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Abstract

The long-term behavior of a chemical reaction network (CRN) is
usually described by steady states. Recently, Hernandez et al. pro-
vided a method and a computational package for deriving positive
steady states of CRNs via the concept of network decomposition.
In particular, a given CRN is decomposed into stoichiometrically
independent subnetworks; then, positive steady state parametriza-
tions of these subnetworks are derived individually and merged to
obtain a positive steady state parametrization of the given network.
However, the framework applies to a fixed number of subnetworks.
In this work, we establish a systematic approach to solving steady
state parametrizations of CRNs that can be decomposed into n sto-
ichiometrically independent and structurally identical subnetworks,
where n > 2 is any positive integer. Specifically, we apply the
method to the n-site processive phosphorylation/dephosphorylation
model. That is, we compute the positive steady state parametriza-
tion for the case when n = 2 via the concept of network decom-
position using the result of parametrizing positive steady states of
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the network when n = 1. Then, we generalize the parametrization
for any positive integer n > 2 via the principle of mathematical
induction.

1 Introduction

Steady states usually describe the long-term behaviors of chemical (or
biochemical) systems. In recent years, network-based approaches to deriv-
ing parametrizations of positive steady states have received much atten-
tion [11-13]. In 2023, Hernandez et al. [9] proposed a novel framework for
deriving positive steady state parametrizations via the concept of network
decomposition. That is, the underlying chemical reaction network (CRN)
of a chemical system is decomposed into stoichiometrically independent
subnetworks (or simply called independent subnetworks).

Martin Feinberg established the result that the set of positive steady
states of a CRN coincides with the intersection of the set of positive steady
states of its independent subnetworks [5-8]. Thus, after decomposing
the CRN into its independent subnetworks, we can consider computing
a steady state parametrization of each subnetwork. Finally, the individual
parametrizations are merged to obtain a positive steady state parametriza-
tion of the given network itself. Importantly, Hernandez et al. [9] provided
a computational package, which they called COMPILES (COMPutIng an-
aLytic stEady States), to facilitate this computation.

However, the mentioned framework applies to a fixed number of subnet-
works. In this work, we provide an approach to solving parametrizations
of positive steady states of CRNs, under the assumption of mass-action
rate laws, that can be decomposed into n stoichiometrically independent
and yet structurally identical subnetworks, where n > 2 is any positive

integer. Some CRNs that satisfy such properties are the following:

1. the reversible network considered in [14]: Sy =2 S; 2 ...2 5,

2. a modified version of the previous network with a catalyst K based
on[l]: So+K=S +K=...25,+K, and
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3. the m-site processive phosphorylation/dephosphorylation (PD) net-
work [2]:
So+ K=2SK 51+ K25K—-5S+Ke...-5S5,+K
Sp+Fz.. = S+ FeSHF S +FaSF—S+F

In this work, we focus on illustrating the method of parametrization of
positive steady states for the third network, that is, the n-site PD network.
We start describing the 1-site PD network (i.e., the n-site PD network

when n = 1) as follows:

So+ K= SoK =-S5+ K
Si+Fz2 S F—So+F

Here, substrate Sy binds with an enzyme K (or kinase) forming a substrate
enzyme complex SoK (a reversible reaction), which produces a modified
substrate S; from which the catalyst K dissociates. Moreover, substrate
Sp can be returned by another enzyme F' (or phosphatase). This happens
when the modified substrate S; binds to F' to produce the complex S; F
(a reversible reaction). After which, this complex S;F can return the
substrate Sy with the enzyme F' [2]. The CRN associated with this 1-site
PD network is also called a futile cycle.

Next, the 2-site network is given as follows:

S()‘FK@S()K%Sl-FKﬁSlK%SQ"-K
So+ F2SF =S +Fe2SF—So+F

Here, continuing from the 1-site network, the modified substrate S7 binds
with an enzyme K to form the complex S; K (a reversible reaction), which
then produces another modified substrate Se from which the enzyme K
dissociates. Furthermore, this modified substrate Ss binds to the enzyme
F to form a complex SoF' (a reversible reaction). This complex SoF' can
return the substrate S; with the enzyme F'.

In general, the following reaction network describes the n-site PD net-
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work:

So+Ke2SK S +K25K—-5+Ke...-5S,+K
Sy +Fz2.. = S+ Fe2SF 58 +F285F =S +F

There could be many substrates to which the enzymes K and F' attach
themselves to form or undo a modification. The n-site network, thus,
illustrates the mechanisms of the enzymes and several substrates.

The larger the network, the more challenging it is to parametrize its set
of steady state solution. For example, the n-site PD network could have
varying sizes since n is arbitrary. In effect, it would be difficult to derive
the steady states of the n-site PD for each value of n. To overcome this
difficulty, in this work, we compute the positive steady state parametriza-
tion for the case when n = 2 via network decomposition using the result
when n = 1. Then, we generalize the parametrization for any n > 2 using

the principle of mathematical induction.

2 Preliminaries

We start this section with the formal definition of chemical reaction net-

works as follows.

Definition 1. A chemical reaction network (CRN) is a triple of nonempty
and finite sets (S,C, R) where

a. S ={Ay,As,..., A} is the set of species,

b. C ={By,Bs,...,B,} is the set of complezes, which are non-negative

linear combinations of the species, and
c. R={R1,Ra,...,Rr} CC xC is the set of reactions.

A reaction (y,y’) is often denoted as y — y’. Here, the complex y is
called a reactant complez and the complex 3’ is called a product complez.

Furthermore, a reaction vector of y — 3’ is the difference vy’ — y.

To describe the dynamics of the concentrations of species over time in

a chemical system, a CRN is endowed with kinetics. In particular, when
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the kinetics is mass-action, the rate function of each reaction is propor-
tional to the product of the concentration of the species in its reactant
complex. That is, the rate function is a proportionality constant, called
rate constant, multiplied by the product of each concentration raised to
the stoichiometric coefficient of the associated species that occurs in the

reactant complex of the associated reaction.

Remark. Throughout this work, we denote the species concentration with
the lowercase equivalent of the species notation together with a bar on top.
In particular, given the species Ay, F', and A, F', the species concentrations
are indicated by ar, f, and a,f, respectively. The bar was placed on
top of the species concentrations to avoid confusion on the multiplication
operation, e.g., @i f, which is the product of concentrations of species A;
F, is evidently different from a; f, which is the concentration of species

A, F as compared to when no bar on top of species concentration is used.

Example 1. Reconsider the 1-site PD network as follows:

So+ K= SK— S +K
S1+Fe= S F—Sy+ F

In this CRN, there are six species (K, Sy, SoK, F, S1, 51 F), six complexes
(So+K,S0K,S1+K,S51+F, S F,So+F), and six reactions (Ry : So+K —
SoK, Ry : SoK — Sog+ K, Ry : Sg)K — S1+ K, Ry : S+ F — S1F,
Rs:S1F = S1+F,Rs:S1F — So+ F).

Let r, (0 =1,2,...,6) be the rate constant for each reaction R,. Let
k,30, 50k, f,31, 51 f be the concentrations of species K, Sy, SoK, F, S1, S1 F,
respectively. To obtain the rate functions, raise each species concentration
to its associated stoichiometric coefficient if the species is present in the
reactant, and raise it to 0 otherwise, and then multiply them altogether.
Next, multiply the rate constant by the previously obtained product. For
instance, in the first reaction R; : Syo+ K — SpK, only species Sy and K
are present in the reactant complex of Ry, and so only species concentration
So and k are raised to 1 while other concentrations are raised to 0. This

. . —1_ 4 —0—=0__——=0 - .
1ves us the rate tunction r1k Sg- s S1°81 = 7r1KkSg for the reaction
the rate funct k55t sok 0 kso for th t
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R;. The complete rate functions are given by:

Ry
Ry

R3:
R42

Rs
Ry

HSo+ K = SoK rik 5o sk T 50s1f = r1kso
S0k = So + K rok s"sok S5 = rasok
Sk > S+ K rof 50”50k 51517 = rasok
Si+F = SiF rak's"sok s sl = rafs
PSIF = S1+ F rsk 50%s0k J 5i%51] = 15517
S F = S+ F 7"6%08700%0?0570@1 — resi T,

The reaction vectors, written as column vectors, for the network are given

as follows:

Ry :
Ry:
Ry
Ry:
Rs:
Re :

(SoK) — (So+ K) = —Sp — K + SoK = [-1,-1,1,0,0,0] "
(So + K) — (SoK) = So + K — SoK = [1,1,-1,0,0,0] "
(S + K) — (SoK) =K — SoK + 51 =[0,1,—1,1,0,0] "
($4F) = (S; + F) = -8, — F+ 5 F =10,0,0,—1,-1,1]"
(S +F)—($F) =S, +F - S F=1[0,0,0,1,1,-1]"

(So + F)— (8,F) =Sy + F — S5 F=11,0,0,0,1,—1] .

The set of ordinary differential equations (ODEs) is obtained by mul-

tiplying the oth rate function to reaction vector (in columns) of the oth

reaction. That is, we obtain the following:

k -1 1

S0 -1 1 0

sok — | 1 | -1 | -1

b = rks + roSok + r3sok +
7 1KS80 0 250 0 350 0

51 0 1

sif 0 0
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0 0 0

0 0 1

_ 0 — 0 — 0
r4f51 _1 +r5s1f 1 +res1f 1 )

—1 1 0

1 —1 —1

e O 455 0 dT dsi doif
VRS0 @ Tar e d
centration functions of species K, Sy, So K, F, S1,S1F, respectively. Then,

the set of ODEs is:

are the time derivatives of the con-

dk - - -
i —r1k3g + rasok + r3sok (1a)
dso _ _ _
% = —le%—l—TQSOk—i-TﬁSlf (1b)
dsok — - -

Z(; = le?o — TQS()k — 7’3801{5 (1C)
df _ _ _
df{ = —r4f51+rss1f +res1f (1d)
dse . o
% =r3sok —rafs1 + 1551 f (le)
dsi f _ _ _

Z;f = 7“4f§ — 7“551f — T651f. (lf)

Definition 2. A steady state is a vector of species concentrations that
makes all time derivatives equal to zero. A positive steady state is a steady

state where each concentration is positive.

A CRN can be decomposed into smaller pieces of networks called sub-
networks [5,6,8]. This can be done by partitioning its reaction set into
disjoint subsets. For instance, the 1-site CRN A in Example 1 can be
decomposed into two subnetworks N7 and Ns where the first subnetwork
consists of the reactions R, Ro, R3 and R4, while the second subnetwork
consists of the reactions Rs and Rg. Hence, it is obvious that there can be
several ways of decomposing a given CRN.

If in the case that the rank of the stoichiometric matrix of the whole
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network (the stoichiometric matriz is the matrix where the columns are
the reaction vectors of the reactions in the network) is the sum of the ranks
of the stoichiometric matrices of its subnetworks (as individual networks),
then the decomposition is independent and the subnetworks are called
independent subnetworks. We can see the importance of such independent

decompositions through this result of Martin Feinberg [5, 6].

Theorem 1. (Feinberg Decomposition Theorem) Let N be a CRN en-
dowed with kinetics K and let N be decomposed into independent subnet-
works N1, Na, ..., N, such that the rate functions of the reactions in N are
also the rate functions of the reactions in the smaller independent subnet-
works. Then the set of positive steady states of the whole network is equal
to the intersection of the sets of positive steady states of the n independent

subnetworks, i.e.,
EFE=FENEkEnNn...NE,.

The following proposition shows that the n-site PD network can be

decomposed into n independent and structurally identical subnetworks.
Proposition 2. (Proposition 3.22 [10]) Let N be the CRN for the n-site
processive phosphorylation/dephosphorylation given by:

So+ K=5K—>54+K=55K—>55S+K= ... -5, +K
S, +F= ... 2S5 +F=58F—> S$i+F=58F—5S+F

Then, the decomposed independent subnetworks of N is of the form:

Si+K = SK —» S+ K
Si+1+F;‘Si+1F—> S; + F, 1=0,1,...,n— 1.

We will utilize Theorem 1 to solve positive steady states of CRNs that
can be decomposed into n independent and structurally identical subnet-

works such as the n-site PD network.
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3 Results and discussion

This section illustrates how we derive parametrizations of positive steady
states of chemical reaction networks with n independent and identical sub-
networks. To demonstrate this approach, we consider the n-site PD net-
work. We do this step by step by considering the case when n =1, n = 2,
then for any positive integer n > 2. At the end of the section, we pro-
pose a general approach to parametrizing positive steady states of chemical
reaction networks with n independent and identical subnetworks for any

positive integer n > 2.

3.1 1-site PD network
Proposition 3. The I-site PD network given by
So+ K = SoK™38, + K
)
Sy +F =8 F %S+ F
r5

has a positive steady state parametrization of the following form.

— TS
—r_rosid
3
= (rs+7e)sif
f =
451
T_ re(re +13)s1f
717350
Free parameters: g, 51, sif >0

Remark. The parametrization was derived through the computational
package COMPILES (see Appendix A).

Let 71,72, 73 be free parameters. We can verify that the steady states

are indeed solutions by plugging-in the following obtained parametrized



346

steady state solution to each of the ODEs in Example 1:

50=T1, 51 ="Ta, 51f =73
E— T6(7‘2+7’3)7’3

r17r3T1
< (r5+76)73
f=222

T4T2
— _ 7673
SoR = —

3

By substituting the required solution in equation la, we get

dk — — —
E = 7T1k%+ 1"250]{5 + Tgsok
. r6(1r2 +13)73 T6T3 T6T3
_%< PArap( )(;{)+T2(r3)+%<%>
roreT: roreT:
:—263—r673+263+r67320
3 3

One can verify that each ODE in Example 1 equates to zero when the ob-
tained steady state solutions are substituted. Hence, the obtained

parametrized steady states are correct.

3.2 A general observation

The process of obtaining the steady state solution does not make use of
the species indices in the method. It is only important to take note the
modification done, that is, a reaction when a species S, binds to enzyme
K produces the complex S, K and this complex S, K may yield either
the initial substrate S, and K or the modified substrate S, and K by

other reactions. Hence, we come up with the following proposition.

Proposition 4. Let w € N and w’ = w — 1. By assigning w for the index
1 of species in the CRN for the 1-site PD network, one gets:

r w, L:.)/ o
S+ K =" 8, KPS+ K
T6w! +2
Tew! ! 16
S, +F =" s s R

T6w!+5
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Let the CRN above be denoted by N,,. Then, N, has the following steady
state solution:

sk = lowtesef
T6w’ +3
7o (T6w'+5 + T6w/+6) 5w f
r6w’+4$

T T6'+6(T6w/ +2 4 T6wr +3) S f
T6w’ 4+1T6w’+3 5w’

Free parameters: S7, So, Suf >0

3.3 2-site PD network

We can extend the 1-site PD network when the modified substrate S;
binds to K to produce a complex S;K. This complex Sy K may produce
the modified substrate S; and enzyme K or another modified substrate So
and enzyme K. The undoing of the modification follows with the enzyme

F'. This extension can be illustrated by the 2-site PD network.

Proposition 5. The CRN for the 2-site PD network given by

So —‘rK\T_—l‘ S()Kﬁksl —I—Kg SlKgSQ + K
() r8

So+ F=SF ™S + F=8F S +F
Ts5

T11

has a steady state parametrization as follows:

resif
SR =
T3
sk = 7“1282f
T9
J—
_ rer7rgrio(re +13) (15 +16)s1f 52
0= —2
r173raria(rs + o) (ri1 + r12)sa f
= r10(rs +76)s1f52
1= ——
ra(r11 +r12)saf
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_ (ri1 +ri2)saf
9
—2
rora(rs +19)(r11 + r12)saf

r7rorio(rs + TG)WE

|

BNl

Free parameters: 53, s1f, sof >0

We denote the 2-site PD network by Ns. By Proposition 2, the CRN

(Figure 1, upper) can be decomposed into two independent subnetworks
N; and Ny (Figure 1, lower).

CTErSY S
FYE- Sy )
Y
0@ 0@
@@%—Nﬁ@ @@’;f:@&@

Figure 1. Network decomposition of the 2-site PD network (N2) into
two independent subnetworks (N1 and Na)

Note that the independent subnetwork Ny, which is the same network

as N in Proposition 3, given by

So+ K = SoK™38, + K
72

S+ F=8,F"88 +F
rs
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has the steady state solution

—  resif
k= 1f
U]
< (rs+re)sif
f e ——
T45]1 , (2)
7= re(ro +13)s1f
r17350
Free parameters: 3, 57, s1f > 0

by the same proposition.

If we take w = 2 in Proposition 4 so that w’ = 1, we would get Ns.
That is, we have the CRN

ST+ K GQJA SlKT6g+3SQ + K

T6(1)+2

»
Sy +F ‘2 p W 4 R

T6(1)+5

Hence, the steady state solution of Ns is:

——  ri28af
oy 1252.f
T9 _
< (rii+r)saf
f -
082 __ . (3)
T r12(rs +79)s2.f
T7T9S1
Free parameters: 37, 53, sof > 0

By Theorem 1, the steady state solution of N3 is the intersection of
the steady state solution of N7 and the steady state solution of Ns. Let

sof and 33 be free parameters. Then, we have the following steady states
from No:

— 7”1282f
s1k = ———
T9

(r11 4+ r12)s2f
71082

f=
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TGW

steady state solution. Now, by equating f of equation 2 and equation 3,

Let s1f be a free parameter. Then, sok =

, from equation 2, is a

one obtains

Fany = Fav

(rs +7r6)s1f  (rin+ri2)saf
T481 B T1052

_rio(rs +re)s1f52

1= —
ra(r11 +ri2)saf

By the same process of equating the steady state solution k of equation 2

and equation 3, one gets

— 92
5= rer7rorT10(r2 + 13)(rs + 76)51f 52

72 .
r1r3raria(rs +ro)(rin + ri2)sa f

Finally, by substituting the updated solution 37 to k of equation 3, one

obtains

— 2
rar12(rs + 7r9)(r11 + r12)s2.f

r7r9r10(r5 + 7“6)@5

k=
Thus, the steady state solution of N is given by

_ TS
L 1f

r3
— 7128
. 1252f
T9 s
rer7ror10(r2 + 13)(r5 + 76)51f 52

&l

—
rirarari2(rg + 1) (111 + ri2)saf
r10(75 + 76)51f52

ra(rin + 7“12)@

(r11 4+ 712)82.f
r1082 .,
rar12(r8 +19) (11 + 112) 52 f
r7ror10(rs + 76)s1 f52

Free parameters: s3, s1f, sof >0

|

~

BNl
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Remark. The parametrization can also be derived through the computa-
tional package COMPILES (see Appendix B).

3.4 n-site PD network

The 2-site PD network could further be extended up to the nth substrate
to obtain the n-site PD.

Theorem 6. For every n € N, n > 2, the network N,, for the n-site PD

network given by:

So+ K=5SK >S5S +K=5K-—>5+K= ... -5, +K
S, +F= ... 525 4+F=5F— Si+F=5F—S+F

has the steady state solution given by:

—_— T S 1
sﬂkzw, n=0,1,2,...,n—1
T6p+3
—2

_ reTiroTen—2(re +13)(rs +76)s1f S

0=
r1737ar12(18 + 79) (Ten—1 + Ten)S2f Snf
T6n—2(T6e— T6e)SeS Sn

5752 6n 2(65 1+ 66) efn7 6:1,2,...,’[1—1
T6e—2(T6n—1 + T6n)Snf

(ren—1 + T”Gn)w

= —
T6n—25n
—)
T T6n—876n (T6n—4 + T6n—3) (T6n—1 4 76n)Sn f
T6n—576n—376n—2(T6n—7 + T6n—6)5n—1./5n
Free parameters: s1f,sof,...,8nf,5p >0

Proof. We prove by induction. Let n € N, n > 2. Let the network N,, be
the CRN for the n-site PD given by:

So+ K=5K-—>5+K=5K—=>55S+K= ... >S5, +K
Snt+F= ... 28 +F=5F— S$i+F=5F—S+F

Base Step. (n = 2) We have obtained in Proposition 5 that the steady
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state solution of the 2-site PD is given by:

807]6 _ Tﬁslf
r3s
817]6 _ T1252f
T9 .,
—_ r67779T10(T2 + 73)(r5 + 76)51f 52
0= —2
r1r3rari2(rg + o) (111 + ri2)sa f
—m10(rs +76)s1f52 (4)
51 = —
ra(ri1 +112)s2f
7= (ri1 +ri2)saf
T1052 .,
7= r4r12(rs + 19) (111 + T12)82 f
r71r9110(T5 + 76)51 /52
Free parameters: s3, W, Q > 0.

Observe that equation 4 can be written as:

- T S
ok = 6(pu+1) ;Hrlf7 4n=0,1
T6u+3

— 9
T6T7T9T6(2)—2(T2 +73) (15 4+ 76)51f 52

0= —
r1737ar12(78 + 79)(T6(2) -1 + T6(2))S2.f s2.f

_ re2)—2(T6e—1 T T6c) 5 f52 c—1

© ree2(To(2)—1 + re2))s2f
7= (T6(2)—1 + T6(2))52.f

Tg(2)—252
— 2

7 7“6(2)—87"6(2)(7“6(2)—4 + 7”6(2)—3)(7“6(2)—1 + 7”6(2))52f

T6(2)—576(2)—376(2)—2(T6(2)—7 T T6(2)—6)52—1f52

Free parameters: s1f,sof,52 > 0.

The theorem holds for n = 2.
Inductive Step. Assume that for n = m such that n > 2, the theorem
holds, i.e., the steady state solution for the m-site PD is given by
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T6(u+1)Sp+1f
b

sk = w=0,1,2,....m—1
T6u+3
— 9
—_ _rerrrerem—2(r2 +13)(rs +76)s1/ Sm
r17374712(r8 + 79) (Fem—1 + Tom)S2.f Sm f
T6m—2(T6e—1 + T6¢)Se S Sm
) 3= 6m 2(661 66) efim7 e=1,2....m—1
E,, = T6e—2(T6m—1 + T6m)Sm f (5)
7= (T6m—1 + T6m)Sm.f
T67n—2%
)
T T6m—876m (T6m—a + T6m—3)(Tem—1 + T6m)Sm.f
T6m—5"6m—3T6m—2(T6m—7 + T6m—6)Sm—1/5m
Free parameters: H, Q, ey Smf,Sm > 0.

Note that the decomposed independent subnetworks N; 1 of the m-site
PD, by Proposition 2, is given by:

Si+K = SSK — S+ K
Siv1+F =841 F— S;+F, t=0,1,...,m—1.

Now, by Theorem 1, the steady state solution E!, of the CRN for the
m-site PD network, is obtained by taking the intersection of the steady
state solution of each decomposed independent subnetwork, i.e.,

m—1

E,, = () B, i=0,1,....,m—1,
i=1

where E; 1 is the steady state solution of the subnetwork N;;1.
Following the same argument, the steady state solution E], ; of the

network N, 41 is derived by taking the intersection
E;n N Em+la

where F,, 11 is the steady state solution of the subnetwork N,,;1. Observe
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that the network N,,;1 is given by

S+ K S KTS K

T6m—+2

Sppr +F g RS LR

T6m-+5

which, by Proposition 4, has the steady state solution

- r s
Smk — 6m~+6 m+1f
T6m+3
7o (T6m+5 + Teém+6)Sm+1.f
T6m+45m+1 (6)

T_ T6m+6(T6m+2 + T6m+3)Sm+1f

T6m—+1T6m+3Sm

Free parameters: S, Smi1, Sm+1f > 0.

Let sif,s0f,...8ms1f,5ms1 be free parameters. Then, the steady

states in equation 5 in terms of the free parameters can be obtained:

Py T6(u+1) Sut1f
suk = ,
T6u+3

nw=0,1,2,....m—1.
Similarly, from the steady states in equation 6, we can get:

——  Temt6Smi1f _ T6(mt+1)Smt1f
Smk: =

Tem+3 T6m+3
? _ (TGM+5 + 7'67n+6)5m+1f

Tem+4Sm+1

By equating f of equation 5 to the f of equation 6, we can derive 3,,, that

is,

(r6m—1+T6m)Smf _ (Tem+s5 + T6m+6)Smi1f
T6m—2Sm T6m+4Sm+1
T6m—25m T6m+45m+1

(TGmfl + r6m)8mf (r6m+5 + T6m+6)sm+1f
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[T6m+45m+1) [(7“6m—1 + rem)W]

= =
" [(r6mts + Tom+6)Smt1f] [rem—2]
— _ T6mt4(T6m—1 + T6m)Sm fSmi1
m T p—
T6m—2(T6m+5 + T6m+6)Sm+1/f
_ T6(m+1)—2(r6m71 + TGm)Smfm
S =

Tom—2(T6(m+1)—1 + T6(m+1))Smt1f

By substituting this newly obtained parametrization for s, to s¢, € =
1,2

g Ly en

,m — 1, of equation 5, we get:

Tom—2(T6e—1 + T6¢)Sc fm
T6e—2(T6m—1 + T6m ) Sm f

Tem—2(T6e—1 + TGe)Q 7’6(m+1)—2(7"6m—1 + T6m)Sm fSm11

e =

T6672(T6m71 + TGm)Smf T6m72(7ﬂ6(m+1)71 + TG(erl))Serlf
TGm=2{T6e—1 + 76e)Sef ' 7“6(m+1)72M54ﬁj Sm+1
T6e—2(TometFT6m)Sm ] Tom=2(T6(m+1)—1 T T6(m+1))Smt+1]

r6(m+1)72(7"6671 + TGE)QS’ﬂ?ﬂFl

Toe—2(T6(m+1)—1 + T6(m+1))Smi1f
Plugging-in the same s, to 5y of equation 5, we get:

_ rerrrorem—2(re +73)(rs + 7“6)@2%
rirgrari2(rs + 7o) (rem—1 + TGM)E m
T6T7ToT6m=3(r2 + 73) (s + 76 )51 ]
rirarari2(rs + T9)M827f%
 To(m+1)~2 (Tt T6m ) 3] Smt1
Tom=3(To(m41)—1 + T6(m+1))Sm+1f

—2
T6T7roT6(m+1)—2(T2 +73)(rs + 76)S1f Smy1

 rirsraria(rs + 79) (T6(mt1)—1 + To(m+1))52f Sm1f

Finally, by substituting the same 5, to k of the steady state solution in

equation 6, we obtain:
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T6m+6(T6m+2 + Tem+3)Sm+1/f

Bl
I

T6m+1T6m+3Sm
Tom+6(Tom+2 + Tom+3)Smt1f  Tem—2(T6(m+1)=1 + T6(m+1))Sm+1.f

T6m+176m+3 T6(m+1)—2(T6m—1 + T6m ) Sm fom+1

—
T6(m+1)—876(m+1) (T6(m+1)—4 + T6(m+1)—3) (T6(m+1)—1 + T6(m+1))Sm+1f

r6(m+1)75T6(m+1)73r6(m+1)72(716(m+1)77 + r6(m+1)76)3(m+1)71f3m+1 .
Collecting these derived steady state solution for N,,.1, we have:

T suy1f
Spk = M7 p=0,1,2...,m—1
T6pu+3
T Sma1
5= [8(mt)Smt f
T6m-+3
—2
_ T6TTTIT6(m+1)—2(T2 +73)(r5 + 76)51f Smt1
50 = —
T173747112(78 +19) (N6 (mt1)—1 + T6(m+1))52f Sm41f
T _o(7T6e—1 +T6e)SefS
o= _T6mt1) 2(r6e—1 + T6e)Se fom+1 e=12..m—1

T6c—2(T6(m+1)—1 + To(m+1))Sm+1f
T6(m+1)—2(T6m—1 + T6m)Sm [Sm11

S =
T6m—2(T6(m+1)—1 + T6(m+1))Sm+1[f
7o (rém+5 + r6m+6)Sm+1f
Tém+4Sm-+1
—2
T T6(m41)—876(m+1) (T6(m+1)—4 + T6(m+1)—3) (T6(m+1)—1 + T6(m+1))Sm+1f
T6(m+1)—576(m+1)—376(m+1)—2(T6(m+1)—7 + T6(m+1)—6)S(m+1)—1.f5m+1
Free parameters: s1f,52f,...,8m+1f,8m+1 > 0,

or by merging some of the solution such as the first two (57@ for

w=0,1,2,....,m — 1 and s,,k), and the fourth and the fifth (s; for

e=1,2,...,m—1and 5,,), we can group them as follows:
T S
= rswrusettS o
T6pu+3 .,

- T6TTTITG(m+1)—2(r2 +73)(rs + 76)81f Smt1

0= —_—

r17374712(18 + 79) (F6 (mt-1)—1 + T6(m+1))52f Sm41f

_ Te(m+1)—2(T6e—1 + T6e)Se fEm+1
Se = s e=1,2,...,m

T6e—2(T6(m+1)—1 T 7‘6(m+1))5m+1f’
(r6m—+5 + T6m+6)Sm+1f

T6m+4Sm+1 )
= T6(m+1)=876(m+1) (T6(m+1)—4 T T6(m+1)—3)(T6(m+1)—1 T T6(m41))Sm+1.f

|

Tﬁ(m+1)—57’6(m+1)—37"6(m+1)—2(7’6(m+1)—7 + T6(m+1)—6)5(m+1)—1f5m+1

Free parameters: s1f,s2f,...,Sm+1f,Sm+1 > 0,
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as required. This means that the theorem is true for (m + 1)-site PD.
Therefore, the theorem holds for all n € N, n > 2. |

3.5 Derivation of positive steady state parametriza-
tion of CRNs with n independent and identical

subnetworks

We are now in the position to introduce the following steps (S1-S5) of deriv-
ing positive steady state parametrization of CRNs, under the assumption

of mass-action kinetics, with n independent and identical subnetworks:
S1. Decompose the CRN into n independent and identical subnetworks.

S2. Derive the positive steady state parametrization of the network for

the case when n =1 (Section 3.1).

S3. Generalize a formula for a steady state parametrization for any sub-

network using the network in the previous step (S2) (Section 3.2).

S4. Derive a positive steady state parametrization of the network for the
case when n = 2 by invoking Theorem 1, i.e., getting the intersec-
tion of the two parametrizations (coming from the two subnetworks)

obtained using the previous step (S3) (Section 3.3).

S5. Apply the principle of mathematical induction with n = 2 as the
basis step (Section 3.4).

4 Summary and recommendation

In this work, we introduce a framework to derive parametrizations of
CRNs, endowed with mass-action kinetics, that can be decomposed into n
independent and structurally identical subnetworks where n > 2 is any
positive integer. The approach was illustrated to derive a generaliza-
tion for the steady state solution of the n-site PD. First, a steady state
parametrization of the CRN for the 1-site PD was obtained. Then, we
compute the positive steady state parametrization for the case when n = 2

via network decomposition (i.e., Theorem 1) using the result when n = 1.
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Then, we generalize the parametrization for any n > 2 using the principle
of mathematical induction.

Studies on CRN theory (CRNT) often include critical biological prop-
erties such as absolute concentration robustness and multistationarity [3,
4,13,15]. Parametrizations of positive steady states can be used to fa-
cilitate checking these properties. Future studies may include the use of
conservation laws in the system after computing the parametrization. One

can also look into different types of networks with varying sizes.

Appendix A A parametrization of the posi-
tive steady states of the 1-site
PD network

In this section, we provide a parametrization of the 1-site PD via the
computational package COMPILES (COMPutIng anaLytic stEady States)
developed in [9], which is built in MATLAB. It derives a steady state
parametrization of a network by decomposing the CRN into independent
subnetworks and combines parametrizations of each subnetwork. Here, we
present the COMPILES package with the corresponding MATLAB code

that we have used to obtain the parametrization in Section 3.1.

Input

1. Gather the m-files steadyState.m, addReaction.m, edge.m,
graph.m, and vertex.m in the same working directory. In the
same directory, create another m-file on which the script would be
put.

2. In the created m-file, write the model name as the model.id. In our
code, we used

model.id = ‘for n=1’;

for the 1-site PD.
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3. List all the reactions. The string in the first line is the visual repre-
sentation of the reaction. It may be reversible or not, and we use the
signs < and > to denote the direction of the reaction. The second
line consists of the reactant species (in strings), their respective sto-
ichiometric coefficients (in the cell list), and their respective kinetic
order (in the array list). The third line consists of product species
(in strings), their respective stoichiometry (in cell list), and their ki-
netic order if reversible (in array list), which is otherwise empty. The
fourth line contains the word true (false) if the reaction is reversible
(not reversible). In our code, we wrote the first reaction as

model = addReaction(model, ‘S0+K<->SOK’,
{s0’, ‘K’}, {1, 1}, [1, 11,
{‘sok’}, {1}, [11,

true) ;

Do this for all reactions in the CRN.

4. Add the line

[equation, species, free_parameter, conservation_law,
model] = steadyState(model) ;

for the computation of the parametrized steady state.

5. Run the script file.

Code (used on the script file)

model.id = ‘for n=1’;

model = addReaction(model, ‘SO+K<->SO0K’,
{¢so’, ‘K’}, {1, 1}, [1, 1],
{sok’}, {1}, [11,

true) ;

model = addReaction(model, ‘SOK->S1+K’,
{‘sok’}, {1}, [1], .
{¢s1’>, ‘K’}, {1, 1}, [ 1],
false);

model = addReaction(model, ‘S1+F<->S1F’,

{‘Sl,) ‘F,}, {1) 1}) [1’ 1]’
{‘s1F’}, {1}, [1],

true);
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model = addReaction(model, ‘S1F->S0+F’,
{s1F’}, {1}, [11,
{¢so’, ‘F’}, {1, 1}, [ 1,
false);

[equation, species, free_parameter, conservation_law, model]
= steadyState(model);

Output

1. As an output, we would be given the number of independent decom-
position of the CRN.

2. For each of these subnetworks, the reactions associated with it are
displayed.

3. Each species in the subnetwork are listed with their corresponding
steady states parametrization.

4. After the steady state parametrization for all subnetworks are shown,
the final solution by combining these solutions of the subnetworks is
presented.

5. The conservation laws for the CRN are also shown.

The network has no nontrival independent decomposition.
- Network -

R1: SO0+K->SOK
R2: SOK->SO+K
R3: SOK->S1+K
R4: S1+F->S1F
R5: S1F->S1+F
R6: S1F->SO+F

Solving the network...

F = (tau3d*(k5 + k6))/(kd*xtau2)
K = (k6*tau3d*(k2 + k3))/(klxk3*taul)

S0 = taul
SOK = (k6*tau3l)/k3
S1 = tau2

S1F = tau3
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Solving positive steady state parametrization of the
network. ..

The solution is:

F = (S1F*(k5 + k6))/(S1%k4)

K = (S1F*k6*(k2 + k3))/(SOxk1%k3)
SOK = (S1Fxk6)/k3

Free parameters: SO, S1, S1F

Conservation laws:

dK/dt + dSOK/dt = 0

-dF/dt - dK/dt + dS0/dt + dSi1/dt = 0
dF/dt + dS1F/dt = 0

Appendix B A parametrization of the posi-
tive steady states of the 2-site
PD network

This section is an extension of the 1-site PD network. The script file follows

the same steps presented in Appendix A.

Input
Code (used on the script file)

model.id = ‘for n=2’;
model = addReaction(model, ‘SO+K<->SOK’,
{‘so’, ‘K’%}, {1, 1}, [1, 11,
{sok’}, {1}, [11,
true) ;
addReaction(model, ‘SOK->S1+K’,
{sok’}, {1}, [11,
{s1’, ‘K’}, {1, 1}, [ 1,
false);
model = addReaction(model, ‘S1+F<->S1F’,
{¢s1’, ‘F’}, {1, 13}, [1, 1],
{s1F’}, {1}, [11,

true);

model
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model = addReaction(model, ‘S1F->S0+F’,
{s1F’}, {1}, [11,
{¢so’, ‘F’}, {1, 1}, [ 1,
false);

model = addReaction(model, ‘S1+K<->S1K’,
{s1>, ‘K’}, {1, 1}, [1, 1],
{‘s1k’}, {1}, [11,
true);

model = addReaction(model, ‘S1K->S2+K’,

{¢s1k’}, {1}, (11, ...
{s2, ‘K’}, {1, 1}, [ 1,
false);
model = addReaction(model, ‘S2+F<->S2F’,
{<s2>, ‘F’}, {1, 13}, [1, 1],
{s2F’}, {1}, [1],
true);
addReaction(model, ‘S2F->S1+F’,
{s2rF’}, {1}, [11, ...
{s1>, ‘F’}, {1, 1}, [ 1,
false);
[equation, species, free_parameter, conservation_law, modell
= steadyState(model);

model

Output

The network has 2 subnetworks.
- Subnetwork 1 -

R1: SO+K->SOK
R2: SOK->S0+K
R3: SOK->S1+K
R4: S1+F->S1F
R5: S1F->S1+F
R6: S1F->SO+F

Solving Subnetwork 1...

F = (tau3*(k5 + k6))/(k4*tau2)

K = (k6*tau3*(k2 + k3))/(k1*k3*taul)
SO = taul

SOK = (k6xtaul)/k3

S1 = tau2
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S1F = tau3
- Subnetwork 2 -

R7: S1+K->S1K
R8: S1K->S1+K
R9: S1K->S2+K
R10: S2+F->S2F
R11: S2F->S2+F
R12: S2F->S1+F

Solving Subnetwork 2...

F = (taub*(k11l + k12))/(k10%taub)

K = (k12*taub*(k8 + k9))/(k7*k9*taud)
S1 = tau4

S1K = (k12*tau6)/k9

S2 = taub

S2F = tau6

Solving positive steady state parametrization of the
entire network...

The solution is:

F = (S2Fxkl1l + S2F*k12)/(S2xk10)

K = (S2F"2x%k4xk12% (k8 + k9)*(kl1l + k12))/(S2%S1F*k7*xk9*k10
* (k5+ k6))

S0 = (S2*S1F~2*k6xk7+k9*k10* (k2 + k3)*(k5 + k6))/(S2F~2xkl
*k3%kd*k12% (k8 + k9)*(kll + k12))

S1 = (S2*S1F*k5xk10 + S2%xS1F*k6xk10)/(S2F*kdxkl1l + S2F*kdx*

k12)
SOK = (S1F*k6)/k3
S1K = (S2F*k12)/k9

Free parameters: S2, S1F, S2F

Conservation laws:

dK/dt + dSOK/dt + dS1K/dt = 0

-dF/dt - dK/dt + dSO/dt + dS1/dt + dS2/dt = 0
dF/dt + dS1F/dt + dS2F/dt = 0
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