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Abstract

The problem of complete characterization of trees with minimal
atom-bond-connectivity index (minimal-ABC trees) has a reputa-
tion as one of the most challenging and intriguing open problems
in mathematical chemistry. Recently, the problem has been com-
pletely solved. Here, we provide an overview of the key results that
led to its complete solution.

1 Introduction

The evolution of topological indices, defined as numerical values associ-
ated with a chemical constitution for correlation of chemical structure
with diverse physical properties, chemical reactivity, or biological activity,
dates back to the pioneering efforts of applying graph theory to investigate
structural phenomena within the molecule [3]. The atom-bond connectivity
index (ABC indez), introduced in 1998 by Estrada et al. [32] was a rela-

tively recent addition to the wide list of topological molecular descriptors.
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The ABC index of a simple undirected graph G = (V, E) with vertex set
V =V/(G) and edge set E = E(G) is defined as

ABC(G) = Z Zl(u)d(v)’

uwvel

where d(v) is the degree of a vertex v € V.

In [32], it was shown that the ABC index has a good correlation with
the heat of formation AH} of alkanes. Later in 2008, Estrada [30] claimed
to have provided “a quantum-chemical explanation for this correlation
based on the ratio of 1,3-interactions with respect to the total number of
1,2-, 1,3- and 1,4-interactions in alkanes’, concluding that “the heat of
formation of alkanes can be obtained as a combination of stabilizing effects
coming from atoms, bonds and protobranches.” In a critical evaluation con-
ducted later, Gutman et al. [47] confirmed that the ABC index “reproduces
the heat of formation with an accuracy comparable to that of high-level ab
initio and DFT (MP2, B3LYP) quantum chemical calculations”. In light
of all this Gutman [43] asserted that “ABC index happens to be the only
topological index for which a theoretical, quantum-theory-based, foundation
and justification has been found.”

After that revelation, interest in the ABC index has grown rapidly.
As a well-motivated graph-based invariant, it has received considerable
attention within mathematical and chemical research communities. Due
to this interest, numerous results, structural properties, and a few variants
of the ABC index were established [2,4,5,7,9-11,13,14, 23,33-35, 3741,
44,46,48,55,58,60,61, 64-66,68-70, 72].

From a mathematical perspective, when a new graph-based structural
descriptor is introduced, one of the initial questions to be addressed is
which graph attains the maximum or minimum value of the particular
descriptor among graphs of the same order. From the fact that deleting
an edge in a graph strictly decreases its ABC index [5], or equivalently
that adding an edge in a graph strictly increases its ABC index [10], it
follows that the complete graph K, has the maximum ABC index, while a

connected graph that has the minimal ABC index must be a tree. To show
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that the star graph S,, is the unique tree with the maximal ABC index
is a fairly easy task [35]. Initially, it appeared that characterizing trees
with the minimal ABC index (minimal-ABC trees) was not an especially
challenging problem, and that standard and routine techniques could solve
the problem. However, it turns out that characterizing minimal-ABC trees
is a very elusive problem, and despite many attempts, only very recently

a full characterization of minimal-ABC trees has been obtained.

1.1 Additional notations

The term big vertex refers to a vertex with degree greater than two that is
not adjacent to a vertex with degree two.

A path, whose both end-vertices have degrees at least three, and the
rest of the vertices have degree two, is called an internal path. A pendant
vertex is a vertex of degree one. A path, whose one end-vertex has degree
at least three, the other end-vertex is a pendant vertex, and the rest of the
vertices have degree two, is called a pendant path.

A path of length two adjacent to a vertex that has at least one child
of degree at least three is called a Bi-branch. A vertex v with degree
k+1, k > 2, together with k£ pendant paths of length 2 attached to it,
comprised a so-called Bg-branch. The vertex v is referred to as the center
of the Bi-branch. By attaching a vertex to a pendant vertex of By-branch,
one obtains a so-called Bj-branch. Illustrations of By-, Bj-, k > 1, and
B3*-branches are given in Figure 1. We will refer to them in general as

B-branches.

B B; Bi(k > 2) Bi(k > 2) B3*

Figure 1. By, B}, k > 1 and B3* branches.

For a given degree sequence Wang [67] defined greedy trees as follows:
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Definition 1. Suppose that the degrees of the non-leaf vertices are given,

the greedy tree is achieved by the following ‘greedy algorithm’:
1. Label the vertex with the largest degree as v (the root);

2. Label the neighbors of v as v, va, ..., assign the largest degree avail-
able to them such that d(vy) > d(vg) > ---;

3. Label the neighbors of vy (except v) as vi1,v12, ..., such that they
take all the largest degrees available and that d(v11) > d(vi2) > - -,

then do the same for vo, vs, .. .;

4. Repeat (3) for all newly labeled vertices, always starting with the
neighbors of the labeled vertex with largest degree whose neighbors

are not labeled yet.

In the rest of the paper, we give an overview of the key results that
led to the full characterization of the minimal-ABC trees. As a means of
providing a more comprehensive understanding of the milestones during
this discovery, we present the results in a logical order - this may not
always correspond to the chronological order in which they were published.
In Section 2 we present the theoretical results. A separate subsection is
dedicated to each important milestone or group of related results. Due
to the importance of computational results in indicating and leading the

research direction, they are presented in Section 3.

2 Theoretical results

2.1 Some initital results

One of the first mathematical results regarding minimal-ABC trees was
that by Furtula et al. [35], where the problem of finding the extremal
values of the ABC index was completely solved for chemical trees (trees
with maximal degree 4).

Another basic but essential result, already mentioned in the introduc-
tion, was presented independently in 2011 in the following two equivalent

theorems, obtained by Das et al., and Chen and Guo, respectively.
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Theorem 1 ( [10]). Adding an edge in a graph strictly increases its ABC

mdex.

Theorem 2 ( [5]). Deleting an edge in a graph strictly decreases its ABC

index.

2.2 Greedy tree

The following result by Gan et al. [38] from 2012 characterizes the trees
with minimal ABC index with prescribed degree sequences. This charac-

terization was used in many other proofs later.

Theorem 3. Given the degree sequence, the greedy tree minimizes the

ABC index.

The same result as in Theorem 3, using slightly different notation and

approach, was published also in the same year by Xing and Zhou [68].

2.3 Internal and pendent paths

The essential part in characterizing minimal-ABC trees was the earlier

results regarding the internal and pendent paths.

Theorem 4 ( [46]). The n-vertex tree with minimal ABC index does not
contain internal paths of any length k > 2.

The above result by Gutman et al. from 2012 has a very important

consequence.

Corollary 1. Let T be a tree with minimal ABC index. Then the subgraph
induced by the vertices of T whose degrees are greater than two is also a

tree.

Lemma 1 ( [46,58]). If T is a tree with minimal ABC index, then every
pendant path in T is of length 2 or 3, and there is at most one pendant
path of length 3 in T.

The next crucial result is the following one published in 2017.
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Theorem 5 ( [17]). A minimal-ABC tree of order n > 415 does not
contain a pendant path of length 3.

As a consequence from the results presented in this subsection, it fol-
lows that for n > 415, a minimal-ABC tree may contain only Bj-branches,
and, as it will be shown in Theorem 11 [28], maybe an additional Bj*-
branch. In the next section, beside the result about a B3*-branch, we
present results that further reduced the size and the possible number of

By-branches.

2.4 The size and number of the B-branches

The next group of results has reduced significantly the possible candidates

for minimal-ABC trees, by excluding some configurations of B-branches.

Theorem 6 ( [14]). A minimal-ABC tree does not contain a By-branch,
k>5.

The last theorem reduced the further investigation only on Bj-, Ba-
, Bs-, B3*-,and By-branches. In the sequel, we will mention the most
important results regarding each type of the above mentioned B-branches.
First we present results that showed some forbidden combinations of B-

branches.

Theorem 7 ( [22]). A minimal-ABC tree cannot contain a By-branch and

a Bi-branch simultaneously.

Theorem 8 ( [22]). A minimal-ABC tree cannot contain a Bs-branch and

a By-branch simultaneously.

The following results consider the possible number of Bs-branches con-

tained in the minimal-ABC trees.

Theorem 9 ( [14]). A minimal-ABC tree does not contain more than four

By-branches.

Theorem 10 ( [19]). A minimal-ABC tree, whose root has degree at least

1228, does not contain Bs-branches.
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The following two results give the maximum possible numbers of Bj-,

Bs- and Bj*-branches, and their correlation.

Theorem 11 ( [28]). A minimal-ABC tree of order larger than 122 may
contain exactly two Bi-branches, which together with one Bs-branch com-

prise a B3*-branch.

Theorem 12 ( [29]). Let T be a minimal-ABC tree. If T is of order
larger than 39 and contains Bi-branches, then T contains exactly one Ba-
branch. If T is of order larger than 163 and contains no By-branch, then

T contains at most two By-branches.

Proposition 13 ( [19]). Let z and y be vertices of a minimal-ABC tree G
that have a common parent vertex z, such that d(z) > d(y) > 7. If x has
only Bs-branches as children and y has Bs-branches and one Bs-branch as
children, then d(x) < d(y)+5. Ify has Bs-branches and two Ba-branches
as children, then d(x) < d(y) + 9.

The next results consider the number of the possible B-branches that

may be adjacent to root vertex of a minimal-ABC tree.

Lemma 2 ( [19]). Let G be a minimal-ABC tree. Then all By-branches

(mazimum 4) are adjacent to the root vertex of G.

Lemma 3 ( [19]). A minimal-ABC tree, whose root has degree at least

1228, does not contain By-branches.

Lemma 4 ( [19]). The number of B-branches adjacent to the root vertex

of a minimal-ABC tree is at most 919.

Lemma 5 ( [19]). If the root vertex of a minimal-ABC tree has degree at
least 2956, then there are no B-branches attached to the root.

2.5 Big vertices and D-branches

Recall that by Corollary 1, it follows that the big vertices induce a tree.
The following conjecture was raised by Gutman and Furtula earlier in
2012.
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Conjecture 1 ( [44]). A minimal-ABC tree has (at most) one big (central)

vertex.

It was disproved by Ahmadi et al. in 2014 [1], where the correct result
was guessed. In this context, it is worth to mention that for a special class
of trees, so-called Kragujevac trees, that are comprised of a central vertex
and Bg-branches, k£ > 1, the minimal-ABC trees were fully characterized
by Hosseini et al. [49].

Conjecture 2 ( [1]). The subgraph of a minimal-ABC tree induced by its

big vertices is a star.

The above conjecture was proven to be correct several years later in-
dependently in [18,50].
The following conjecture has been arisen also in [1], and was proven

later in [19,50] (see Theorem 17 in the next section).

Conjecture 3 ( [1]). After some enough large n, besides the big vertices,

minimal-ABC trees have only Bs-branches.

Moreover, the structure of the minimal-ABC tree depicted in Figure 2,

for enough large trees, was conjectured in [1].

G(n,z)

Figure 2. The figure from [1] with the conjectured structure of the
minimal-ABC tree.

This prompts the so-called D-branches, introduced in [1], additionally
to be considered. Considering the above results on B-branches, few types
of D-branches, depicted in Figure 3, were relevant for further considera-

tion.
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The vertex of a D-branch to whom the B-branches are attached is

referred to as the center of the D-branch.

D? Dt

Figure 3. D.-, D;*-, D? .- (¢ = 1,2) and D? - (z = 1,2,3,4)
branches. The dashed line segments are optional.

2.6 Size and number of the D-branches

The following group of results, ones of the last towards the final solution,
are about D-branches.

2.6.1 Bounds on the size of the D-branches

Lemma 6 ( [18]). For z < 14, there is no minimal-ABC tree, which has

a D,- or DF*-branch.

Lemma 7 ( [18,19]). A minimal-ABC tree does not contain a D,-, D%*-
or Dim—bmnch, z > 132, for each x = 1,2, if z > 132.

Lemma 8 ( [19]). If a minimal-ABC tree contains at least 261 D, -bran-
ches, then z < 52.
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Proposition 14 ( [19]). If a minimal-ABC tree contains a D2 ,-branch,
then 25 < z < 50. If a minimal-ABC tree contains a Dz’l-bmnch, then
19 <2 <97,

Proposition 15 ( [19]). If a minimal-ABC tree contains a D¥*-branch,
then 47 < z < 74.

2.6.2 The number of the D-branches and some impossible con-

figurations

As a consequence of Lemma 2 we have the following corollary.

Corollary 2. A minimal-ABC tree does not contain D} ,-branches, x =
1,2,3,4.

Lemma 9 ( [19]). A minimal-ABC tree with at least 65 D,-branches and

with the root of degree at least 146 does not contain a D%Q—bmnch.

Lemma 10 ( [19]). A minimal-ABC tree with at least 261 D,-branches

and with the root of degree at least 1228 does not contain a Dﬁyl-bmnch.

Lemma 11 ( [19]). If there are at least 56 D,-branches, then the minimal-

ABC tree does not contain a D}*-branch.

Theorem 16 ( [19]). A minimal-ABC tree with the root vertex of degree at
least 1228 is comprised only of a root and D,- and D,y1-branches, where
z € {50,51,52}, and maybe of Bs-branches and at most one of D} | -branch,
z—5 <t <z, attached to the root.

Corollary 3 ( [19]). A minimal-ABC tree with the root vertex of degree at
least 1441 is comprised only of a root and D,- and D,y1-branches, where
z € {50, 51,52} and maybe of Bs-branches attached to the root.

Theorem 17 ( [19]). A minimal-ABC tree with the root vertex of degree at
least 2956 is comprised only of a root and D,- and D,y1-branches, where
2 € {50,51,52}.

A comparable outcome was obtained in [50], albeit with supplementary

constraints.
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The intuition behind the structure of the minimal-ABC trees, which

was already conjectured in 2014 [1], is based on the fact that a Bs—branch

has minimal value among all B-branches. Hence, it was anticipated that
the Bs-branches would prevail, and the remaining vertices would merely
connect the Bs-branches in an optimal manner, thereby minimizing the
ABC index. Furthermore, it was expected that for some sufficiently large

n, there would be only Bs-branches.
Theorem 18 ( [19]). Let v be the root of a minimal-ABC tree G.

e [f 2956 < d(v) < 3241, then G must contain Dsi-branches and in
addition

— either Dsy-branches,

— or at most 123 Dsg-branches.

In particular, when 2956 < d(v) < 3185, G contains at most 357

Dgo-branches.
e Ifd(v) > 3242, then G must contain Dsa-branches and

— either at most 718 Ds1-branches.
— or at most 178 Ds3-branches.

In particular, when d(v) > 3249, G contains at most 364 Ds;-

branches.

2.7 The optimization function and determining the

parameters of the minimal-ABC trees

According to the results presented in the previous sections, minimal-ABC
trees can be described quite closely. A final and exact description, in-
cluding the parameters of a minimal-ABC tree of order n (the number of
particular B-branches/D-branches), can be obtained by solving the fol-

lowing optimization problem:

minpeT ABC(T)
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subject to
(1) d(v) =mn, +mn.q41 +bx + b1 +ba+b3-n3+by-ny

2)n=14+n(724+1) +n,1(7(z+ 1)+ 1)+ b1 (7(k1 — 1) +5+1) +
b2(7(k2—2)+10+1)+b3~n3-7—|—b4'n4'9+b*-(72—|—4)

(3) 15 <2< 131 (by Lemmas 6 and 7)
(4) z2—=5<k <z (by Proposition 13)
(5) 2—9<ky <z (by Proposition 13)
(6) 0<ng <4 (by Theorem 9)
(7) 0 <ng+ng <919 (by Lemma 4)

(8) by, b1,b2,b3,b4 € {0,1}

(9) at most one of by, by, be, by can be 1 (by Theorems 8 and 12).

In the above optimization function, n, and m.y1 are, respectively,
the numbers of D,- and D, i-branches, ng and n4 are, respectively, the
numbers of Bs- and By-branches attached to the root, ki is the size
of the D%l—branch, ko is the size of the D%z—branch, and parameters
ba, b1, b, b3, b4 € {0,1} are related to the existences of D}*-, D} -, Dj 5=,
Bs- and By-branches attached to the root vertex, respectively - for example
b, = 0/1 means that T does not contain/ does contain Di*-branch.

With the growth of the order of the trees, the above optimization prob-
lem becomes simpler.

When d(v) > 1228, by Theorem 16, it follows that ny = 0, b, = by =
by = 0, and 50 < z < 52. Further, when d(v) > 2956, by Theorem 17, it
follows that ng = n4 =0, by = by = by = b3 = by =0 and 50 < z < 52.
Moreover, by Theorem 18, when d(v) > 3249, we have 0 < ns; < 364 and
0 < ns3 < 178. That allows us to determine the parameters of the minimal-
ABC tree for an arbitrary n in a constant time. The minimal-ABC trees
and their structures are given in Appendix 4. The minimal-ABC trees of

orders up to 1100 were already known [56].
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3 Computational results

For complete characterization of the minimal-ABC trees, in addition to
the theoretically proven properties, computer supported search has proved
extremely helpful in indicating and leading the research direction, as well
as in determining the exact number of B-branches in Section 2.7.

The first example of using computer search was done by Furtula et
al. [36], where the trees with minimal ABC index of up to size 31 were
computed. There, a brute-force approach of generating all trees of a given
order, speeded up by using a distributed computing platform, was applied.

A significant advancement towards enhancing computation speed was
achieved by focusing solely on the degree sequences of trees and leveraging
known structural properties of trees with minimal ABC index [13]. The
enumeration of tree degree sequences described in [13] was associated with
the enumeration of graph degree sequences, as studied by Ruskey et al. [63],
which relied on Havel-Hakimi’s recursive characterization of graph degree
sequences.

Due to the nature of the recursive relation used in the enumeration
of degree sequences in [63], the same degree sequences were generated
several times. That disadvantage was improved in [54], where the appro-
priate degree sequences were enumerated by applying an integer parti-
tioning argument. Subsequently, significant computational improvements
were attained by employing a parallelized version of the algorithm based
on degree sequences and incorporating additional constraints. These ad-
vancements were made possible by leveraging newly obtained theoretical
results [25,56,59].

An overview of the algorithms, along with some of their performance

statistics, can be found in Table 1.
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4 Appendix: Minimal ABC-trees

Casen=0 (mod 7)
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Lt ettt Leeer et
n n n
= -2 - -1 = —4
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754] U [7735,8505] U [10584, 11186] U [13440, 13832] U [16254, 16436] U [19033, 19040]

Figure 4. Minimal-ABC trees with n vertices, where n =0 (mod 7).
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Casen=0 (mod7)
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Figure 5. Minimal-ABC trees with n vertices, where n =0 (mod 7).
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Figure 6. Minimal-ABC trees with n vertices, where n =1 (mod 7).
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Casen=1 (mod?7)
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Figure 7. Minimal-ABC trees with n vertices, where n =1 (mod 7).
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Case n=2 (mod 7)
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Figure 8. Minimal-ABC trees with n vertices, where n = 2 (mod 7).
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Figure 9. Minimal-ABC trees with n vertices, where n =2 (mod 7).
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Figure 10. Minimal-ABC trees with n vertices, where n =3 (mod 7).
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Figure 11. Minimal-ABC trees with n vertices, where n = 3 (mod 7).
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Figure 12. Minimal-ABC trees with n vertices, where n = 4 (mod 7).
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Figure 13. Minimal-ABC trees with n vertices, where n =4 (mod 7).
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Figure 14. Minimal-ABC trees with n vertices, where n =5 (mod 7).
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Case n=>5 (mod 7)
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Figure 15. Minimal-ABC trees with n vertices, where n =5 (mod 7).



37

Casen=6 (mod 7)
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Figure 16. Minimal-ABC trees with n vertices, where n = 6 (mod 7).
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Figure 17. Minimal-ABC trees with n vertices, where n = 6 (mod 7).
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