proof. The argument in Theorem 4 gives directly items (1) and (2).
Theorem 2 gives directly item (6).

Let G € Z(n,A) and w € V(G) a vertex with d,, = A.
Assume first that I € F; and n — A is odd. Handshaking lemma gives
2m>n—1+ A. Notethat n — 1+ A =n— A +2A —1 is even. We have

I(G)= Y F(dudy)+ > F(dy,dy)

u€EN (w) weE(G),uv#w
> > F,A)+ > F(1,1)
uw€N (w) weE(G),u,v#w
= AF(1,A) + (m — A)F(1,1)
> AF(1,A) + (% —A)F(1L,1)
— AF(1,A) + %H F(1,1),

and the equality in the bound is attained if and only if d, = 1 for every
u € V(G)\{w}, i.e., G is the union of the star graph Sa41 and (n—A—1)/2
path graphs Ps.

Assume now that I € F; and n = A+ 2. Let z € V(G) \ N(w) be the
vertex with V(G) = {w, 2z} U N(w). Choose p € N(z); since z ¢ N(w),
we have p € N(w) and so, d, > 2. Handshaking lemma gives 2m >
(n—2)+A+2=n+A. We have

I(G)= Y F(dydy)+ > F(d,,d,)

u€N (w) w€E(G),u,v#w

> (A—1)F(1,A)+ F(2,A) + F(1,2),

and the equality in the bound is attained if and only if d, = 1 for every
u € V(G) \ {w,p} and d, = 2, i.e., G is the star graph Sa4+; with an
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additional edge attached to a vertex of degree 1 in Sa4i.

Assume that I € Fi, n > A+4and n— A is even. If d, = 1 for
every u € V(G) \ {w}, then handshaking lemma gives 2m =n — 1+ A,
a contradiction since n — 1+ A = n — A +2A — 1 is odd. Thus, there
exists a vertex p € V(G) \ {w} with d, > 2. Handshaking lemma gives
2m > (n—2)+2+A=n+A.

If p ¢ N(w), then

I(G)= Y Fldydy)+ Y F(dudy)+ > F(dy,dy)

ueN (w) uweN (p) weE(G),u,v¢{w,p}

> Y F(1LA)+ Y F(L,2)+ > F(1,1)
u€EN (w) u€N (p) weE(G),u,v¢{w,p}

> AF(1,A) +2F(1,2) + (m — A — 2)F(1,1)

> AF(1,A) +2F(1,2) + (© A AL 2)F(1,1)

= AF(1,A) +2F(1,2) + %H F(1,1),

and the equality in the bound is attained if and only if d, = 1 for every
u € V(G)\{w,p}, and d, = 2, i.e., G is the union of the star graph Sa41,
(n — A —4)/2 path graphs P, and a path graph Ps.

If p € N(w), then

I(G)= > F(dudy)+ Y F(dudy)+ !

de + d¢
uweN (w)\{p} uweN (p)\{w} p+ w

+ > F(dy,d,)

weE(G),u,v¢{w,p}

S FLA)+ Y F(ldy)+ F(dy, A)

u€N (w)\{p} u€N (p)\{w}
+ > F(1,1)
weE(G),u,v¢{w,p}
>(A-1)F(1,A)+ F(1,2) + F(2,A) + (m — A —-1)F(1,1)
n+ A

%

> (A= 1)F(1L,A)+ F(1,2) + F2,4) + ( —A-1)F(1,1)

n—A-—2

= (A= DF(LA) + F(1,2) + F(2,4) + —

F(1,1).
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and the equality in the bound is attained if and only if d,, = 1 for every
u € V(G)\{w,p}, and d, = 2, i.e., G is the union of S} ; and (n—A—2)/2
path graphs Ps.

This finishes the proof of item (5). |

Also, we can state the following inequalities.

Corollary 3. Let G be a graph with n vertices and maximum degree A,
and I € F1 U Fs.
(1) If An is even, then

1(G) < %nAF(A, A),

and the equality in the bound is attained if and only if G is a regular graph.
(2) If An is odd and I € F~ U FS, then

A(n—2)+1F

I(G) < (A=DF(AA - 1)+ ="—

(A A),
and the equality in the bound is attained if and only if G is a (A, A —1)-
quasi-reqular graph.

(3) If I € F1 and n — A is odd, then

I(G) > AF(1,A) +

%A_IF(LU,

and the equality in the bound is attained if and only if G is the union of
the star graph Say1 and (n — A — 1)/2 path graphs Ps.
(4) If I € F1 andn = A+ 2, then

I(G) > (A-1)F(1,A)+ F(2,A) + F(1,2),

and the equality in the bound is attained if and only if G is the star graph
Sa+t1 with an additional edge attached to a vertex of degree 1 in Sa41-
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(5) If I € Fi, n > A+4 and n — A is even, then

I(G) > min {AF(L A)+2F(1,2) + %M F(1,1),
(A —1)F(1,A) + F(1,2) + F(2,A) + %M F(1, 1)}.
(6) If I € Fo, then
1(G) > 0,

and the equality in the bound is attained if and only if G is the union of
the star graphs.

Proof. The argument in the proof of Theorem 4 gives items (1) and (2),

since the I index of a regular graph is
1
3 nAF (A, A),

and the I index of a (A, A — 1)-quasi-regular graph is

A(n—2)+1F

(A—1)F(AA—1)+ 5

(A, A).

The argument in the proof of Theorem 5 gives directly items (3), (4),
(5) and (6). |

Let M be any topological index defined as

M(G) = H f(duadv)’ (3)

weE(G)

where f(x,y) is any symmetric function f:Z% x Z1t — [1,00).

We say that the index M defined by (3) belongs to M if f : ZT xZt —
(1,00) is a strictly increasing function in each variable. Also, we say that
M € M, if f(1,y) =1 for each y € Z*, f(x,y) is a strictly increasing
function in each variable for z,y > 2, and also f(z,y) > 1 when z,y > 2.

Note that M belongs to M; (respectively, My, M2, M%) if and only
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if

[(G)= ) logf(dy,dy)=1log M(G) (4)
weEE(G)
belongs to JF (respectively, Fo, F&, F5).
Since the logarithmic function is increasing, from the results obtained
for the index I we obtain as a particular case results for the index M
taking F(x,y) = log f(x,y). For example from Theorems 2, 3 and 4 we

obtain respectively the following corollaries.

Corollary 4. Consider M € My U My and an integer n > 2.

(1) The only graph that mazimizes the M index in G.(n) or G(n) is the
complete graph K, .

(2) If a graph minimizes the M index in G.(n), then it is a tree.

(3) Assume that M € M;y. If n is even, then the only graph that
minimizes the M index in G(n) is the union of n/2 paths Py. If n is odd,
then the only graph that minimizes the M index in G(n) is the union of
(n —3)/2 paths Py with a path Ps.

(4) If M € My, then the only graph that minimizes the M index in
G.(n) is the star graph S,.

(5) If M € Mo, then the only graphs that minimize the M index in

G(n) are the unions of star graphs.

Corollary 5. Consider M € M1 U Moy and integers 1 < 6§ < n.

(1) Then the only graph in H.(n, ) that mazimizes the M index is K.

(2) If § > 2 and on is even, then the only graphs in H.(n,d) that
minimize the M index are the connected §-reqular graphs.

(3) If 6 > 2 and on is odd, then the only graphs in H.(n,d) that mini-
mize the M index are the connected (0 + 1,0)-pseudo-regular graphs.

Corollary 6. Consider M € My U My and integers 2 < A < n.

(1) If An is even, then the only graphs that mazimize the M index in
Z.(n,A) are the connected A-regular graphs.

(2) If An is odd and I € MLUMSE, then the only graphs that mazimize
the M index in Z.(n, A) are the connected (A, A —1)-quasi-regular graphs.

(3) If a graph minimizes the M index in Z.(n,A), then it is a tree.
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3 Some extremal problems for the variable

Randié¢ type lodeg index

Since I € Fy for F(x,y) = log®zlogty with a > 0, the results in the
previous section have the following consequences for the variable Randié¢
type lodeg index.

Since I € F, for F(z,y) = (log®x + log®y)~! with a < 0, we have
similar results for the variable inverse sum lodeg index.

Note that these optimization results appear in [24] as open problems
for these two indices.

The variable Randi¢ type lodeg index is used in the prediction of heat
capacity at constant T and of total surface area for octane isomers [21].
The variable inverse sum lodeg index is used in the prediction of heat
capacity at constant P and of total surface area for octane isomers [21], [23].

We state the theorems just for the variable Randi¢ type lodeg index,
the case of the variable inverse sum lodeg index is similar.

Theorem 6. Consider a > 0 and an integer n > 2.

(1) The only graph that mazimizes the RLI, index in G.(n) or G(n) is
the complete graph K,.

(2) The only graph that minimizes the RLI, index in G.(n) is the star
graph Sy,.

(3) The only graphs that minimize the RLI, index in G(n) are the

unions of star graphs.

Theorem 7. Let G be a graph with n vertices and a > 0.
(1) Then
1
RLI,(G) < 3 n(n — 1)log**(n — 1),

and the equality in the bound is attained if and only if G is the complete
graph K, .
(2) Then
RLI,(G) >0,

and the equality in the bound is attained if and only if G is a union of star

graphs.
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Theorem 8. Consider a > 0 and integers 1 < § < n.

(1) Then the only graph in H.(n,d) that mazimizes the RLI, index is
K.

(2) If § > 2 and on is even, then the only graphs in H.(n,d) that
minimize the RLI, index are the connected §-reqular graphs.

(3) If § > 2 and dn is odd, then the only graphs in H.(n,d) that mini-
mize the RLI, index are the connected (6 + 1,0)-pseudo-regular graphs.

Remark. Recall that if we replace H.(n,d) with H(n,d) everywhere in
the statement of Theorem 3, then the same conclusion holds if we remove

everywhere the word “connected”.

Theorem 3 and Remark 2 have the following consequence.

Theorem 9. Let G be a graph with n vertices and minimum degree §, and
a>0.

(1) Then
RLI,(G) < % (n—38—1)(n—6—2)log**(n —2) + §log”dlog®(n — 1)
—|—% 5(6 —1)1og?*(n — 1)+ 6(n — 6 — 1) log®(n — 2) log®(n — 1),

and the equality in the bound is attained if and only if G is K2.
(2) If n is even, then

1
RLI,(G) > 5715 log?®§,

and the equality in the bound is attained if and only if G is d-regular.
(3) If on is odd, then

RLI(G) > = (6(n —2) — 1) log®*§ + (6 4 1) log*§ log® (6 + 1),

N

and the equality in the bound is attained if and only if G is (0 + 1,0)-

pseudo-regular graphs.

Theorem 10. Consider a > 0 and integers 2 < A < n.
(1) If An is even, then the only graphs that mazimize the RLI, index
in Z.(n, A) are the connected A-regular graphs.



761
(2) If An is odd and RLI, € F& U F5, then the only graphs that
mazximize the RLI, index in I.(n,A) are the connected (A, A — 1)-quasi-

regular graphs.
(3) If a graph minimizes the RLI, index in Z.(n,A), then it is a tree.

Theorem 11. Consider a > 0 and integers 2 < A < n.

(1) If An is even, then the only graphs that mazimize the RLI, index
in Z(n,A) are the A-reqular graphs.

(2) If An is odd and RLI, € F~ UFS, then the only graphs that maz-
imize the RLI, index in I(n,A) are the (A, A — 1)-quasi-reqular graphs.

(3) The only graphs that minimize the I index in Z(n, A) are the unions
of star graphs.

Theorem 12. Let G be a graph with n vertices and mazximum degree A,
and a > 0.
(1) If An is even, then

RLI,(G) < % nAlog®®A,

and the equality in the bound is attained if and only if G is a regular graph.
(2) If An is odd and RLI, € F2 U FS, then

RLI,(G) < (A —1)log®Alog*(A —1) + % (A(n —2) 4+ 1) log**A,

and the equality in the bound is attained if and only if G is a (A, A —1)-
quasi-reqular graph.
(3) Then
RLI,(G) = 0,

and the equality in the bound is attained if and only if G is the union of
star graphs.
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4 Some extremal problems for the SLI, in-

dex

Let us consider the variable sum lodeg index

SLI(G)= > (log*dy, +log"d,).
uwweE(G)

Note that although F(1,1) = 0, the function F verifies the other properties
in the definition of the class F; (F is strictly increasing in each variable and
F>0o0nZ%txZ"\{(0,0)}), and it is possible to apply our optimization

results for the functions in F7 also for this F'.

We have similar results for the variable inverse sum deg index with
a < 0, the variable sum exdeg index with a > 1, the variable first Zagreb
index with a > 1, the variable second Zagreb index with a > 0, the variable
sum connectivity index with a > 0, the first and second Gourava indices,
the first and second hyper-Gourava indices. Most of these optimization
results are new, but some of them are known: the results for the variable
sum exdeg index appear in [24] and [4], and the results for the inverse sum
deg index appear in [17].

These optimization problems for the variable sum lodeg index also ap-

pear in [24] as open problems.

The variable sum lodeg index is used in the prediction of octanol-water

partition coefficient for octane isomers [21].

Theorem 13. Consider a > 0 and an integer n > 2.

(1) The only graph that maximizes the SLI, index in G.(n) or G(n) is
the complete graph K,.

(2) If a graph minimizes the SLI, indez in G.(n), then it is a tree.

(3) If n is even, then the only graph that minimizes the SLI, index in
G(n) is the union of n/2 paths Py. If n is odd, then the only graph that
minimizes the SLI, index in G(n) is the union of (n — 3)/2 paths Ps with
a path Ps.

Theorem 14. Let G be a graph with n vertices and a > 0.
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(1) Then
SLI(G) <n(n—1)log*(n —1),

and the equality in the bound is attained if and only if G is the complete
graph K.
(2) If n is even, then
SLI(G) = 0,

and the equality in the bound is attained if and only if G is the union of
n/2 path graphs Ps.
(3) If n is odd, then

SLI,(G) > 2log"2,

and the equality in the bound is attained if and only if G is the union of
(n — 3)/2 path graphs Py and a path graph Ps.
Theorem 15. Consider a > 0 and integers 1 < § < n.

(1) Then the only graph in H.(n,d) that mazimizes the SLI, index is
KS.

(2) If 0 > 2 and én is even, then the only graphs in H.(n,d) that
manimize the SLI, index are the connected d-reqular graphs.

(3) If § > 2 and dn is odd, then the only graphs in H.(n,d) that mini-
mize the SLI, index are the connected (6 + 1,0)-pseudo-reqular graphs.

Remark. If we replace H.(n,d) with H(n,d) everywhere in the statement
of Theorem 15, then the same conclusion holds if we remove everywhere

the word “connected”.

Theorem 15 and Remark 4 have the following consequence.

Theorem 16. Let G be a graph with n vertices and minimum degree 9,
and a > 0.
(1) Then

SLI,(G) < (n—=0—1)(n—0—2)log*(n —2) + & (log*(n — 1) + log®d)
+6(6 —1)log*(n — 1) + 6(n — 6 — 1)(log®(n — 1) +log®(n — 2)),

and the equality in the bound is attained if and only if G is K2.
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(2) If on is even, then

SLI.(G) > ndlog®s,

and the equality in the bound is attained if and only if G is d-regular.
(3) If on is odd, then

SLIL(G) > (6(n —2) —1)log*d + (6 + 1) (log®(6 + 1) + log™d),

and the equality in the bound is attained if and only if G is (6 + 1,0)-

pseudo-regular graphs.

Theorem 17. Consider a > 0 and integers 2 < A < n.

(1) If An is even, then the only graphs that maximize the SLI, index
in Z.(n, A) are the connected A-regular graphs.

(2) If An is odd and SLI, € F& U F5, then the only graphs that
maxzimize the SLI, index in Z.(n,A) are the connected (A, A — 1)-quasi-
reqular graphs.

(3) If a graph minimizes the SLI, index in Z.(n,A), then it is a tree.

Remark. Note that if F(x,y) = f(x) + f(y) for some function f, then
F(1,A)+ F(1,2)=2f(1)+ f(A) + f(2) = F(2,A) + F(1,1).

Remark 4 and Theorem 5 have the following consequence.

Theorem 18. Consider a > 0 and integers 2 < A < n.

(1) If An is even, then the only graphs that maximize the SLI, index
in Z(n,A) are the A-regular graphs.

(2) If An is odd and SLI, € F2UFS, then the only graphs that maz-
imize the SLI, index in I(n,A) are the (A, A — 1)-quasi-reqular graphs.

(3) If n— A is odd, then the only graph that minimizes the SLI, index
in Z(n,A) is the union of the star graph Say1 and (n — A —1)/2 path
graphs Ps.

(4) If n = A+ 2, then the only graph that minimizes the SLI, index
in I(n,A) is SA_ ;.

(5) If n > A+4 and n— A is even, then the only graphs that minimize
the SLI, index in I(n,A) are the union of the star graph Sayi, (n —
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A —4)/2 path graphs Py and a path graph P3, and the union of S}, and
(n — A —2)/2 path graphs Ps.

Also, we can state the following inequalities.

Theorem 19. Let G be a graph with n vertices and mazximum degree A,
and a > 0.
(1) If An is even, then

SLI,(G) < nAlogtA,

and the equality in the bound is attained if and only if G is a regular graph.
(2) If An is odd and SLI, € F> U F2, then

SLI,(G) < (A =1)(log"(A —1) +log®A) + (A(n — 2) + 1) log®A,
and the equality in the bound is attained if and only if G is a (A, A —1)-
quasi-reqular graph.

(3) If n — A is odd, then

SLI(G) > Alog"A,

and the equality in the bound is attained if and only if G is the union of
the star graph Say1 and (n — A — 1)/2 path graphs Ps.
(4) If n = A+ 2, then

SLI(G) > Alog®A + 21log®2,

and the equality in the bound is attained if and only if G is the star graph
Sat1 with an additional edge attached to a vertex of degree 1 in Say1-
(5) If n > A+4 and n — A is even, then

SLI,(G) > Alog®A + 21log®2,
and the equality in the bound is attained if and only if G is either the union

of the star graph Sa+1, (n— A —4)/2 path graphs Py and a path graph Ps,
or the union of Sx | and (n — A —2)/2 path graphs P;.
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