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Abstract

Let G be a connected graph with n vertices. The bond incident
degree (BID) indices TI(G) of G with edge-weight function I(x, y)
is defined as

TI(G) =
∑

uv∈E(G)

I(du, dv),

where I(x, y) > 0 is a symmetric real function with x ≥ 1 and y ≥ 1,
du is the degree of vertex u in G.
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In this note, we deduce a number of previously established re-
sults, and state a few new. For the BID index TI with the prop-
erty P ∗, we can obtain the minimum k-cyclic (chemical) graphs for
k ≥ 3, n ≥ 5(k − 1). These BID indices include the Sombor index,
the general Sombor index, the p-Sombor index, the general sum-
connectivity index and so on. Thus this note extends the results of
Liu et al. [H. Liu, L. You, Y. Huang, Sombor index of c-cyclic chem-
ical graphs, MATCH Commun. Math. Comput. Chem. 90 (2023)
495-504] and Ali et al. [A. Ali, D. Dimitrov, Z. Du, F. Ishfaq, On
the extremal graphs for general sum-connectivity index (χα) with
given cyclomatic number when α > 1, Discrete Appl. Math. 257
(2019) 19-30].

1 Introduction

In this paper, all notations and terminologies used but not defined can

refer to Bondy and Murty [9]. Let G be a connected graph with vertex

set V (G) and edge set E(G), where |V (G)| = n and |E(G)| = m. Let

I(x, y) > 0 be a symmetric real function with x ≥ 1 and y ≥ 1, and du

be the degree of vertex u in G. The bond incident degree (BID) indices

TI(G) of G with edge-weight function I(x, y) was defined as [30]

TI(G) =
∑

uv∈E(G)

I(du, dv). (1)

Another frequently used name is vertex-degree-based (VDB) indices. When

I(x, y) is
√
x2 + y2, (x2 + y2)α, (xp + yp)

1
p , (x + y)α, we call TI(G) as

the Sombor index [16], general Sombor index [17], p-Sombor index [26],

general sum-connectivity index [32], respectively.

The exponential bond incident degree (BID) indices eTI(G) of G with

edge-weight function I(x, y) was defined as [23]

eTI(G) =
∑

uv∈E(G)

eI(du,dv). (2)

In [25], Rada et al. determined the bound of TI over the set of graphs

with n vertices. As an application, they found the extremal values of the

general Randić index Rt when t ∈ (−1,− 1
2 ). Cruz et al. [12,14] determined
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extremal trees and unicyclic graphs for (exponential) vertex-degree-based

topological indices. Cruz et al. [11] determined extremal values of (expo-

nential) vertex-degree-based topological indices over chemical trees. By us-

ing the majorization theory, Yao et al. [31] presented a uniform method to

some extremal results together with its corresponding extremal graphs for

vertex-degree-based invariants among the class of trees, unicyclic graphs

and bicyclic graphs with fixed number of independence number and/or

matching number, respectively.

Recently, Hu et al. [18] obtained some upper bounds and lower bounds

for the topological index TI(G) and gave some graphs of given order and

size achieving the bounds. Among bipartite graphs with given order and

matching number/vertex cover number/edge cover number/independence

number, among multipartite graphs with given order, and among graphs

with given order and chromatic number, Vetŕık [29] presented the graphs

having the maximum degree-based-index if that index satisfies certain con-

ditions. They also showed that those conditions are satisfied by the general

sum-connectivity index χα for all or some α ≥ 0. Zhou et al. [33] character-

ized the graphs having the maximum value of certain bond incident degree

indices (including the second Zagreb index, general sum-connectivity in-

dex, and general zeroth-order Randić index) in the class of all connected

graphs with fixed order and number of pendent vertices. Other related

results can be found in [4, 6, 13,24].

If I(x, y) is monotonically increasing on x (or y), and h(x) =

I(a, x)− I(b, x) is monotonically decreasing on x for any a ≥ b ≥ 0,

then we call I(x, y) has the property P . If I(x, y) has the property

P and satisfies that for any a > b + 1 ≥ 2, H(a, b) > 0, where

H(a, b) = a[I(a, a) − I(a − 1, a)] − b[I(b + 1, b) − I(b, b)], then we say

I(x, y) has the property P ∗. For convenience, we say the BID index has

the property P ∗ if its edge-weight function I(x, y) has the property P ∗.

Let ∆(G) and δ(G) be the maximum degree and minimum degree in

G, respectively. Denote by ni the number of vertices of G with degree i,

mi,j the number of edges of G joining a vertex of degree i and a vertex of

degree j. A k-vertex is a vertex with degree k. A graph with maximum

degree at most 4 is called as a chemical graph. A connected graph with n
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vertices and n+ k − 1 edges is called a connected k-cyclic graph.

One important topic in chemical graph theory is determining the ex-

tremal k-cyclic (chemical) graphs with respect to BID index. In [1–3, 7],

Ali et al. determined the extremal k-cyclic (chemical) graphs with respect

to sigma index, symmetric division deg index, general Randić index, re-

spectively. Liu et al. [21] considered the minimum Sombor index of k-cyclic

(chemical) graphs. The first general Zagreb index and the first multiplica-

tive Zagreb index of k-cyclic graphs was determined by Bianchi et al. [8].

Other related results can be found in [5, 15,22,27,28].

Denote by Gn,k (resp. CGn,k) the set of k-cyclic graphs (resp. k-cyclic

chemical graphs) with n vertices. The degree set of a graph G is the class of

vertex degrees of G. A graph whose degree set has exactly two elements is

called a bidegreed graph. Until now, to the best of my knowledge, there is

no conclusion on the general VDB topological index of k-cyclic (chemical)

graphs. In this paper, we give a try to unify the solution for the minimum

VDB index of k-cyclic (chemical) graphs. For the BID index TI with the

property P ∗, we obtain the minimum k-cyclic (chemical) graphs for k ≥ 3,

n ≥ 5(k − 1). These BID indices with property P ∗ include the Sombor

index, the general Sombor index for α ∈ [ 12 , 1), the p-Sombor index for

p ∈ (1, 2], the general sum-connectivity index for α ∈ (0, 1) and so on.

2 Main results

We firstly introduce some important lemmas.

Lemma 2.1. Suppose that I(x, y) is a function with the property P and

TI(G) =
∑

uv∈E(G)

I(du, dv). Let G be a connected graph, u, x, v, y be dis-

tinct vertices in G satisfied that ux, vy ∈ E(G), uy, vx /∈ E(G), du ≥ dv,

dy ≥ dx. Let G∗ = G− {ux, vy}+ {uy, vx}. Then TI(G∗) ≤ TI(G), with

equality if and only if du = dv or dy = dx.

Proof. Since I(x, y) be a function with the property P and TI(G) =∑
uv∈E(G)

I(du, dv), then TI(G)−TI(G∗) = (I(du, dx)−I(dv, dx))−(I(du, dy)

−I(dv, dy)) ≥ 0, with equality if and only if du = dv or dy = dx.
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Lemma 2.2. [19] Let G be a connected graph with n vertices and m edges,

I(x, y) be a function with the property P ∗ and TI(G) =
∑

uv∈E(G)

I(du, dv).

If G is a graph achieving the least value of TI(G), then G is an almost

regular graph, i.e., ∆(G)− δ(G) ≤ 1.

Since m = n+k−1 in Gn,k, then by Lemma 2.2, we have the following

corollary.

Corollary 2.1. Let I(x, y) be a function with the property P ∗ and TI(G) =∑
uv∈E(G)

I(du, dv). For k ≥ 1, if G is a graph achieving the least value of

TI(G) over Gn,k, then δ(G) ≥ 2.

Lemma 2.3. [5] For n ≥ 5(k − 1), if G ∈ Gn,k such that δ(G) ≥ 2 and

∆(G) ≥ 4, then n2(G) ≥ 4.

Lemma 2.4. [10] For n ≥ 5(k − 1), if G ∈ Gn,k such that δ(G) ≥ 2 and

∆(G) ≥ 4, then m2,2(G) ≥ 1.

Lemma 2.5. Let I(x, y) be a function with the property P ∗ and TI(G) =∑
uv∈E(G)

I(du, dv). For k ≥ 3 and n ≥ 5(k − 1), if G is a graph achieving

the least value of TI(G) over Gn,k, then ∆(G) = 3.

Proof. Suppose to the contrary that G is a counter-example, i.e., ∆(G) ≥
4, since k ≥ 3 and G ∈ Gn,k. By Corollary 2.1, δ(G) ≥ 2. By Lemma 2.4,

m2,2 ≥ 1. Thus n2 ̸= 0 and n4 ̸= 0. Since G ∈ Gn,k, G is a connected

graph with n vertices and n + k − 1 edges. Then by Lemma 2.2, G is an

almost regular graph, which is a contradiction with n2 ̸= 0 and n4 ̸= 0.

Therefore, ∆(G) = 3.

Lemma 2.6. Let I(x, y) be a function with the property P ∗ and TI(G) =∑
uv∈E(G)

I(du, dv). For k ≥ 3 and n ≥ 5(k − 1), if G is a graph achieving

the least value of TI(G) over Gn,k, then m2,3 = 2.

Proof. As G ∈ Gn,k (k ≥ 3, n ≥ 5(k−1)) and I(x, y) is a function with the

property P ∗, G is a bidegreed graph with degree set {2, 3} by Corollary

2.1 and Lemma 2.5. As G is a connected bidegreed graph, m2,3 > 0. Since
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1≤j≤4,j ̸=i

mi,j + 2mi,i = ini for i = 1, 2, 3, 4, then 2m2,2 +m2,3 = 2n2. As

k ≥ 3, m2,3 ≥ 2 must be an even number.

If m2,3 ≥ 4, we can always find such two non-adjacent (2, 3)-edges

in G, by using the transformation of Lemma 2.1, the graph G∗ is still

connected simple graph and G∗ ∈ Gn,k (Note that we can not use the

transformation of Lemma 2.1 if G∗ is not connected simple graph). In this

case TI(G) − TI(G∗) = 2I(2, 3) − I(2, 2) − I(3, 3) = (I(2, 3) − I(2, 2)) −
(I(3, 3)− I(2, 3)) > 0, which is a contradiction. Thus m2,3 = 2.

Figure 1. An example of minimum graph in Theorem 2.1.

At last, we give our main result.

Theorem 2.1. Let I(x, y) be a function with the property P ∗ and TI(G) =∑
uv∈E(G)

I(du, dv). For k ≥ 3 and n ≥ 5(k − 1), if G is a graph achieving

the least value of TI(G) over Gn,k, then G is a bidegreed graph with degree

set {2, 3}, and m2,3 = 2,m2,2 = n − 2k + 1,m3,3 = 3k − 4. Moreover,

TI(G) = 2I(2, 3) + (n− 2k + 1)I(2, 2) + (3k − 4)I(3, 3).

Proof. As G ∈ Gn,k (k ≥ 3, n ≥ 5(k−1)) and I(x, y) is a function with the

property P ∗, G is a bidegreed graph with degree set {2, 3} by Corollary

2.1 and Lemma 2.5. By Lemma 2.6, m2,3 = 2.

Since
4∑

i=1

ni = n and
4∑

i=1

ini = 2(n+k−1), then by Lemma 2.5, we have

n2+n3 = n and 2n2+3n3 = 2m = 2(n+k−1). Thus n3 = 2(k−1), n2 =

n − 2k + 2. Since
∑

1≤j≤4,j ̸=i

mi,j + 2mi,i = ini for i = 1, 2, 3, 4. Then

by Lemma 2.5, we have 2m2,2 + m2,3 = 2n2 and m2,3 + 2m3,3 = 3n3.

Since m2,3 = 2, then m2,2 = n − 2k + 1,m3,3 = 3k − 4, and TI(G) =

2I(2, 3) + (n− 2k + 1)I(2, 2) + (3k − 4)I(3, 3).

Note that we can not use the transformation of Lemma 2.1 for the graph
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in Figure 1 to decrease m2,3, since the graph after the transformation is

not a connected graph. Since CGn,k ⊆ Gn,k, we have following corollary.

Corollary 2.2. Let I(x, y) be a function with the property P ∗ and TI(G) =∑
uv∈E(G)

I(du, dv). For k ≥ 3 and n ≥ 5(k − 1), if G is a graph achieving

the least value of TI(G) over CGn,k, then G is a bidegreed graph with de-

gree set {2, 3}, and m2,3 = 2,m2,2 = n− 2k+1,m3,3 = 3k− 4. Moreover,

TI(G) = 2I(2, 3) + (n− 2k + 1)I(2, 2) + (3k − 4)I(3, 3).

3 Applications

The Sombor index [16] of graph G was defined as SO(G) =
√
d2u + d2v.

A review about the Sombor index can be found in [20]. Let I(x, y) =√
x2 + y2. Since

√
x2 + y2 is a function with the property P ∗, then by

Theorem 2.1, we have the following corollary immediately, which solves

the open problem of [21].

Corollary 3.1. For k ≥ 3 and n ≥ 5(k − 1), if G is a graph achieving

the least value of the Sombor index over Gn,k, then G is a bidegreed graph

with degree set {2, 3}, and m2,3 = 2,m2,2 = n − 2k + 1,m3,3 = 3k − 4.

Moreover, SO(G) = (2n+ 5k − 10)
√
2 + 2

√
13.

The general Sombor index [17] of graph G was defined as SOα(G) =(
d2u + d2v

)α
, where α ̸= 0.

Lemma 3.1. Let x > 0, y ≥ z > 0, fα(x, y) =
(
x2 + y2

)α
, ϕα(x, y, z) =

fα(x, y)− fα(x, y − z).

(i) If α ∈ (0,+∞), then fα(x, y) is strictly increasing with x (resp. y);

if α ∈ (−∞, 0), then fα(x, y) is strictly decreasing with x (resp. y).

(ii) If α ∈ (0, 1), then ϕα(x, y, z) is strictly decreasing with x.

Proof. (i) Since x > 0, y > 0, then

∂fα(x, y)

∂x
=2αx

(
x2 + y2

)α−1
.

Thus we have ∂fα(x,y)
∂x > 0 if α ∈ (0,+∞); ∂fα(x,y)

∂x < 0 if α ∈ (−∞, 0).
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(ii) Since x > 0, y ≥ z > 0, and α ∈ (0, 1), we have

∂ϕα(x, y, z)

∂x
=2αx

((
x2 + y2

)α−1 −
(
x2 + (y − z)2

)α−1
)
< 0.

This completes the proof.

Corollary 3.2. For α ∈ [ 12 , 1), k ≥ 3 and n ≥ 5(k − 1), if G is a graph

achieving the least value of general Sombor index over Gn,k, then G is a

bidegreed graph with degree set {2, 3}, and m2,3 = 2,m2,2 = n − 2k +

1,m3,3 = 3k− 4. Moreover, SOα(G) = 2× 13α+(n− 2k+1)× 8α+(3k−
4)× 18α.

Proof. In this case, I(x, y) =
(
x2 + y2

)α
for α ∈ [ 12 , 1).

∂I(x,y)
∂x = 2αx(x2+

y2)α−1; ∂I(x,y)
∂y = 2αy(x2 + y2)α−1. Next we prove that for any a >

b + 1 ≥ 2, H(a, b) > 0, where H(a, b) = a[I(a, a) − I(a − 1, a)] − b[I(b +

1, b) − I(b, b)]. By the Lagrange mean value theorem, there exists

ζ ∈ (a − 1, a), such that I(a, a) − I(a − 1, a) = 2αζ(ζ2 + a2)α−1; there

exists ξ ∈ (b, b+1), such that I(b+1, b)− I(b, b) = 2αξ(ξ2 + b2)α−1. Thus

H(a, b) = 2α[aζ(ζ2+a2)α−1−bξ(ξ2+b2)α−1] > 2α[aζ(a2+a2)α−1−bξ(b2+

b2)α−1] = α2α(a2α−1ζ − b2α−1ξ) > 0 for α ∈ [ 12 , 1).

Combine with Lemma 3.1, we know that
(
x2 + y2

)α
has the property

P ∗ for α ∈ [ 12 , 1). By Theorem 2.1, we have this conclusion.

The p-Sombor index [26] of graphG was defined as Sp(G) = (dpu + dpv)
1
p ,

where p ̸= 0.

Lemma 3.2. Let p ≥ 1, x > 0, y ≥ z > 0, g(x, y) = (xp + yp)
1
p ,

φ(x, y, z) = g(x, y)− g(x, y − z) is strictly decreasing with x.

Proof. Since p ≥ 1, then

∂φ(x, y, z)

∂x
=xp−1 (xp + yp)

1
p−1 − xp−1 (xp + (y − z)p)

1
p−1

< 0.

Thus φ(x, y, z) is strictly decreasing with x.

Corollary 3.3. For p ∈ (1, 2], k ≥ 3 and n ≥ 5(k − 1), if G is a graph

achieving the least value of p-Sombor index over Gn,k, then G is a bidegreed
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graph with degree set {2, 3}, and m2,3 = 2,m2,2 = n−2k+1,m3,3 = 3k−4.

Moreover, Sp(G) = 2× (2p + 3p)
1
p +(n− 2k+1)× (2p + 2p)

1
p +(3k− 4)×

(3p + 3p)
1
p .

Proof. In this case, I(x, y) = (xp + yp)
1
p for p ∈ (1, 2]. Thus ∂I(x,y)

∂x =

xp−1 (xp + yp)
1
p−1

; ∂I(x,y)
∂y = yp−1 (xp + yp)

1
p−1

. Next we proof that for

any a > b+ 1 ≥ 2, H(a, b) > 0, where H(a, b) = a[I(a, a)− I(a− 1, a)]−
b[I(b+1, b)− I(b, b)]. By the Lagrange mean value theorem, there ex-

ists ζ ∈ (a−1, a), such that I(a, a)−I(a−1, a) = ζp−1 (ζp + ap)
1
p−1

; there

exists ξ ∈ (b, b+1), such that I(b+1, b)−I(b, b) = ξp−1 (ξp + bp)
1
p−1

. Thus

H(a, b) = aζp−1 (ζp + ap)
1
p−1−bξp−1 (ξp + bp)

1
p−1

> aζp−1 (ap + ap)
1
p−1−

bξp−1 (bp + bp)
1
p−1

= 2
1
p−1(a2−pζp−1 − b2−pξp−1) > 0 for p ∈ (1, 2].

Combine with Lemma 3.1, we know that (xp + yp)
1
p has the property

P ∗ for p ∈ (1, 2]. By Theorem 2.1, we have this conclusion.

The general sum-connectivity index [32] of graph G was defined as

χα(G) = (du + dv)
α
, where α ̸= 0. Similar to the proof of Corollary 3.2

and Corollary 3.3, we have

Corollary 3.4. For α ∈ (0, 1), k ≥ 3 and n ≥ 5(k − 1), if G is a graph

achieving the least value of general sum-connectivity index over Gn,k, then

G is a bidegreed graph with degree set {2, 3}, and m2,3 = 2,m2,2 = n−2k+

1,m3,3 = 3k−4. Moreover, χα(G) = 2×5α+(n−2k+1)×4α+(3k−4)×9α.

It should be noted that the results in Corollaries 3.2, 3.3, 3.4 are new.

4 Concluding remarks

In this paper, we try to unify the solution for the minimum BID index

of k-cyclic graphs. For the BID index TI with the property P ∗, we obtain

the minimum k-cyclic graphs for k ≥ 3, n ≥ 5(k − 1). These BID indices

with property P ∗ include the Sombor index, the general Sombor index for

α ∈ [ 12 , 1), the p-Sombor index for p ∈ (1, 2], the general sum-connectivity

index for α ∈ (0, 1) and so on. We do not need to deal with the topological

indices one by one separately. However, we only solve the problem for the



264

BID indices with the nice property P ∗. We hope that in the future we can

find more nice properties that can cover more topological indices.
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