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Abstract

The energy of a graph G, denoted by £(G), is defined as the
sum of the absolute values of all eigenvalues of G. It is proved in
[MATCH Commun. Math. Comput. Chem. 79 (2018) 287-301] by
Alawiah et al. that £(G) < 2v/A + /(n —2)(2m — 2A) for every
bipartite graph G of order n, size m and maximum degree A. We
prove the above bound for all graphs G. We also prove new types
of two bounds of Koolen and Moulton given in [Adv. Appl. Math.
26 (2001) 47-52] and [Graphs Comb. 19 (2003) 131-135].

1 Introduction

For graph theory notation and terminology not given here we refer to [4].
Let G = (V, E) be a simple undirected graph with vertex set V = V(G) =
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https://doi.org/10.46793/match.90-3.717A

718

{v1,v9,....,v,} and edge set E. The order and size of G are n = |V]|
and m = |E|, respectively. For a vertex v; € V, the degree of v;, denoted
by deg(v;), is the number of edges incident with v;. We denote by A(G)
the maximum degree among the vertices of G. A graph G is r-regular if
every vertex has degree r. An r-regular graph G is called strongly reqular
if there are integers A\ and p such that every two adjacent vertices have
A common neighbor and every two non-adjacent vertices have p common
neighbors, (see [6]). We denote by K ,_1 a star of order n and by K,
a complete graph of order n. The adjacency matriz A(G) of a graph G
is defined by its entries as a;; = 1 if v;u; € E(G) and 0 otherwise. Let
A1 = A2 = 2 Am1 2 A, denote the eigenvalues of A(G). When more
than one graph are under consideration, we write A;(G) instead of A\;. The
second Zagreb index of a graph G is defined by My(G) = . cpdudy
in [12], and is vastly studied, see for example, [5,17].

The incidence matriz of a 2-(v, k, \)-design with v points 1, ..., z,, and
b blocks By, ..., By is the v x b matrix B = (b;;), where b;; = 1if 2; € B;
and 0 otherwise. The incidence graph of a design is defined to be the graph

(5 7)

It is known that the incidence graph of a symmetric 2-(v, k, \)-desig with
v >k > XA > 0 has eigenvalues k, vk — A (with multiplicity v — 1),
—Vk — X\ (with multiplicity v — 1), and —k, (See [8], 10.3).

The graph energy is an invariant that was defined by Gutman [11] in

with adjacency matrix

his studies of mathematical chemistry. The energy of a graph G is defined

as
n

EG) =) Il

i=1
This concept is now a well studied concept, (see, for example, [1], [9]-
[16], [18]). Many researchers presented bounds for the energy of a graph.
Recently, Alawiah et al. [2] proved the following for bipartite graphs.

Theorem 1 ( [2]). Let G be a non-empty bipartite graph with n > 2



719

vertices, m edges and mazximum vertex degrees A. Then

E(G) < 2VA + /(n—2)(2m — 2A),

equality holds if and only if G = 3 Ko or Ky AU(n — A —1)K;.
Koolen and Moulton [14] and [15] proved the following.

Theorem 2 ( [14]). If2m > n and G is a graph with n vertices, m edges,
then

s <y \/(n— 1)<2m— (2;”)2)

FEquality holds if and only if G is either 5Ka, K,, or a non-complete
connected strongly reqular graph with two non-trivial eigenvalues both with
2m—(27@)2

absolute value —

Theorem 3 ( [15]). If 2m > n and G is a bipartite graph with n > 2

vertices, m edges, then

£(G) < 2(2;”> + \/(n —9) <2m - 2(2;”)2).

Equality holds if and only if G = SK», K /m m, where n = 2\/m, or

G is the incidence graph of a symmetric 2-(v,k,\) design, where v = %,

k=2m A= D png9/m<n < 2m.

n ’ n—1

In this paper, we extend Theorem 1 by proving its validity for all
graphs. We also prove new types of Theorems 2 and 3. In Section 3, we
prove an upper bound for the energy of a graph in terms of order, size
and the maximum degree of the graph. In Section 3, we prove two upper
bounds for the energy of a graph in terms of order, size and the second

Zagreb index.

2 Useful lemmas and theorems

The following results play important roles in the proof of our main results.



720

Theorem 4 ( [3]). If A = (ai;) is a Hermitian matriz with eigenvalues
AL > - >N\, then

M= Anl® > maxf{(ai — aj5) + 2 lanl> +2> lal*}
" ki oy
Theorem 5 ( [4], Corollary 5.6). If G is a connected graph and H is a
proper induced subgraph of G, then A1 (H) < A1 (G).

Lemma 1 ( [7]). If G is a non-empty graph of order n > 2 and size m,
and A\; > Ag > -+ > A\, are the eigenvalues of G, then A\ + |A\;| < 2¢/m
for2 <i<n.

Lemma 2 ( [17]). If G is a graph with n vertices and m edges, then

M. 4m?
WQ‘ Z n2 *

Lemma 3 ( [6]). If a connected graph G has m distinct eigenvalues, then

its diameter D satisfies the inequality D < m — 1.

Theorem 6 ( [6]). A regular connected graph G is strongly regular if and

only if it has exactly three distinct eigenvalues.

3 An upper bound involving maximum de-

gree

We first need to prove the following lemma.

Lemma 4. If G is a non-empty graph of order n > 2 with maximum degree
A, and Ny > Xy > -+ > N\, are the eigenvalues of G, then A1+ |\, | > 2VA.

Proof. Let A be the adjacency matrix of G and denote deg(v;) = A. By

Theorem 4,

M= Anl? > (@i = aii)® + 2 lail® +2)  Jal® = 4A.
k#i k#i

Thus, A1 + |An| = [A1 — M| > 2V/A, as desired. [ |

Now, we prove the main result of this section.
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Theorem 7. Let G be a non-empty graph with n > 2 vertices, m edges

and mazximum vertex degrees A. Then

E(GQ) < 2VA 4+ /(n —2)(2m — 2A),

equality holds if and only if G = 5Ky or G = K1 aJ(n — A - 1)K;.

Proof. Let Ay > Ao > --- > )\, be the eigenvalues of G. Using the Cauchy-

Schwartz inequality,

£@) = Y= A+ Xy )
< M Pl /(0 - 2)@m - X2 - 22) (2)

=t Pl V- DRI DD )

< hut Dl (n—2)m - QDR (@)
221\l < w (5)

Let f(z) = 2z + /(n— 2)(2m — 222). Then f is decreasing for /22 <
z < y/m. By Lemmas 1 and 4,

N N T (6)
Thus,
)\1 + ‘)\n|
£(@) < F(ET) < f(VA) = 2VA + /- 2)2m - 28).  (7)

2

We next prove the equality part. First it is easy to see that equality
holds if G = § K5 or K1 AJ(n —A —1)K;. Thus we prove the converse.
Assume that £(G) = 2v/A + /(n — 2)(2m — 2A). Following the proof of
the first part, all inequalities in (2)-(5), the second inequality in (6) and
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both inequalities in (7) become equalities. From (5) and (6) we obtain
that \; = |\,| = VA and from (2), (4) and (7) we obtain that |\;| =
|A;] = 1/2’7’:3A for all i,5 € {2,....,n— 1} and ¢ # j, if n > 2. From

A = [An| = VA, we have \, # 0, since G is a non-empty graph. Thus,

clearly A\, < 0. By the Perron—Frobenius theorem G contains a bipartite

component H whose eigenvalues contain A\; and A, since \; = —\,, > 0.
Since K a is an induced subgraph of G, and A (K7 a) = VA, by Theorem
5, we may assume that H = Kj a. If A > 1, then H has eigenvalue 0,
and we deduce that |A\;| = 0 for all j € {2,...,n — 1}. Hence each other
component of G is a K7. Consequently, G = K; A J(n — A —1)K;. Thus
assume that A = 1. Then A\; = 1 and each component of G is a K5 or
K. If m=1, then G = K1 A J(n — A —1)K;. Thus assume that m > 1.
Then |\;| = \/Em=28 £ () for each j € {2,..,n — 1}. Consequently,

n—2

G= 1K, n

4 Upper bounds involving the second Zagreb

index

In this section we prove two upper bounds for the energy of a graph in

terms of order, size and the second Zagreb index.

Theorem 8. If2m > n and G is a graph of order n and size m, then

E(G) < WJF \/(n— 1)(2m— ¥ (211‘142)2)7

and equality holds if and only if G is §Ka, K, or a non-complete con-

nected strongly reqular graph of degree k with eigenvalues k, k(::lk) and
k(n—k)
- n—1 -

Proof. Let Ay > \g > --- > A\, be the eigenvalues of G. Using the Cauchy-

Schwartz inequality,

eG) = Z|>\j| =\ +Z|Aj| <A+ \/(n— 1)(2m — A2).
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Let g(z) = = 4+ \/(n—1)(2m — 22). Then g is decreasing for /22 <
z < v2m. Clearly A\; < v2m. By Lemma 2 we can easily see that

m < @ . It is evident that

OMy = (dy dy . . . dp)A(dy dy . . . d,)T = jT A%,
where j is an n by 1 vector whose all components is 1. Now by the
Rayleigh’s inequality,

2M,  jT A% 3
— = <Ay, 8
n ,]T] 1 ( )

\/%<\3/2Mz</\1<\/%. (9)
n n
Then £(G) < g(A) < g({/222) = {/2 4 \/(n— 1)(zm_ g/@)z)

as desired.

Thus,

We next prove the equality part. If G = § K5 then £(G) =n and m =
My = 2 and thus the equality holds. If G = K,,, then £(G) = 2(n — 1),

2
m = w and My = ”(%71)3, and so the equality holds. Now, assume

that G is a non-complete connected strongly regular graph of degree k with

eigenvalues k, \/% and —\/%. It can be seen that My = "Tkg

Clearly, A\; = k = 22, By Theorem 2,

n

£@G) = 2m—|—\/(n—1)<2m—(2;n)2> =k++/(n—1)2m - k?)

n

R (T G (]

For the converse assume that

(@)= {2 1) (o 322,
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2m— /(222

Following the proof, we obtain that \; = {/2%2 and |\;| = —

¢/ 2M2 e have A\ # 0, since G is a non-empty

n

for j =2,...,n. From A\, =
graph. If Ay = |\;| for all j = 2,...,n, then G has exactly two disctinct
eigenvalues and so by Lemma 3 each component of G is a complete graph.
Since A1 = |A,| we deduce that G = § K3. We next assume that Ay # |A;]
for all j = 2,...,n. If \; = Ay for all 5, = 2,...,n, then by Lemma 3,
G is a complete graph. Thus assume that G has exactly three distinct
eigenvalues.

By (8) we find that jjq‘f‘;j = \}. Let a be an eigenvector corresponding
to A\; for A. Then A%a = Mja. Since the multiplicity of A for A3 is 1,

by the Perron-Frobenius Theorem « = c¢j for some ¢, that is, Aj = A\ij.

Consequently, G is a regular graph. By Theorem 6, G is strongly regular,

and the proof is complete. |

Theorem 9. If 2m > n and G is a bipartite graph with n > 2 vertices, m
edges, then

£(G) <2§/271W2+\/(n—2)<2m—2(3 2]7‘142)2).

Equality holds if and only if G = § K, K /m s, where n = 2y/m, or G is
the incidence graph of a symmetric 2-(v, {/ %, A) design, where v = %,

__ 3/2M. _ k(k—1)
k— Y TQ and)\— o1 -

Proof. We follow the proof of Theorem 7. Let Ay > Ao > --- > )\, be the
eigenvalues of G. Using the Cauchy-Schwartz inequality,

n n—1
EG) = D INI=AA a4 DN
j=1 j=2

IN

A+l + /(0 2)(2m — A2 - 22)

(A1 +[An])?
2

A+ An + \/(n— 2)(2m —

IN

The function f(z) = 2z++/(n — 2)(2m — 2z2) is decreasing for /22 <
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x < y/m. Since A3+ A2 + 5" A2 = 2m and A = |\, |, we have \; < /m
and from (8) we obtain that,

o2m . /2M, - A1+ | An

n n 2

6y < APl <20
2W+\/(n2)<2m2(3 21?)?).

We next prove the equality part. First it is easy to see that equality
holds if G = §Ka, K /& /m, Wwhere n = 2y/m. If G is the incidence graph
of a symmetric 2-(v, k, A) design, where k = y/ =~ 2Mz and X\ = k(f 11), then
by [14] (Page 132), we can see that

E(G) =2k + (2v—2)Vk— X Q/T \/n_ 2m_2(32M))

Now, we prove the converse. Assume that

G):2W+\/(n—2)<2m—2(3 2]52)2).

3/2My
Then Ay = [An| = §/222 and |\;| = \/ 222V 2 forall j =2, n—1,

n—2
if n > 2. The result is obvious if n = 2. Assume that n > 2. If G

has exactly two distinct eigenvalues then by Lemma 3, G = ZKa. If

o /22
22V ZE g for all

G has three distinct eigenvalues, then |);| = s

j=2,...,n—1, and so we obtain that A\; = \/m and My = WLQJ Since G
has three distinct eigenvalues, using Lemma 3 we find that G is a complete
bipartite graph. Let X and Y be the partite sets of G, where |X| = z and

mn-/m

|Y| =y. Clearly, n = 2 +y and m = zy. Since My = (zy)? = =5, we

< . (10)

obtain that n = 2y/m. Consequently, G = K /7  /m. It remains to assume
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o2m—2( 3/ 2Mz2y2
that G has four distinct eigenvalues. Since, 13/271% > 22y Tt

n—2 )

by [6] (Page 166), G is the incidence graph of a symmetric 2-(v, @’ A)
design,wherey:%7k:@and)\zw- =

n—1

5 Concluding remarks

We note that by Lemma 2 and the inequality chain (9), we can see that

2 2 2M.
< < B2 <y < Vo, (11)
n n n

Now the decreasing property of the function g implies that the bound
of Theorem 8 is better than the bound of Theorem 2. Furthermore, the
bound of Theorem 9 is better than the bound of Theorem 3. Also, in [2]
the following bound is presented for any graph G,

£(G) < \/er\/(nl)(Qm Moy (12)

m m?2

and the following bound is presented for any bipartite graph G,

5(G)§2m+\/(n—2) (2m—2M2> : (13)

m m?

It is known that —VmMZ < A1 (see [7]). Thus by Lemma 2 and inequality
chains (10) and (11) we find that (/22 < 2Zm < §/2M < VM2 < ), <
V2m and 277" < 277" < ¢ % < —VWNF < A1 < /mif G is bipartite. Now,
the decreasing property of the functions f and g in the proofs of Theorems
8 and 9, implies that the bound of Theorem 8 is better than the bound

given in (12) and the bound of Theorem 9 is better than the bound given
in (13).
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