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Abstract

The graph G of order n is an L-borderenergetic graph which
means it has the same Laplacian energy as the complete graph
K. In this paper, we find that the combination of complete bi-
partite graphs and stars can construct infinite numbers of infinite
classes L-borderenergetic graphs. We give two infinite numbers of
infinite classes L-borderenergetic graphs and two infinite classes L-
borderenergetic graphs under the operators union, join and their
mixed. This research could provide experience for further study the
structural characteristics of L-borderenergetic graphs.

1 Introduction

A graph G is a simple graph that is to say it has at most one edge between
two distinct vertices and no edge from one vertice to the same vertice. The
undirected graph is a graph that has no direction associated with its edge.
In this paper, we are only concerned the simple and undirected graph.
Let G = (V,E) be a graph of order n = |V] and V = {v1,v2, -+ , v},
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the edge vyv, € E. The adjacency matrix A(G) of G is the 0-1 matrix,
where the entry a;y, = 1 when v,v, € E and a,y = 0 otherwise. The
Laplacian matrix L(G) of G is defined as L(G) = D(G) — A(G), where
D(G) = diag(dy,da, -+ ,d,) whose entry d; is the degree of v;. The energy
of a graph G, introduced by Ivan Gutman [11], is defined by

n

E(G) = Z Ail
i=1
where \; are the eigenvalues of G. The energy of graph is not only a math-
ematical problem, but also comes from the chemical concept of quantum
chemistry [24], which has certain chemical application significance [19,20].
In this paper, we mainly study the Laplacian energy. The Laplacian
energy of G was introduced by Ivan Gutman and Bo Zhou [12]

i=1

where 4i; are the Laplacian eigenvalues of G and d is the average degree
of G. The Laplacian energy has been received a lot of attention, such
as [1-4,13-15, 23,29, 30].

The Laplacian borderenergetic (L-borderenergetic) graph G of order
n is a graph that its Laplacian energy is equal to the complete graph
K,,ie. LE(G) = LE(K,) = 2(n—1). The concept of L-borderenergetic
graphs was first proposed by Fernando Tura [25]. The research on L-
borderenergetic graphs is mainly divided into two aspects, one is search
and construction of the L-borderenergetic graphs [10,17,26-28], the other
is investigate some properties of L-borderenergetic graphs [5-8,16,21,22].
These works are very helpful for our study.

In this paper, we mainly investigate how to construct L-borderenergetic
graphs by using the combination of complete bipartite graphs and stars. In
the [9], they constructed infinite classes L-borderenergetic graphs, which
gives a good inspiration for our works. We find the Laplacian energy of
complete bipartite graphs can be greater than the complete graphs and

the stars will be less than the complete graphs, so we guess their combina-
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tion may construct the L-borderenergetic graphs and verified this guess.
Firstly, we use the union operator to construct the L-borderenergetic gra-
phs and find the condition for constructing the L-borderenergetic graphs,
construct 1 infinite numbers of infinite classes L-borderenergetic graphs
and 1 infinite classes L-borderenergetic graphs. Secondly, the join and
mixed operators are used to construct the L-borderenergetic graphs and
find 1 infinite classes L-borderenergetic graphs and 1 infinite numbers of
infinite classes L-borderenergetic graphs.

The paper is organized as follows. In Section 2, some known results
about L-borderenergetic graphs are described. In Section 3, we give 2
infinite numbers of infinite classes L-borderenergetic graphs and 2 infinite
classes L-borderenergetic graphs by using union, join and mixed operators

on complete bipartite graphs and stars. In Section 4, we conclude this

paper.

2 Premilinares

Let K,, = (Vk, , Ek, ) be a complete graph of order n. Then, the comple-
ment of G = (V, E) is defined as G = (V, Eg, \F). A complete bipartite
graph with a bipartition of sizes n; and ny is denoted by K, n,. Let
Gy = (V1,Eq) and Gy = (Va, Es) be undirected graphs without loops or
multiple edges. Then the union G = G |J G2 of G; and G4 is defined as
G = (V1 JVa, E1 J Es). The join G = G1 VG4 of Gy and Gy is defined as
G = G1|JG2. We use G™ to represent the join of n-copies of G and nG to
represent the union of n-copies of G.

The Laplacian spectrum of a join of two graphs can be find in [25] as

follows. This is an important result for this paper.

Theorem 1. Let G1 and G4 be graphs on ny and ns vertices, respectively.
Let Ly and Lo be the Laplacian matrices for G1 and G, respectively, and
let L be the Laplacian matriz for Gi1VGa. If 0 = a1 < ag < -+ < ay, and
0=p1 <Py <--- < By, are the eigenvalues of Ly and Lo, respectively.
Then the eigenvalues of L are

{0,n2 + a2, n2 + asg,...,n2 + an,,n1 + B2,n1 + B3, .. .,n1 + By, N1 +n2t.
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3 Construction of L-borderenergetic graphs

In this section, the L-borderenergetic graphs based on complete bipartite
graphs and stars are given. We divide these new constructions in two
parts. On the one hand, we construct the L-borderenergetic graphs from
the union of some complete bipartite graphs and stars. On the other hand,
we show L-borderenergetic graphs based on the join or mixed operators of

complete bipartite graphs and stars.

3.1 Union of complete bipartite graphs and stars

In this section, we use the union operator to construct the L-borderener-
getic graphs and find the condition for constructing the L-borderenergetic
graphs, construct 1 infinite numbers of infinite classes L-borderenergetic

graphs and 1 infinite classes L-borderenergetic graphs.

Theorem 2. Let Ky, be the complete bipartite graph and Sy(y4n) be a

star with order r(m +n). Then G = Ky \J Sy(m+n) 15 L-borderenergetic

m+n—3

and L-noncospectral graph with K, 1)(min) if 7 = Smne3m—3ngT S O

positive integer and m,n > 2.

Proof. 1t is known to all, the Laplacian spectrum of K., ,, and S,.(,4.,,) are
{0,[m]""1, [n)™"1,m+n} and {0,[1]" (™M =2 r(m+n)}, respectively.
Then the Laplacian spectrum of G = Ky n|JS;(m4n) can be given as

follows
{07, %, ™= m e, L2, )} (1)

Let d be the average degree of G = K, , Sr(m+n)- Then we have

(n=1m+m—-n+m+n+r(m+n)—2+r(m+n)

d= (r+1)(m+n)

_ 2mn + 2r(m+n) — 2
(r+1)(m+n)
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According to (1), it follows that the Laplacian energy of G is

LE(G)=2d+ (n—1)|m—d|+ (m—1)|n—d|+|m+n—d|
+ (r(m+n)=2)|d— 1|+ |r(m+n)—d|.

Nextly, let’s discuss the positive and negative of these absolute values.

Firstly, we need to verify the positive and negative of m — d.

_ 2mn+2r(m+n)—2
(r+1)(m+mn)

(mr —2r)(m +n) +m? — mn + 2

(r+1)(m+mn)

me:m

According to the r = #ﬁ:gnﬂ, it follows that

2mn—m—n—+1

m—d=
m-+n

m+n—3
2mn—3m—3n+1

follows that 2mn —3m —3n+1 > 0 and then 2mn —m —n+1 > 0. So

m — d > 0. Using the same method, we can carry out n — d > 0 and then

According to the r = is a positive integer and m,n > 2, it

m+mn—d > 0. Furthermore we get r(m+n) —d > 0. Finally, we will verify

the positive and negative of d — 1.

J_q_mnt2r(men) =2 o 2mn—24(r—1)(m+n)
(r+1)(m+n) (r+1)(m+n)

According to r > 1 and m,n > 2, it follows that d —1> 0. Then we have

LE(G) =2(r+1)(m+n)+2
=2d+(n—1)(m—d)+(m—1)(n—d) + (m+n—d)
+(r(m+n)—2)(d—1) +r(m—+n) —d—2(r+1)(m+n) + 2
=(rm+m—-—m—n)d+2mn+2—-2(r+1)(m+n)+2

2mn + 2r(m+n) — 2
(r+1)(m+mn)

=(rm+rn—m —n)( )+ 2mn+4

—2(r+1)(m+n)
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2 2n)r? + (4 —2m —2 4
:(m+ n)r? + (dmn — 2m — 2n)r + o 1)(m 4 n) + 2

r+1
_ (4mn —6m — 60+ 2)r + (6 — 2m — 2n)
B r+1
From r = 55— we have LE(G) —2(r + 1)(m +n) +2=0. It is
now obvious that the theorem holds. [ |

Next, we give some examples to verify the Theorem 2.

. _ m+n—3

Example 1. The following examples are all r = m € ZT and
m,n > 2.

1. G1 = K36 S5(246) of order n; = 48.

2. G2 = K3,4 U S(3+4) of order Nog = 14.

3. G3 = K33J S3(343) of order nz = 24.

Theorem 3. Let K3 214 be the complete bipartite graph and Sgq be a
star with order d. Then G = pKs o114 |J(tp)Sq is L-borderenergetic and L-

2 p— p—
Zfd _ 2pt +8ptt2t+8p 6

noncospectral graph with Kq42¢16)p 18 a positive

integer and t,p > 1.

Proof. It is known to all, the Laplacian spectrum of K5 ;14 and Sy are
{0, [2]23, 2t + 4]*,2t + 6} and {0, [1]972,d}, respectively. Then the La-
placian spectrum of G = pKo 2144 |J(tp)Sq can be given as follows

{00, 1270, ot + 4], 26 4 67, (112, ()}

Let d be the average degree of G = P 2144 J(tp)Sq. Then we have

i (4t +6)p (2t +4)p (2t +6)p
(td+2t+6)p ' (td+2t+6)p ' (td+2t+6)p
t(d - 2)p tdp  2td+6t+16

(td+2t+6)p (td+2t+6)p  td+2t+6
Then we have
LE(G) — LE(K (ta+2t+6)p)

=d+ 2t +3)p|2—d|+p[2t+4—d|+p|2t+6—d|
+tp(d—2) |1 —d| +tp|d — d| — 2(td + 2t + 6)p + 2
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_ 2td+ 6t +16 2t +4 2dt* + 2td + 4% + 14t + 18

Wdroire TP TP td+ 2t +6
2dt? + 4td + 4t% + 18t + 20 +tp(d_2)td+4t+10
td + 2t + 6 td+ 2t +6
td* +6d — 6t — 16 2(td + 2t + 6)*p — 2td — 4t — 12
td+2t+6 td+ 2t + 6
 2pd*t* + 8pdit? + 24pdt + 4Apt? + 32pt 4 56p
N td+2t+6
D(td + 2t + 6)2p — 24 2LEASP2ASP6 _ 4y 19
td+ 2t +6
_ 2pd?t? + 8pdt? + 24pdt + 4pt? + 32pt + 56p
N td+2t+6
2pd*t? + 8pdt* + 24pdt + 4pt* + 32pt + 56p
B td+ 2t + 6 -

0.

Hence, G = pKs2t14|J(tp)Sq is L-borderenergetic and L-noncospectral

From the Theorem 3, we can obtain infinite numbers of infinite classes
of L-borderenergetic graphs. For example, the infinite classes of L-border-

energetic graphs can be listed as follows by using Theorem 3.

Example 2. The following examples are all d =
and t,p > 1.

2 — —
2pt +8ptt2t+8p 6 c Z+

1.t =1,d = 18p — 8,G1 = pKa6|JpSisp—s is L-borderenergetic graphs
with Kgp2.

2.t=2,d =16p—10,G2 = pKs g|J2pSi6p—10 is L-borderenergetic graphs
with Kgap2_10p-

3.t=3,d= %, Gs = pKs 10 3pSsop3_12 is L-borderenergetic graphs
with Ksgp2.

That is to say, for any ¢ € Z*, an infinite classes can be obtain according

to the relation between d and p.

Proposition 4. Let Ky 5 be the complete bipartite graph and Sq be a star

with order d. Then G = pKs 5|JSq is L-borderenergetic and L-noncosp-
5p2+9p—2
1

ectral graph with K7pyq if d = P

18 a positive integer and p > 2.

Proof. 1t is known to all, the Laplacian spectrum of K5 and Sy are
{O, [2]4,5, 7} and {0, 14-2, d} , respectively. Then the Laplacian spectrum
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of G =pKs5|J Sq can be given as follows
{ortt (2%, [5]7, [7]P, 1972, d} .

Let d be the average degree of G = pKs 5J Sq- Then we have

8p+5p+Tp+d—2+d 20p+2d—2

E: =
+d +d

According to d = 51’2;%, it follows that

LE(G) — LE(K7p4q)
=(p+1)d+4p[2—d|+p|5—d|+p|T—d|+ (d—2)[1 —d| +|d —d|

—2(Tp+d) +2

20p + 2d — 2 6p—2  15p+3d+2  29p+5d+2
=(+1) p P p

+d +d +d +d
13p+d—2 10p3+18p> +9p—1 5p% 4+ 9p — 2
d—2 —2ATp+ ————)+2

+ ) +d 2p2—p—1 (T + p—1 )+
_ 2P 4+2p-2 24p+2p-2
- p-1 p—1

Therefore, G = pKy 5 Sq is L-borderenergetic and L-noncospectral graph
with K7p+d. [ |

3.2 Join and mixed of complete bipartite graphs and

stars

In this section, we use the join and mixed operators to construct the L-
borderenergetic graphs and find 1 infinite classes L-borderenergetic graphs

and 1 infinite numbers of infinite classes L-borderenergetic graphs.

Proposition 5. Let K., , be the complete bipartite graph and Si be a star
with order 1. Then G = K, , VS| is L-borderenergetic and L-noncospectral
graph with Kpyny1 if mn €ZT and m=n+1orn=m+ 1.

Proof. It is known to all, the Laplacian spectrum of K,, , and S; are
{0,[m]",[n]™ ', m+n} and {0}, respectively. Then the Laplacian
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spectrum of G = K, ,V.S1 can be given as follows
{o,[m+1""" [n+ 1" [m+n+1%}.
Let d be the average degree of G = Ky, nVS1. Then we have

m+D(n—1)4+m-1)n+1)+2(m+n+1)
m+n+1

a:

B 2mn + 2m + 2n
 m+n+1

According to m = n + 1, it follows that
LE(G) = LE(Kn+ns1)
=d+(n—-1)|m+1—d|+(m-1)|n+1-d/+2|m+n+1-d|
—2(m+n+1)+2

n?+3n+1 1 n n24+n+1
=—+(n-1) +n —4n —2
n+1 n+1 n+1 n—+1
_4n2+6n+2

—4n—-2=4n+2—-4n-2=0
n+1

Therefore, G = K,,11,,VS: is L-borderenergetic and L-noncospectral gr-
aph with K, 12. The condition of n = m 4 1 can be proved in the same

way as shown before. |
Firstly, we give a lemma which is needed in the following Theorem 6.

Lemma 1. Let K, ,, be the complete bipartite graph of order m +n and
p,i € ZT. Then (pKy,n)" has Laplacian spectrum

{0,196 = ) m + )]V + p(i = D (m + )] P
[+ p(i = D)(m -+ m)] P (14 p(i = 1) (m 4+ )], [ip(m + )]}
Proof. The proof is by induction on i. When ¢ = 1, the Laplacian spectrum

of pK,, ., is {Op, )P0 [P+ n]p} . Hence, it holds for i = 1.

We assume that the lemma is true for ¢. Then when ¢ + 1, the graph
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(PK )™ = (0K n)'V(pKom,») has Laplacian spectrum

{0, pi(m +n)"" fm 4 pi(m + )P o4 pi(m +n) P
[+ o+ pi(m 4 )] [ip(m + n) "7 fm 4 pi(m 4 )] 7Y,
[+ pi(m 4+ w)] P [(1+ dp)(m o+ )] VP [+ Dp(m + )]
= {0, (i — 1)(m + )] VD [ i — 1) (m 4 )] CHIPO-D

[n + ip(m + n)}(z’-‘rl)p(m—l) ’ [(1 + zp)(m + n)](i+1)p ’ [(’L + 1)p(m + n)]z}

by Theorem 1. Then the lemma holds for i+ 1. Therefore, we are done. W

Theorem 6. Let K; ;1 be the complete bipartite graph and Sa, be a star
with order 2r. Then G = Kil \J¢Sar is L-borderenergetic and L-noncos-

pectral graph with Ky(qryq) if ¢ = 4”2*2"2225&”3“1 s a positive integer
and r,1 > 1.

Proof. From Lemma 1, the Laplacian spectrum of K{"l and ¢Sy, are
{0,[2i]*'} and {09, [1]>"9729,[2r]9} , respectively. Then the Laplacian
spectrum of G = K7 ; |J¢S2, can be obtain as follows

{loe 1, [y2ra==e, [2a]* =1, [2r]?} (2)
Let d be the average degree of G = Kil U ¢S2. Then we have

2i(2i — 1) 4+ 2qr —2q+2qr _ 2qr +2i* —q —i

SY

2i + 2qr 1+ qr

According to (2), it follows that the Laplacian energy of G is

LE(G) = (q+1)d+ (2qr — 2¢) |1 — d| + (2i — 1) |2i — d| + q |2r — d|

2qr +2i* —q —i 2qr +2i% —q—i
= 1 2qr —2q) |1 —
G+ D)= o + (297 — 29) Tt
2 2.2_ _. 2 2.2_ _.
+@i—1) |- qr—i—. i*—q—1 +q‘2r— qr—i-. i —q—1
1+ qr 1+ qr
2qr +2i% —q—i q(r—1)+2i(i — 1)
= 1 2qr — 2
(¢+1) T + (2qr — 2q) T ar
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2qr(i71)+q+i+ 2qr(r — 1) +2ri — 2i> + q+ 1
q

+ (20— 1) : .
1+ qr 1+ qr

Let’s substitute the ¢ = 4”27%2;?_718”*3“1 into the 27i —2i? 4+ ¢+, then

we have

2ri — 22+ q+i
B 2i(r —i)(2r — 1) +i(2r — 1) + 4ri2 — 22 + 3i — 8ri + 3r — 1
B 2r — 1
8ri(i — 1) + 4ir? +2i +3r — 1
= >
2r —1

0.

So we come to the conclusion 27 — d > 0. Therefore, the Laplacian energy

of G minus Laplacian energy of Ky(g,44) is

LE(G) —4i —4qr + 2
(2 — 4r)q + (6r + 6i — 1677 + 8ri% — 4i? — 2))q

rq+1
(—2(4ri® — 2i% + 3i — 8ri + 3r — 1)
B rq+1
N (6r + 6i — 1670 + 8ri% — 4i% — 2))q _ 0
rq+1

Hence, it is proven that G = K{,|J¢Ss, is L-borderenergetic and L-
noncospectral graph with Ky(gr4)-
u

From the Theorem 6, we can obtain infinite numbers of infinite classes
of L-borderenergetic graphs. For example, the infinite classes of L-border-

energetic graphs can be listed as follows by using Theorem 6.

4ri® —2i%43i—8ri+3r—1 c

Example 3. The following examples are all ¢ = =Y

71 and r,i > 1.

Lr=1,q=2i*-5i+2,G; = K} ; J(2i® — 5i +2)S; is L-borderenergetic
graphs with K4i2—8i+4-

2.r=2,q=2i"-i+3,Gy = K} | (2i*—22i+2)S, is L-borderencrgetic
graphs with Kgiz,%iJrzT?.

3.r=3,¢=2i"-%i+% G3 = K} | (2i*—2Li+2)Ss is L-borderenergetic
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graphs with Kg;> 110, as.

That is to say, for any r € Z™, an infinite classes can be obtain accord-

ing to the relation between ¢ and 1.

4 Conclusion

In this paper, we use the complete bipartite graphs and stars to construct
the L-borderenergetic graphs under the operators union, join and mixed.
We find two infinite numbers of infinite classes L-borderenergetic graphs
and two infinite classes L-borderenergetic graphs. On the one hand, our
structure provided the possibility for other graphs to construct infinite
numbers of infinite classes L-borderenergetic graphs. On the other hand,

these results give some new structures of L-borderenergetic graphs.
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