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Abstract

In this paper the complex dynamics of a smallest biochemi-
cal system model in three-dimensional systems with the reaction
scheme. This model is described by a system of three nonlinear or-
dinary differential equations with five positive real parameters, are
analyzed and studied. We present a thorough analysis of their in-
variant algebraic surfaces and exponential factors and investigate
the integrability and nonintegrabilty of this model. Particularly,
we show the non—existence of polynomial, rational, Darboux and
local analytic first integrals in a neighborhood of the equilibrium.
Moreover, we prove that, the model is not integrable in the sense of
Bogoyavlensky in the class of rational functions.
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1 Introduction and the main result

Nonlinear systems of ordinary differential equations is appeared in many
branches of physics, chemistry, biology, mechanics and economics. Exact
solutions to those equations play an important role in the proper under-
standing of qualitative features of many phenomena and processes in vari-
ous areas of natural science. However, even if there exists a solution, only
for a few nonlinear system of ordinary differential equations it is possible to
determine this exact solution. There is not a general analytical approach
to find analytical solutions, see for instance [2,11,15]. The integrability
theory of dynamical systems plays a quite important role in studying com-
plex dynamics of many differential systems. Since the differential systems
in general cannot be solved explicitly, the qualitative information provided
by the theory of dynamical systems is the best that one can expect to ob-
tain in general. One of the more classical problems in the qualitative
theory of polynomial differential systems depending on parameters is to
characterize the existence or not of first integrals.
In this paper we consider the smallest biochemical chemical reaction sys-
tem introduced by Wilhelm et al in [14] in three-dimensional systems with
the reaction scheme )
A+ Xt x
X+Y2A4y

v24

X7

7y
where A denotes outer reactants representing at least two different sub-
stances for thermos dynamical reasons, and X, Y and Z are the auto-
catalytic reactants, k, ko, k3, k4 and ks values are the reaction rate coeffi-
cients for each component reaction. By considering the mass action law,

the system dynamics which is given by the following ordinary differential
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equations
z = kx— kozy,
y = 7k3y + k5Z,
2 = kax —ksz. (1)

where k | ko , k3 , k4 , ks > 0. Also in [13] on the basis of a sufficient
condition for a Hopf bifurcation of system (1) for finding one reaction
system which is according to the given characterization, the smallest one.
The stability and bifurcations of this system have been investigated in de-
tail in [14]. In 2009, Wilhelm in [12] discussed the roles of the reactions
concerning the necessary conditions for the bistability of system (1) and
proved that near the bifurcation point a stable limit cycle appears and
transcritical bifurcation by using the methods of local bifurcation theory,
especially the center manifold and the normal form Theorem. Smith pre-
sented the global behavior of solutions for system (1) that exhibits a Hopf
bifurcation, a competitive system with a monotone cyclic feedback, with
the help of the Poincaré - Bendixson theory by ruling out periodic orbits
with a Bendixson criterion in 2012 [10]. In [4], it was demonstrated that
supercritical Hopf bifurcation occurs for the flow of system (1) restricted
to the center manifold. This was done by obtaining a center manifold up
to third degree for the study of system (1). This study analyzes the invari-
ant algebraic surfaces and exponential factors of system (1) to determine
the Darboux integrability of the system. Moreover, we study local analytic
and Bogoyavlensky first integrals. The system (1) which have no analytical
solutions, allow the investigations to be carried on with this computational
algebraic method, but no analytical solution for this system is known. Ac-
cording to our knowledge, the integrability and nonintegrabilty problems
for the system have not studied. This study focus for studying some types
of first integrals of system (1) in the analysis we use Darboux Theorem and
some preliminary results. All mathematical analysis, particularly, solving
partial differential equations are verified with the help of Maple.

In the following, we summarize the main results related to the Darboux

and analytic first integrals of system (1).
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Proposition 1. System (1) does not admit polynomial first integrals.

Proposition 2. The only irreducible invariant algebraic surfaces of system

(1) with non-zero cofactor is x = 0 with cofactor k — kay.

Proposition 3. The only exponential factors of system (1) are e¥ and e*
with cofactors —ksy+ksz and kyx—ksz respectively and also exponential

of linear combinations of y and z.
Theorem 4. System (1) does not admit Darboux first integrals.
Corollary 1. System (1) does not admit rational first integrals.

Theorem 5. The system (1) has no a local analytic first integral in a

neighborhood of the origin if % and % are not positive integer numbers.

Theorem 6. The system (1) has no a local analytic first integral in a

neighborhood of the equilibrium point (152 k&,%, k"; kk35) if one of the fol-

lowing conditions holds:

2 2
—p(a+b \/ —4dap—4b2+p? -1/ —4ap—4b24172
1. k= ( ) k3:*afw,k5:*a*$

aTE3 Qe . 2 )
o o —2enline thaniatRoksbhs ) g # —2an — 2a — ks, p,a,b € R\{0},n €
Z.
2. ks =k — ks.

3. ks +ks—k>0.

Theorem 7. System (1) is not completely integrable with two function-
ally independent rational first integrals. Moreover, system (1) is not B-
integrable in the class of rational functions and does not possess any ra-

tional first integral.

2 Elementary results

We recall some definitions given in [5,7]. Some well-known results on the
Darboux theory of integrability and analytic first integrals may be found
in [1,2,5,6]. We characterize here integrability and non-integrability of

system (1). Thus to prove the main results, we use Darboux theorem
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of integrability in order to find invariant algebraic surfaces, exponential
factors and characterize its local analytic first integrals of system (1). By

x we denote the corresponding vector field of system (1)

x = (kx — kazy) % + (—ksy + ks2)) gy + (kax — ks2) %
A continuously differentiable function H(z,y, 2) in a neighborhood U € R3
is said to be a first integral of the vector field (1) if H(x,y, z) is a constant
on the trajectories of system (1), that is x (H) = 0.

We call H a polynomial (respectively analytic) first integral if H is
polynomial (respectively analytic) see [6]. The existence of Draboux first
integral depends on the exponential factors and on the invariant algebraic
surfaces. Hence we recall definitions of Darboux polynomial and exponen-
tial factor. Let f € Clx,y, z] be a non constant polynomial and f satisfies
the partial differential equation

(kx — koxy) % + (—ksy + ksz) % + (kaz — ks2)) % =Cf,
for some polynomial C € C [z,y, z]. We call f = 0 an invariant algebraic
surface (and f a Darboux polynomial) of system (1) and C' is the cofactor
of f of degree one.
Let f,g € C[z,y, 2] be relatively coprime. A non-constant function e is
called an exponential factor of system (1) if it satisfies the partial differ-

ential equation

de's de’s dei
es e e’s i
(kz — kozy) T (—ksy + ks2) o + (kg — ks2) oy Lew,

for some polynomial L € C[z,y, 2] of degree one. We call L the cofactor
of €. For more details see [1,7].

We recall that a Darboux first integral is a product of complex powers of
invariant algebraic surfaces and exponential factors.

The following result restricted to the invariant algebraic surfaces goes back
to Darboux which concerning the existence of Darboux first integrals, see
[5,7].
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Theorem 8. Suppose that a polynomial system (1) admits p invariant

algebraic surfaces f; = 0 with cofactors C; fori=1,...,p and q exponential

factors exp (,91—1) with cofactors L; for j = 1,...,q. Then there exist \;
J

and p; € C not all zero such that

p q
Z )\lkr‘r Z /.Lij: O,
i=1 7j=1

if and only if the function

K1 Hq
fl}‘l...fp)‘p (e:ch (ii) ) ...(exp (Z) ) )

is a Darboux first integral of system (1).
Theorem 9. [2] The following statements hold.

(a) If exp (%) is an exponential factor for the polynomial differential
system (1) and h is not a constant polynomial, then h = 0 is an

invariant algebraic surface.

(b) Eventually exp(g) can be an exponential factor, coming from the

multiplicity of the invariant plane at infinity.

We now introduce some results that will be used through the paper. The
following result is due Falconi and Llibre and its proof can be found in [3],

see also [9].

Proposition 10. The real linear differential system

with abc # 0 has tu;o independent first integrals of the form le(x2;?c{2)c
and Ho= (2 +y?) e~20 orctan(3) and if a = 0, such a system has two

independent first integrals of the form

H, :{E2+y2,H2:Zb e caTctan(w).
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Proposition 11. [7] If the linear part of system (1) has no polynomial
first integrals in a neighborhood of equilibrium point q, then the whole sys-

tem has mo analytic first integrals in a neighborhood of q.

An equilibrium point ¢ is said to be an attractor (repeller) provided solu-

tions starting nearby limit to the point as t — oo (t = —o0).

Proposition 12. [8] If system (1) has an isolated equilibrium point q
which is either attractor or repeller, then it has no C'-first integrals defined

in a neighborhood of q.

There is a natural concept of non-Hamiltonian integrability for dynamical
systems, which was probably originally studied by Bogoyavlenskij, see [11]
but was also independently investigated by other persons from various
perspectives.

System (1) is B-integrable if it possesses k functionally independent first
integrals Hy, ..., Hy, where 0 < k < 3 and an abelian (3 — k) dimensional
Lie algebra S, of symmetries which preserve first integrals H; and which
are linearly independent.

We also need the following result concerning complete integrability of non-

linear three dimensional differential systems [11].

Theorem 13. Consider system

& = Pz,y)+Q(z,y) 2
y = R(z,y)+ S (z,y)z,
i = T(z,y)+G(2,y) 2,

where P,Q, R, S, T and G are meromorphic functions.

1. If there exists a point ¢ = (x1,y1) such that P (c) = Q(c) = R(c) =
S(c) =0, ag—l(f) = 0 and at least T(c) # 0 or G(c) # 0. Then the
system is not completely integrable with two functionally independent

rational first integrals in variables x,vy, z.

2. If G(e) #0,A # 0 and Aq(c) ¢ N, then the above system is not

B-integrable in the class of rational functions and does not possess
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any rational first integral, where

oS 9
A(x,y) = a—y—a—g and
op 2
b 0P omas 0P 0s° Lon
Ar(@y) = AQFQ[ (836 8y)8m Oy (837) = 895]'

3 Proofs of the main results

In the study of the first integrals of Darboux type of system (1), one has to
find polynomial first integrals, all Darboux polynomials and exponential
factors of system (1) and this is due to the fact that the Darboux first

integrals can be constructed using these kind of functions.

Proof of Proposition 1. Let H (z,y,z) =Y. hi(x,y, z) be a polyno-
mial first integral of degree n of system (1), where each h; is a homogeneous
polynomial of degree i in the variables z, y, z and h,, # 0, n > 1. Then
H satisfies

OH OH OH
(k x—kox y) e + (—k3y+ksz) e + (kyr—ks52) F 0. (2)

We distinguish the following two cases.

I. If h, is a function of variables of x, y and z. The terms of degree n + 1
in (2) satisfy

Oh,

— =0.
ox

Since ko > 0, so the solution of this linear partial differential equation is

—kox y

hn = Fn(yvz)a

where F), is a polynomial function. Since h,, is a homogenous polynomial
of degree n, then
hn (y,2) = (a 2+ by)",

where a and b are constants such that at least a or b is not zero. Also
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tacking the homogeneous part of degree n in equation (2) we obtain

ahn (y,z) _ ahnfl (.’E,y,Z) _ ahn (y,Z)
kxiax kaxy 0 + (—ksy+ksz) oy
oh,, (v,
+ (k4x—k5z) #Z 0.

We get that the general solution is

n(az + by)" " (bksy+ (a — b) ks2) In (z)—a kax)

hn_l ($7yﬁz):_ ka

+Fn—1 (gj"y),

where F,,_1 is a polynomial function in the variables x and y. Since h,_1
is a polynomial of degree n — 1 and ks, k5 > 0, n > 1 then must be
a = b =0. We conclude that h,, = 0. This is a contradiction.

II. If h,, is a function only of variables of y and 2. Since h,, is a homogenous
polynomial of degree n, then h,(y, z) = (az + by)", where a and b are not
zero simultaneously. Proceeding as in the proof of case I we obtain that

h, = 0. This is contradiction. Hence the result follows. |

Proof of Proposition 2. Since system (1) is quadratic then the cofactor
must be of the form C = ¢y +c¢; x4+ coy+c3 z, where ¢; € C, i =0,1,2, 3.
Let f (x,y,2) = > fi(z,y, z) be an invariant algebraic surface of system
(1) of degree n > 1, where each f;(x,y, ) is a homogeneous polynomial of

degree i with f, # 0. Then it satisfies the partial differential equation

(kx — kozy) % + (—ksy + ks2) % + (kgx — ks2)) % )

= (co + c1x + coy + c32) f.

Computing the terms of degree n + 1 in equation (3) we obtain

oy (.9.2)

—ko 5 = (Clx+62y+032)fn (xvyvz)'

First if % = 0, since f, # 0 then ¢; = ¢ = ¢3 = 0 and so C = ¢.
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We taking f,, = (az + by)™, where at least a or b is non zero. Taking the
homogeneous part of degree n of (3) we get the equation

—kzxyWH—ksy*-ksz)%z’z)ﬂkw—ksz)%ﬁ = cofuly, 2),
then
—bksy — nks(a — b)z — by)) 1
o)~ b0 =D~ eofas +0) n)
2y
k b n—1
+ 2 az(az + by) + Fao1(y, 2),

kay

where Fj,_; is a polynomial function in its variables y and z. Since this
is to be a polynomial of degree n — 1, we must take a = 0. Moreover, the

logarithm must be eliminated, we have
—b(nkg + Co) = bnk'5 =0.

Since b # 0 and k3, ks > 0 then n = ¢g = 0. This is contradiction with

the fact © = 0 be an invariant algebraic surface of system (1). Then this

case % = 0 does not hold.

Now we assume that % # 0. Solving the following partial linear differ-

ential equation with respect to f,

myafn(x, Y, 2)

—hs ox

= (1@ + ey + ¢32) fu(z,y, 2),

we get
—coy—c3 z c] @

fn(xvyaz):x k2y € kzyFn(ZUaz)v

where F), is a function. Since f,, is a homogenous polynomial of degree n
then must be ¢; = ¢3 =0 and ¢ = rky, — r € NU{0}. Hence

fo(@y,2) = (az+by)" o,

where a and b are constants . Since f,, # 0 then at least a or b is not zero.

Also the differential equation corresponding to the terms of degree n in
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equation (3) we obtain

01 (z,y,2)

afnfl ((E, Y, Z)
ox 4

Ox

Ofn (@,y,2)

k o

— ]fg.’E

W = rk;nyn_l (x,y, Z) + Cofn (I,y, Z) .

+ (—kgy + k5z)
+ (k’41‘ - /{352)

It is general solution is

aks(n+r)(az + by)"+rflnciTJrl _ Qlin(z)

n— ' Y, =F, B -
fn-1(z,y,2) 1(y,2) 7"+ Fay Foy

where
Q = (az +by)"* " & ((kaby + ks(a — b)z) (n + 1) + (kr + co) (az + by)) ,

and Fj,_; is a polynomial function. Since the logarithm in the polynomail

fn_1 must be removed, we have

b(kr 4+ (n+r)ks+co) =0,
(akr+a (n+r)ks —b(n+r)ks +ac) = 0.

Solving the above equations and using a and b are not zero simultaneously,

we have three conditions either
1. b=0, co=—kr — (n+7)ks, or
2. n+r=0, cg=—Fkr, or

3. b=—bete) g =y — (nt7) ks,

For the first case we get f, = a" 2"z~ and f,_; = F,—1(y,2) 2"+

ak4(n+r)(az)"*"‘flziwrl
kay

have r = —n, then f, = 2™ and f,,_; = F—1(y,2) ™, but f,_; is a

. Since @ # 0 and f,,_; is a polynomial, we must

homogenous polynomial of degree n — 1 , then must be F,_1 (y,2) = 0,
and hence f,—1 (z,y,2) =0.

For the second case r = —n,cy = —k r we obtain f,, = 2™ and f,_; =
F,—_1(y,z) ™. By the same argument of first case we get f,_1 (z,y,2) =
0.
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Finally for the third case b = %;ks), co = —kr — (n+7)ks, then
n+r —T

fn:(a(z+( _%)y) Z and fnfl (CE,y,Z) =F 1 (yvz)xiT -

a" T ky(n4r)(ks—ks)y—ksz)" T~ 1p—rtt
k5™t lkoy

nomial of degree n — 1, we have r = —n, then we obtain f, = =z

. Also since f,_1 is a homogenous poly-

n

and fn,—1 = F,_1(y,2)2™. By the same argument of first case we get
fn—l (a:,y,z) =0.

So for all three cases we obtain f, = 2™ and f,—1 (z,y,2) = 0 with ¢y =
—k r,r = —n. Now computing the terms of degree n — 1 in equation (3)

we obtain

6fn—2 (‘rv Y, Z)

or = —n kafn—Q (%y, Z) )

—kox y
First if f,,_o is a function of variables of x, y and z, solving it we obtain

fn72 ($7y7 Z) = F’ﬂfz (y7 Z) xn7

where Fj,_s is a polynomial function in the variables y and z. But f, _,
is a homogenous polynomial of degree n — 2, then must be F,,_5 (y, z) = 0,
hence f,—_s (x,y,2) = 0. Second if % = 0 we obtain directly f,_2 = 0.
Now we will prove by induction that f; = 0 for i = 1,...,n — 1. Now we
assume that the above equation is true for i = 2,...,n — 1.

For the terms of degree 2 in (3) we have

xyafl(‘rhywz)

—ks O = _kafl(ér?yaz)?

then
fl(l‘;% Z) = Fl(ya Z)$,

where F) is an arbitrary function in the variable y and z. Since f; is a
homogeneous polynomial of degree 1 then Fy(y,z) =0, so fi(z,y,2) = 0.
So, fi(z,y,z) = 0. But if % = 0, also we obtain directly f; = 0. Hence
f(z,y,2) = 2™ = 0 is an invariant algebraic surface of system (1) with

cofactor n(—k + koy). This concludes the proof of the proposition. |
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Proof of Proposition 3. Since system (1) has only the irreducible in-
variant algebraic surface x = 0, then in view of Theorem 9 system (1) can
have an exponential factor of the form: either E = e with h € Clz,y, 2]
or E = e# with n > 1 and such that A is coprime with x and the degree
of h is at most n.
First we show that system (1) has no exponential factors of the form
E=e. Clearly FE satisfies the partial differently equation
oF oF oF

kx—k —+ (—ksy+ksz) —+ (kaz—k — =LE,

(kz—kyx y) ——+ (—ksy+ksz) 6y+( 1w=ksz)) o
where the cofactor L = ag+ajx+asy+azz, where a; € C, 1 =0,1,2,3.

After simplifying the above equation becomes

Ooh

oh oh
(kx—kowy) -— — nh (k—kay) + (—ksy+ksz) —+ (kax—Fks52)) P

ox oy

= (ap+a1r+asy+azz)z".

We denote the restriction of h to = 0, by h in the above equation, then
h # 0 and h satisfies

~ oh oh
—nh(k —ko y)+ (—ksy+ksz) a—y—k5z$— 0,
and whose solution is
—ks  —nk n ko(y+z)

h(y,2)= Fi((ksy — ksy — ksz)z % )z % e ks,

where F} is a function. Since hisa polynomial and n > 1, k3 > 0 then we
have h = 0, which is a contradiction and this case is not possible. Now if
a system (1) has an exponential factor it must be of the form E = e’ with
h € Clz,y, z]. Then h must be satisfies

oh

oh oh
(kx—kaz y) %—i— (—ksy+ksz) 8—y+ (kyx—k52) 5 = L. (4)

We now show that h is a polynomial of degree at most one. We can write

h =", hi(z,y,z), where each h; is a homogeneous polynomial in the
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variables x, y and z of degree i and n > 0. If there are terms of degree
n+ 1 with n > 2 in equation (4) satisfy

Iyahn (I7y7 Z)

k
2 ox

=0.
Since ko> 0, then we obtain

I (l’,y, Z) =F, (ya Z) .

where [}, is a polynomial function. Since f,, is a homogenous polynomial
of degree n, then
h” ('rayvz) :(CL zZ+ b y)na

where a and b are not zero simultaneously. Also computing the terms of

degree n in equation (4) we obtain

Ohn (2,9, 2) Ohp—1 (2,9, 2) Ohy (x,y, 2)
k=gt = hpry + (—k3y+ksz) oy
+ (kax—ks52) W =0.

It is general solution is

_n(az+ by)" " ((bksy + (a — b) ks2) In (@) — aksx)
kay

-1 (z,y,2) =
+ anl (%ZJ) )

where Fj,_; is a polynomial function. Also must be the logarithm in the
polynomail h,_; removed, we have a = b = 0. Then h,,= 0 in contradic-
tion with the fact that n > 2. Then, we must h is a polynomial of degree

one in its variables that we write it as
h(z,y, z) =do+drz+doy+dsz.

Imposing that h satisfies (4) with L = ag + a1  + asy + a3z z. We finally
obtain that h = dy 4+ day + d3z and L = do(—ksy + ksz)+ ds(ksx — ks52).
This concludes the proof of the proposition. |
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Proof of Theorem 4. Suppose that H is a Darboux first integral of sys-
tem (1). From Propositions 2, 3 and Theorem 8 then H= z* etV eH2?
where A\, p1, pe € C. So H satisfies
0H OH OH

kx—k —+ (—ksy+ksz) —+ (kax—ksz) —= 0.

(kz—kay) 8x+( 3Y+ks2) 8y+( 1r—k52) B
Then (A (k o—kox y) +u1 (—ksy+ksz) +uz (kaz—ksz)))H= 0, since the
parameters k,ks, ks, ks and ks are positive numbers, then must be A =

1 = po = 0. Therefore H is a constant, this is contradiction. |

Proof of Corollary 1. From Propositions 1 and 2 system (1) has no
polynomial first integrals and has no two different invariant algebraic sur-
faces with the same cofactor, then system (1) has no rational first inte-

grals. ]

We now show that the system has no analytic first integrals at neighbour-

hood of equilibrium points. We compute the equilibrium points of system
(1) which are

kks k kk
Ey = (0,0,0) andEl—( 3 3).

ko ks’ ko ko ks

Proof of Theorem 5. The linear part of the system (1) at the origin is

T = kuz,
y = —ksy+ksz,
z = k4l‘ - k52. (5)

Direct calculations shows

where H; = x%’(kz — kqx + ksz) and

Hy =(k + k) & (ks (k 2 — ka @ + ksz) — (ks — ks) (k + ks) y)+

ktkg

kyaks (k3 — k5) Tk
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Therefore, the function H; is a constant over the solutions of the system
(5) for i =1,2.

If % and %5 are not positive integer numbers, then the linear part of system
(1) has no polynomial first integrals in a neighborhood of the origin, hence
the result follows by Theorem 11. |

The change of variables (X,Y, Z) — (z — %, y— %, z— 152 k,j) move to

equilibrium point E; to an equilibrium point at the origin and system (1)

becomes
_ MRy ke XY,
k4
Y = —kY +ks5Z,
Z = kX —ksZ. (6)

The Jacobian matrix of system (6) evaluated at (0,0,0) is

—k k
0 =k 9
J = 0 7]433 ]C5
k4 0 —ks

The characteristic equation of the matrix J is given by
Nt (ks+ks) N2 +ksks A\ +kksks = 0. (7)

Before proving Theorem 6 we need to characterize all the polynomial first

integrals of the linear part of system (6).

Lemma 1. The characteristic equation (7) has one simple real root jn and

two complex roots a + 1 b with a,b € R, if satisfying

ks + ks,
a’+2 ap+b* = ksks,
— pu(a® +b%) = kksks. (8)

—2a — i
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Proof. The characteristic equation (7) can be rewritten
)\S—l- (k5+k3) )\2—|—]€3k5>\+l{3]€3k5 = ()\ — ,u)(/\ —a— Zb)(/\ —a—+ Zb)

By comparing the above equation of A we obtain the conditions (8). W

Lemma 2. If ks = k — ks, then linear part of system (6) has only one

polynomial first integral.

Proof. Let f = X? — 2a Xy 4 Myy2 20 kbey 7 (kks 72 4 i
easy to check that
df2

—— Y+ (Y +2Dks+kZ) = + (kaX + (ks — k) Z)

of2 _
Y —— =0.

0z

So f2 is a polynomial first integral of linear part of system (6). The
Jacobian matrix J has two complex conjugate eigenvalues +iv/kks — ks>
and one real eigenvalue —k. So, the real Jordan matrix of the linear

differential system (6) is

0 —Vkks — k3?2 0
Vkks — k32 0 0

0 0 —k

Then from Theorem 10 our linear differential system has at most one
polynomial first integrals because the eigenvalues of J are pure imaginary
complex numbers |
Proof of Theorem 6. 1.Ifk = %,kg = —a—w—w7
ks = —a — W—W, uya,b € R\{0}, from Lemma 1, the char-
acteristic equation (6) has one simple real root p and two complex roots
a *+ itb. By Theorem 10, the real Jordan matrix of the linear part of differ-

ential system (6) is

X -b 0 X
y | = 0 Yy |,
Z 0 0 pu Z



350

. . _ (X2+Y2)”
and the above linear system has two first integrals H;=-~—z— and

Hy=e—2a aretan(X)(X24V2)" with p,a,b € R\{0}. Then only H; is a
polynomial first integral if and only if we have that condition p = 2an,
where a is positive integer and n is negative integer (or n is positive integer
and a is negative integer because Hil is also the first integral), in this case
a, b, p satisfies equation (8), so substitution u= 2an, in equation (8), we
obtain the solution

B —2an(4na® + 2a nks + 2aks + k52)

k= ks = —2an — 2a — ks.
ks (2an + 2a + ks) P an s )

By the hypothesis none of them are possible. Therefore, the linear part of
system (6) has no polynomial first integrals. Then, directly using Theo-
rem 11 we can say that system (1) has no local analytic first integral at
the neighborhood of the equilibrium point Fj.

2. Now we prove that system (6) has no local analytic first integrals
at the origin when ks = k — k3. We assume that FF = F(X,Y,Z) is a
local analytic first integral at the origin of system (6) and we write it as
F=%. | Fi(X,Y,Z) where F; is a homogeneous polynomial of degree i
for i=1,2,3,.... We will show by induction that F;= 0 for all 4 > 1. Since
F is a first integral of system (6) it must satisfy

kks OF oF OF
—(HYJrkzXY)a—X (= (Y+2) ks+k2) 6—y+(k4x+ (ks—k)Z) == = (z.
First, computing the terms of degree one in equation (10) satisfy the
differential equation

k‘k3 8F1 8F1 a~Fl

——Y—+ (- (Y+2) ks+kZ) —+ (ks X+ (ks—k)Z) —= =0

we obtain that by Lemma 2 the linear part of system (6) has no polynomial
first integral of degree one, this gives us F; = 0. Now, computing the
homogeneous terms of degree two in equation (10), satisfy

kks OFy

0F,
—kTYa—XJr (—(Y+2) ks+kZ) a—y+ (ky X+ (ks—k) Z)

OF;

oz

By Lemma 2 we have that F, = cs fa, where f5 is a polynomial first integral



351

in the statement of the Lemma 2, and ¢y is a constant. Computing the
polynomial homogeneous terms of degree three in equation (10), we have

kks ., OF; OF; OF; OF,
~ Y a5+ (- (YR ks k) GO (kX (hs—h) 2) 57 = ha XY 2

taking an arbitrary homogeneous polynomial of degree three for F3 and
substituting it in the equation above. Using Maple for computing and

after some easy computations we have that

_ —2kaca f3
3kksk? (4Kk2 + kks — ks?) (k2-+4kks—4ks®)’

F3

where

fa =4kPk3?y> + 12 k°k322y® +12k5 ka2 yz2 + 4k k32 23 +4k* ka3 03 — 12k k k3 2y
+6 kakks?z2?249 k*k33yP+3k ka3 2y? —6k1ks3yz? —2k k33 23 +17ks k3 ky 323
—12k3 k3% ks 2yx? — 2Tk k3 k33 xy? — 42k k3 k33 zy2—18 kakPks3222—19k3ksty?
—45 k3katzy? —42k3katyz? — 14k k3?22 —23k2 k3223 ks 3 424 K2R3 22yk,?
+5Tkak? kst wy® +84kak?kztwyz+24ksk? ks 22 2 +8k% k3 y> +42k% k3® 212
+ 54k%ks%y2? + 18k2k3% 2% + 12kks3ka323 — 24kky?kstyx® — 24kykks®zy?
—54kk3®kywyz—18kks®kaxz? —12kks0 2y? —18kksby22 —6kk36 23 —6ks* ks
+12k35k42y:1:2+12k4k36xyz+6 kaksSz22.

Then, computing the terms of degree four in (10) we get

kks , OF, OF, OF: OF;
Y ax T Dk +kZ) SO (kX + (ks — k) Z) 5% = ke XY 50

Taking an arbitrary homogeneous polynomial of degree 4 for Fj and
substituting it in the above equation, using Maple and after some compu-
tations we get that co = 0 and Fy = ¢4 f22 where ¢4 is a constant. Hence
Fy, =F;=0.

Now, we will prove that by mathematical inductions that for n > 3
Fon = confo™, Foni1 = coni1fo" ' fz, Fj =0, (11)

where co, and cg,41 are constants and, j=1,2,...,n—1. We assume
that equation (11) holds for n = 3,4,5,..., N-1 where N > 4. We will

prove that it is true for n = N. The homogeneous polynomial Fj,_1 of
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degree 2n — 1 in equation (10) satisfy partial differential equation

kks ., 0Fon—1 0F5p—1 0Fop 1
—Y —(Y+Z Z X —k)Z
Tt OX + ( ( + ) ks+k ) £Y% + (k’4 + (kg k‘) ) B4
_ 0Fon_o
= ko XY a7

It follows from Lemma 2, that Fa,_o = con_ofo™ ', where ca,_o is con-
stant. Then the above equation becomes

k3, 0Fon_1 OFon_1 0F2n_1
~ IRy SR (< (Y4 2) hatk Z) SR (ks X (ke ) 2) S22
n—20f:
= (n—1) ¢y, _,k, XY fo 28—22.
(12)

We want to show that Fy,_1 = 02n_1f2"7293, where g3 is a homogeneous
polynomial of degree 3. We consider two different cases:

1. If Fy,_; is not divisible by fo. Then, since the equation (12) when
f2 = 0 must be zero or a polynomial first integral of linear part system
(6) and we already know that this last case is not possible, we have that
F5, 1 restricted to fo= 0 must be zero. Since f5 is irreducible, we have
that F5,_1 = fofon_3 where fa,_3 is a homogeneous polynomial of degree
2n — 3 in the variables XY, Z, that is contradiction.

2. If Fy,_1 is divisible by fo. Then Fy,_1 = f3"" H, where H(X,Y,Z) is
a homogeneous polynomial of degree 2n — 1 — 2m and is not divisible by

fo with 1 < m < n—3, then the partial differentia equation (12) becomes

+ (ky X+ (ks—Fk) Z) <mfm 1H8f2 2™ ‘9H>

+(kZ — ks (Y + 2)) (mfgm_ng{erfg ?;)
n—2%

= (nfl)c%_QkQXYfg 57

Since f; is first integral of linear part of system (6) and after simplification
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we obtain
—kks . OH OH o0
Y ax T (VD) katkZ) Got (kaX+ (ka=k) 2) 5

n7m72%

= (n—1) ¢y, ok, XY fo 57"

Since 1 < m < n—3, and the same arguments used in Case 1 imply a
contradiction. Then must be Fh,_1 = f»" 2g3 where g3 is homogeneous
polynomial of degree three in the variables X, Y and Z. Again since fs is

first integral of linear part of system (6) then equation (12) as

—kks ,0g3 0g3 0gs3
LY gy + (V2 Rtk Z) 52 (ke X+ (ks—h) Z) 52 )
of
= (n=1) ¢y, ok, XY 57,

and solving it, we obtain

CoOp—
gz = (n—1)222 s,
C2

Now computing the homogeneous polynomial Fs,, of the terms of degree

2n in equation (10) satisfies differential equation

kkg OFpn OFy, oF,
T Y ox H V2 kathZ) 5 (kaX o (ks —k) 2) =5

— aFanl

=k XY —7—=,

that is
kkg 8F2n 8F2n 6F2n
5 Y oy (G (V2) ks tkZ) 5+ (ka X+ (ks —k) 2) ==
n—z 0 no20
e X7 (02 g0 12

By the same argument in computing Fb,_1 we get that Fs, = f2n7396,
where gg is homogeneous polynomial of degree six in the variables X, Y and

Z. Since fs is first integral of linear part system (6) and after simplification
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we can rewrite the above equation as

kks . Oge dgs dgs
By SIS (Y+Z Z2) 2L (ka X+ (k3y—k) Z) 22
o 8X+( (Y+2Z) k3 +k )8Y+(k4 + (k3—k) )aZ 10
0
= kocop_1 XY (n—2) ggaijz’z,

calculating the homogeneous polynomials g3 and gg with maple from both
equation (13) and (14) we get cop—2= 0 and gs= 0, this gives as Fy,_1 =
Fy,_2=0. Then via Lemma 2 we obtain Fb,=ca, f3,,, Where ca, is con-
stant.

Finally, computing the homogeneous polynomial Fj, 1 of degree 2n + 1

in equation (10) which satisfies

kks  OFon41 0Fop+1 0Fop 11
Ry OTonin Ly g 7) 20 | X (hy—k) 7) L2t
™ X +( ( + )k3+l€ ) £Y% +(k‘4 +(/€3 k‘) ) EYA

.0
= nc2n ko XY fo 187;2’

similar argument implies Fb,11= f2" 71 fs where f3(X,Y, Z) is homoge-
neous polynomial of degree three. We have equation (11) is true forn = N.
This completes the proof.

3. Since the parameters ks, k3 and k in system (1) are positive numbers
then the coefficients of characteristic equation (7) are positive. Applying
Routh Hurwitz criteria we conclude that equilibrium point E; is an at-
tractor if and only if ks + k3 > k. By using Theorem 12, then system (1)
has no C'!-first integrals defined in a neighborhood of Ej. ]

Proof of Theorem 7. To apply Theorem 13, first we replace y <+ z. Thus,

system (1) becomes

T = kx—koxz,
y = k4$ - k5ya
z = —ksz+ ksy.
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Comparing the above system with system in Theorem 13, we obtain
P=kx, Q=—kox, R=kyx—ksy, S=0, T =ksy and G = —k;3.

We take ¢ = (x1,y1) = (0,0) then all conditions of part 1, Theorem 13
are satisfied, we directly conclude that the system (1) is not completely
integrable with two functionally independent rational first integrals.

Since at the point ¢ = (0,0), then G (¢) = —k3< 0, A= —ko< 0 and

A1 (¢)=0 ¢ N. So all conditions of part 2, Theorem 13 are satisfied. Thus,
system (1) is not B-integrable in a class of rational functions in variables
x, y, z and does not possess any rational first integral for all values of the

parameters. [ |
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