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Abstract

Existing studies show that the symmetric division deg (SDD)

index deserves to be treated as a useful and practicable molecular

descriptor, preferable to some of the more widely used ones. The

primary purpose of this review is to summarize the existing extremal

results and bounds for the SDD index. Several open problems re-

garding the aforementioned index, arising from the known results,

are also proposed.
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1 Introduction

Molecular descriptors play a significant role in the quantitative studies on

structure-property and structure-activity relationships [22,34,49]. Accord-

ing to Todeschini and Consonni [77], a molecular descriptor is “the final

result of a logical and mathematical procedure which transforms chemical

information encoded within a symbolic representation of a molecule into

an useful number or the result of some standardized experiment”.

In order to improve the existing quantitative studies on the particular

types of molecular descriptors, Vukičević and Gašperov [82] proposed and

investigated a novel class of molecular descriptors, and they discovered that

only a few descriptors from this class are useful for QSPR (quantitative

structure-property relationship) applications. The so-called symmetric

division deg (SDD) index is among such chemically useful descriptors.

The SDD index of a graph G is defined as

SDD(G) =
∑

uv∈E(G)

(
du
dv

+
dv
du

)
,

where du denotes the degree of the vertex u of G and E(G) is the set of

edges of G. (Throughout this paper, we consider only finite graphs. The

(chemical) graph-theoretical terminology and notion that are used in this

article, but not defined here, can be found in relevant standard textbooks

like [14,16,78,83].)

Furtula et al. [28] conducted a thorough comparative analysis of the

SDD index with regard to several other molecular descriptors of this kind

and discovered that the SDD index is a feasible and practicable molecular

descriptor that outperforms a number of other descriptors of a similar

kind, and hence they concluded that it deserves to be treated as a useful

and applicable molecular descriptor, preferable to some of the more widely

used ones.

The mathematical properties, particularly the extremal problems and

bounds, of the SDD index have been studied in detail in many publica-

tions. In order to see which mathematical aspects of this descriptor have

not yet been investigated or which mathematical study on this descriptor
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is incomplete, it may be desirable (at least for the newcomers to chemical

graph theory) to have a source of a collection consisting of known mathe-

matical results concerning the SDD index. Thereby, the primary purpose

of this review article is to summarize the existing bounds and extremal re-

sults for the SDD index. Several open problems related to this molecular

descriptor are also given.

The rest of this paper is organized as follows. The next section gives

definitions and notations to be used in the upcoming sections. Extremal

results concerning the SDD index are summarized in Section 3; some open

problems are also proposed in this section. Section 4 consists of two sub-

sections; the first one is about lower bounds for the SDD index, while the

second one is concerned with upper bounds. Section 5, the final section,

gives some open problems (regarding the SDD index) arising from the

known results.

2 Preliminaries

A graph of order at least 2 is known as a non-trivial graph. A graph

with maximum degree at most 4 is known as a molecular graph. By a

connected r-cyclic graph, we mean a connected graph of order n and size

n + r − 1; for r = 1, 2, 3, 4, 5, such graphs are referred to as connected

unicyclic, bicyclic, tricyclic, tetracyclic, pentacyclic graphs, respectively.

The path, star, cycle and complete graphs of order n are denoted by Pn,

Sn, Cn and Kn, respectively. The complete bipartite graph with p vertices

in its one partite set and q vertices in its second partite set is denoted by

Kp,q. By an n-order graph, we mean a graph of order n. A non-regular,

connected and bipartite graph G is said to be a semiregular bipartite graph

if the vertices in each partite set of G have the same degree.

In the following, we define some graph-theoretical terms by considering

a graph G. The complement of G is denoted by G and is defined as the

graph with the same vertices as G has, provided that two vertices in G

are adjacent if and only if they are not adjacent in G. The degree set of G

is the set consisting of all different elements of the degree sequence of G.

The graph G is said to be regular if the degree set of G is a singleton set;
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if this singleton set is {t} then G is called t-regular. If two vertices u and

v of G are adjacent then each of them is called a neighbor of the other. A

vertex u of G is said to be a pendent vertex if du = 1. By the minimum

non-pendent vertex degree of G, we mean the least number among the

degrees of all non-pendent vertices of G. For an edge uv ∈ E(G), the

number du + dv − 2 is known as the degree of uv. The least and largest

numbers among the degrees of all edges of G are known as the minimum

and maximum edge degrees of G, respectively; and they are denoted by δe

and ∆e, respectively.

Most of the existing molecular descriptors that are defined via vertex

degrees of a graph, can be obtained from the following general setting

[45,82]:

BIDϕ(G) =
∑

uv∈E(G)

ϕ(du, dv), (1)

where ϕ is a real-valued symmetric function defined on the Cartesian

square of the degree set of G. For instance, the choices ϕ(du, dv) =

ln(du + dv) and ϕ(du, dv) = ln(dudv) in Eq. (1) yield the natural loga-

rithm of the multiplicative-sum Zagreb index Π∗
1 (see [25,48]) and the nat-

ural logarithm of the multiplicative second Zagreb index Π2 (see [37,48]),

respectively.

The descriptors of the form (1) are referred to as bond incident degree

(BID) indices [80]; another often used name for such descriptors is vertex-

degree-based (VDB) indices [17, 21].

Table 1 gives some choices of the function ϕ for which Eq. (1) corre-

sponds to most of the descriptors used in the upcoming sections; where α

is any real number. The descriptors 0R2, R1, R−1,
0R−1 and

0R3 are known

as the first Zagreb index [15,39,40,44], the second Zagreb index [15,18,42],

the modified second Zagreb index [64], the inverse degree index [27] (or

the modified total adjacency index [64]) and the forgotten topological

index [29], respectively. We remark here that the general zeroth-order

Randić index is also known as the general first Zagreb index [51] and the

variable first Zagreb index [57]. Also, the general Randić index is identical

to the variable second Zagreb index [57].
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Table 1. Some molecular descriptors used in the present article.

Function ϕ(du, dv) Eq. (1) corresponds to Symbol

(du)α−1 + (dv)α−1 general zeroth-order Randić index [47] 0Rα

(du dv)α general Randić index [13,76] Rα

(du + dv)2 hyper-Zagreb index [7, 74] HZ

(du − dv)2 sigma index [4, 30, 43] σ

|du − dv | Albertson’s irregularity index [3] irr

(dudv)(d2u + d2v)
−1 inverse symmetric division deg index [64] ISSD

√
du + dv − 2(du dv)−1/2 atom-bond connectivity index [26] ABC

2
√
du dv(du + dv)−1 geometric-arithmetic index [81] GA

(dudv)(du + dv)−1 inverse sum indeg index [82] ISI

3 Extremal Results

By an extremal result concerning the SDD index, we mean a result dealing

with the characterization of graphs having either the minimum value or the

maximum value of the SDD index over a given class of graphs. Certainly,

every result stated in the present section gives either a lower bound or

an upper bound on the SDD index in terms of some particular graph

invariants (for example, order, size, minimum degree, etc.); these bounds

have the following notable property: for every choice of possible values of

such bounds’ graph invariants, there exists at least one graph attaining

the corresponding bound.

The thorough study of mathematical properties regarding the SDD

index seems to be initiated by Vasilyev in [79]. We first present results

concerning trees.

Theorem 3.1. [79] In the class of all n-order trees, the path graph Pn

and star graph Kn−1,1 uniquely attain the minimum and maximum values,

respectively, of the SDD index for every integer n greater than 3.

The graphs with the second to fourth minimum values (and fifth to

ninth minimum values) of the SDD index among all trees of a fixed, suffi-

ciently large, order were reported in [67] (in [8], respectively).
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A subset D of the vertex set of a graph is said to be a dominating set if

every vertex of V (G)\D has at least one neighbor in D. The cardinality of

a smallest possible dominating set of a graph G is known as the domination

number of G.

Theorem 3.2. [23] The graph obtained from the star graph Sn−γ+1 by

attaching one pendent vertex to each of γ − 1 pendent vertices of Sn−γ+1,

is the only tree attaining the maximum SDD index among all n-order trees

with domination number γ, where 2 ≤ γ ≤ n/2.

A segment of a tree T is a non-trivial path P in T with the property

that neither of the end vertices of P has degree 2 (in T ) and that every

other vertex (if exists) of P has degree 2 (in T ).

Theorem 3.3. [23] The graph Pn−s+1,s−1 obtained from the path graph

Pn−s+1 by attaching s − 1 pendent vertices to exactly one pendent vertex

of Pn−s+1, is the unique tree attaining the maximum SDD index among

all n-order trees with s segments, where 3 ≤ s ≤ n− 2.

If the word “segments” is replaced with the text “pendent vertices” in

the statement of Theorem 3.3, then the resulting statement remains true

(according to [23]). Consequently, the problem of characterizing graphs

attaining the maximum SDD index among all n-order molecular trees with

p pendent vertices was also solved in [23] for p ≤ 4; the next result gives a

solution to this problem for two additional cases concerning p.

Theorem 3.4. [24] Let T (n, p) be the class of all n-order molecular trees

with p pendent vertices.

(a). If p is even such that it satisfies the inequality 6 ≤ p ≤ ⌊(n + 3)/2⌋,
then members of the class T ⋆(n, p) are the only trees attaining the

maximum SDD index in T (n, p), where T ⋆(n, p) ⊆ T (n, p) and each

tree in T ⋆(n, p) satisfies the following three properties (i) there is no

vertex of degree 3, (ii) no two vertices of degree 4 are adjacent, and

(iii) every pendent vertex is adjacent with a vertex of degree 4; an

example of such a tree is shown in Figure 1.

(b). If p is odd such that it satisfies the inequality 9 ≤ p ≤ ⌊(n + 2)/2⌋,
then members of the class T ′(n, p) are the only trees attaining the
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maximum SDD index in T (n, p), where T ′ ⊆ T (n, p) and each tree

in T ′(n, p) satisfies the following three properties (i) there is exactly

one vertex of degree 3 and it has neighbors of degree 2 only, (ii) no

two vertices of degree 4 are adjacent, and (iii) every pendent vertex

is adjacent with a vertex of degree 4; an example of such a tree is

shown in Figure 2.

Figure 1. A tree in the class T ⋆(n, p).

Figure 2. A tree in the class T ′(n, p).

A vertex-induced subgraph (or simply, an induced subgraph) H of a

graph G is a subgraph of G with the following property: if u and v are

vertices of H such that uv ∈ E(G) then uv ∈ E(H).

Theorem 3.5. [24] Over the class T (n, p) of all n-order molecular trees

having p pendent vertices with 3 ≤ p ≤ ⌊(n + 2)/3⌋, members of the

class T ′′(n, p) are the only trees attaining the minimum SDD index, where

T ′′(n, p) ⊆ T (n, p) and each tree in T ′′(n, p) satisfies the following three

properties (i) the maximum degree is 3, (ii) there are exactly p−2 vertices

of degree 3 and the induced subgraph consisting of these vertices is a tree,

and (iii) no vertex of degree 3 has a neighbor of degree 1.

Here, we remark that the problem of finding graphs attaining the mini-

mum SDD index in the class of all n-order connected (molecular) non-tree
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graphs with m edges and p pendent vertices was also addressed in [24].

Next, we state an extremal result concerning the maximum value of n-

order trees with a given diameter.

Theorem 3.6. [23] Over the class of all n-order trees with diameter d,

the graph Pd,n−d (see Theorem 3.3) uniquely attains the maximum SDD

index, where 3 ≤ d ≤ n− 1.

Since the diameter of a tree with radius r is either 2r or 2r − 1, from

Theorem 3.6 the next result follows.

Theorem 3.7. [23] The tree P2r−1,n−2r+1 (see Theorem 3.3) uniquely

attains the maximum SDD index over the class of all n-order trees with

radius r, where 2 ≤ r ≤ (n− 1)/2.

We are not aware of any result concerning the minimal versions of

Theorems 3.2, 3.3 and 3.6 (or 3.7), thus we propose the following problem.

Problem 1. Characterize the graphs attaining the minimum SDD index

among all n-order trees with a given

(i) domination number,

(ii) number of segments, or

(iii) diameter (and hence radius).

Next, we summarize extremal results concerning cyclic graphs.

Theorem 3.8. [79] In the class of all n-order (connected) unicyclic graphs,

the cycle graph Cn and S+
n , respectively, uniquely attain the minimum and

maximum values of the SDD index for every integer n greater than 3, where

S+
n is the graph deduced from the star graph Sn by inserting one edge.

The graphs having the second maximum value of the SDD index in

the class of unicyclic graphs mentioned in Theorem 3.8 were reported in

[35]. The graphs attaining the second, third and fourth minimum values

of the SDD index over the aforementioned class of unicyclic graphs (for

sufficiently large n) were determined in [67]. Here, it is remarked that

Theorems 3.1 and 3.8 were also obtained in [84] independently.
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Theorem 3.9. [35] The graph obtained from the cycle graph Cn−p by at-

taching p pendent vertices to exactly one vertex of Cn−p attains the max-

imum SDD index among all n-order (connected) unicyclic graphs with p

pendent vertices, where 0 ≤ p ≤ n− 3.

Theorem 3.10. [67] The graphs obtained from the cycle graph Cn by

adding an edge between any two non-adjacent vertices and the graphs ob-

tained by joining two cycle graphs Ck, Cn−k, through an edge, are the only

graphs with the minimum SDD index in the class of all n-order connected

bicyclic graphs, where n ≥ 6.

The graphs attaining the second and third minimum values of the SDD

index over the class of all connected bicyclic graphs of a fixed (sufficiently

large) order were also found in [67].

Theorem 3.11. [84] In the class of all n-order connected bicyclic graphs,

the graph deduced from the K4 − e by attaching n − 4 pendent vertices to

one of the vertices of degree 3 of K4 − e, uniquely attains the maximum

SDD index for every integer n greater than 4, where K4 − e is the graph

obtained from the complete graph K4 by removing an edge.

Theorem 3.12. [35] The graph formed by identifying one vertex of the

two cycles Cr, Ct and attaching p pendent vertices to the common ver-

tex, attains the maximum SDD index among all n-order connected bicyclic

graphs with p pendent vertices, where t = n+1− r− p and 0 ≤ p ≤ n− 5.

Theorem 3.13. [35] In the class of all n-order connected bicyclic graphs

with n−4 pendent vertices, the graph deduced from the K4−e by attaching

n−4 pendent vertices to one of the vertices of degree 3 of K4−e, uniquely

attains the maximum SDD index for every integer n greater than 4, where

K4 − e is the graph obtained from the complete graph K4 by removing an

edge.

There is no result regarding the minimal versions of Theorems 3.9,

3.12 and 3.13 in the literature. Thereby, an open problem related to these

theorems can be stated as follows.
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Problem 2. Characterize the graph(s) having the minimum SDD index

among all n-order connected

(i) unicyclic graphs, or

(ii) bicyclic graphs,

with a fixed number of pendent vertices.

Theorem 3.14. [53] The graph obtained from the complete graph K4 by

replacing one of its edges with a path of length n − 3 is the only graph

attaining the minimum SDD index among all n-order connected tricyclic

graphs for every integer n greater than 5.

The graphs that attain the second minimum SDD index among all n-

order connected tricyclic graphs of a given order were also reported in [53].

︷ ︸︸ ︷ ︷ ︸︸ ︷n− 5 ≥ 0 n− 4 ≥ 0

GTr1 GTr2

Figure 3. The graphs GTr1 and GTr2 mentioned in Theorem 3.15.

Theorem 3.15. [1] The graph GTr1 (GTr2, respectively), shown in Figure

3, attains uniquely the maximum SDD index over the class of all n-order

connected tricyclic graphs for each n ∈ {5, 6} (for every n ∈ {8, 9, . . .}, re-
spectively). For n = 7, both the graphs GTr1 and GTr2 have the maximum

SDD index in the mentioned class.

As pointed out in [54], it is not hard to determine graphs having the

first two minimum values of the SDD index over the class of all tetracyclic

graphs of a given order, by using an existing technique; the next result

gives the unique graph with the maximum SDD index over this class.

Theorem 3.16. [1] The graph GTet1 (GTet2, respectively), shown in Fig-

ure 4, attains uniquely the maximum SDD index over the class of all n-

order connected tetracyclic graphs for every n ∈ {6, 7, . . . , 14} (for every

n ∈ {15, 16, . . .}, respectively).
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︷ ︸︸ ︷ ︷ ︸︸ ︷n− 6 ≥ 0 n− 5 ≥ 1

GTet1 GTet2

Figure 4. The graphs GTet1 and GTet2 mentioned in Theorem 3.16.

︷ ︸︸ ︷n− 7 ≥ 0

GPen1

︷ ︸︸ ︷n− 5 ≥ 2

GPen2

Figure 5. The graphs GPen1 and GPen2 mentioned in Theorem 3.17.

Theorem 3.17. [1] The graph GPen1 (GPen2, respectively), shown in Fig-

ure 5, attains uniquely the maximum SDD index over the class of all n-

order connected pentacyclic graphs for every n ∈ {7, 8, . . . , 13} (for every

n ∈ {14, 16, . . .}, respectively).

The following conjecture is due to Palacios [65].

Conjecture 1. [65] In the class of all k-cyclic connected graphs of a given

order n, the sets of extremal graphs with respect to the indices 0R−1 and

SDD are the same for 3 ≤ k ≤ 6.

By Theorems 3.15–3.17 and Theorem 2 of [68] (see also [46]), although

Conjecture 1 is not true for small values of n but it is valid for k = 3, 4, 5,

provided that n is sufficiently large. In [1], the following modified version

of Conjecture 1 was posed.

Conjecture 2. [1] In the class of all k-cyclic connected graphs of a given

order n, the sets of extremal graphs with respect to the indices 0R−1 and

SDD are the same for k ≥ 6 provided that n is sufficiently large.
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By the definition of connected r-cyclic graphs, the next result con-

tributes towards the solution to the problem of characterizing graphs at-

taining the maximum SDD index over the class of all connected r-cyclic

molecular graphs of a given order.

Theorem 3.18. [8] Among all n-order molecular connected graphs of size

m, with n− 1 ≤ m ≤ 2n, and n being sufficiently large,

(a). the graphs having no vertices of degrees 2 and 3 are the only graphs

attaining the maximum SDD index whenever m+ n ≡ 0 (mod 3);

(b). the members of the class MG are the only graphs attaining the max-

imum SDD index whenever m + n ≡ 1 or 2 (mod 3), where MG

consists of the following two types of graphs G: (i) G contains no

vertex of degree 2 and it contains exactly one vertex of degree 3, which

is adjacent to three vertices of degree 4; (ii) G contains no vertex of

degree 3 and it contains exactly one vertex of degree 2, which is ad-

jacent to two vertices of degree 4.

Here we remark that Theorem 3.18 follows also from a more general

result reported recently in [2].

Theorem 3.19. [79] The graph obtained from the complete graph Kn−1 by

adding a new vertex v and δ new edges between v and δ vertices of Kn−1,

uniquely attains the maximum SDD index among all n-order graphs of

minimum degree δ.

There is no result regarding the minimal version of Theorem 3.19 in

the literature. However, Vasilyev [79] proved that for every n-order graph

of minimum degree δ, the inequality SDD(G) ≥ n δ holds with equality

if and only if G is δ-regular. This result implies the following corollary.

Corollary 3.20. The 2-regular graphs are the only graphs attaining the

minimum SDD index over the class of all n-order graphs of minimum

degree at least 2 for n ≥ 4. (In the case of connected graphs, Cn is the

unique such extremal graph.)

As there may or may not exist a δ-regular graph of order n for given

values of n and δ, Theorem 3.19 and the comments made right after it,

suggest the next problem.
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Problem 3. Characterize graphs attaining the minimum SDD index over

the class of all those n-order connected graphs of minimum degree δ that

are not δ-regular.

The next result can be considered as a variant of Theorem 3.19 in which

no restriction on the minimum degree of graphs is given.

Theorem 3.21. [79] In the class of all n-order connected graphs, the

complete graph Kn uniquely attains the maximum SDD index for every

integer n greater than 2.

Next, we give some extremal results regarding k-polygonal system. By

a k-polygonal system, we mean a connected geometric figure obtained by

concatenating congruent regular k-polygons side to side in a plane in such

a way that the figure divides the plane into one infinite (external) region

and several finite (internal) regions, and all internal regions must be con-

gruent regular k-polygons. In a given k-polygonal system, two polygons

having a common side are known as adjacent polygons. The character-

istic graph of a k-polygonal system is a graph CG whose vertices corre-

spond to k-polygons of the system and two vertices of CG are adjacent if

and only if the corresponding k-polygons are adjacent. By a k-polygonal

chain, we mean a k-polygonal system whose characteristic graph is the

path graph. In a k-polygonal chain, a k-polygon adjacent to exactly one

(respectively, two) k-polygon(s) is called external (respectively, internal)

k-polygon. For k = 3, 4, 5, the corresponding k-polygonal chains/systems

are known as triangular, polyomino, pentagonal chains/systems, respec-

tively. Every k-polygonal system can be represented by a graph, in which

the edges correspond to the sides of a k-polygon and the vertices repre-

sent the points where two sides of a k-polygon meet. In what follows,

by a k-polygonal chain/system we mean the graph corresponding to the

k-polygonal chain/system.

A triangular chain of maximum degree at most 4 is known as a linear

triangular chain. An induced subgraph of a triangular chain Tn is said

to be a segment if it is a maximal linear triangular sub-chain of Tn. A

segment containing external triangle(s) is called external segment. Suppose

that a triangular chain Tn has s segments S1, S2, S3, ..., Ss. The number
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of triangles in a segment Si (where 1 ≤ i ≤ s) is its length. The s-tuple

(a1, a2, . . . , as) is said to be the length vector of Tn if and only if ai is

the length of Si for i = 1, 2, . . . , s. If (a1, a2, . . . , as) is a length vector of

Tn and s ≥ 3, then we assume that a1, as are the lengths of the external

segments. By a zigzag triangular chain, we mean a chain with n ≥ 4

triangles and length vector

(a, 4, 4, 4, · · · , 4︸ ︷︷ ︸
(⌊n

2 ⌋−2)−times

, b)

where a, b ≤ 4 and at least one of a, b is 3.

The second parts of Corollaries 3.2 and 3.3 of [5] imply the next result.

Theorem 3.22. In the class of all those triangular chains with n triangles

in which every vertex has degree at most five, the linear chain and the zigzag

chain uniquely attain the minimum and maximum values of the SDD index,

respectively, for n ≥ 4.

In a polyomino chain, an internal square having a vertex of degree 2 is

known as a kink. A linear polyomino chain is the one, without kinks. A

polyomino chain having at least 3 squares is said to be a zigzag polyomino

chain if it consists of only kinks and external squares. A segment in a

polyomino chain is a maximal linear sub-chain, including the kinks and/or

external squares at its ends. The number of squares in a segment is known

as its length. A segment is said to be internal if it does not contain any

external square of the chain.

Theorems 2.10 and 2.12 of [10] give the next result.

Theorem 3.23. Among all polyomino chains with n squares, the linear

chain uniquely attains the minimum SDD index for n ≥ 3. The zigzag

chain uniquely achieves the maximum SDD index over the class of all

those polyomino chains with n squares in which no internal segment of

length three has an edge connecting the vertices of degree three, for n ≥ 3.

None of the general results reported in [11] implies an extremal result

concerning pentagonal chains. Thus, we pose the next problem.
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Problem 4. Characterize the graphs having the minimum and maximum

values of the SDD index among all pentagonal chains with a given number

of pentagons.

It needs to be mentioned here that there exist various publications

in the literature covering general results about BID indices (or VDB in-

dices) of 6-polygonal (hexagonal) systems (and other systems) and gen-

eral graphs, with certain constraints; for example, see the recent survey

paper [50] (and its references related to the mentioned topic) for general

graphs, and the references related to the indicated topic in the survey pa-

pers [6, 9]. We leave it to the readers to check which such general results

yield extremal results concerning the SDD index.

A subset S of the vertex set (respectively, edge set) of a graph is said

to be an independent set (respectively, matching) if the elements of S are

pairwise non-adjacent. An independent set (respectively, a matching) con-

sisting of the maximum possible vertices (respectively, edges) of a graph G

is known as a maximum independent set (respectively, maximum match-

ing) of G. The cardinality of a maximum independent set (respectively,

maximum matching) of a graph G is known as the independence number

(respectively, matching number) of G. A perfect matching in a graph G is

a matching M such that every vertex of G is incident with exactly one edge

ofM . The problems of finding graphs attaining the minimum (respectively,

maximum) values of the SDD index over the classes of trees (respectively,

molecular trees) and connected unicyclic graphs (respectively, connected

molecular unicyclic graphs) possessing perfect matching were attacked in

the article [70]. Du and Sun [23] characterized the graphs attaining the

maximum SDD index among all trees possessing perfect matching. The

graphs attaining the maximum SDD index among all n-order trees with

a fixed matching number (and hence with a fixed independence number;

because the addition of the matching number and the independence num-

ber of every n-order bipartite graph is n) were also found in [23]. Also,

in [75], the graphs having the maximum SDD index were characterized

over the classes of all (i) connected unicyclic graphs possessing perfect

matching (ii) connected bicyclic graphs possessing perfect matching (iii)

n-order connected unicyclic graphs with a fixed matching number (iv) n-
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order connected bicyclic graphs with a fixed matching number. Recently,

the problem of finding the graphs attaining the first five minimum values

of the SDD index among all connected bicyclic graphs possessing perfect

matching was attacked in [71]. The problem of characterizing the graphs

having the maximum SDD index in the class of all connected molecular

bicyclic graphs possessing perfect matching was also addressed in [71].

4 Bounds

Recall that every result given in Section 3 gives either a lower bound

or an upper bound on the SDD index in terms of some certain graph

invariants (for example, order, size, minimum degree, etc.); for every choice

of possible values of such bounds’ graph invariants, there exists at least

one graph attaining the corresponding bound. In this section, we list those

bounds that do not satisfy this property; that is, for every bound given in

the present section, there exist some values of the bound’s graph invariants

for which no graph attains the considered bound. For instance, the bound’s

graph invariants in Theorem 4.3 are n and m, but if one takes n = 100

and m = 101 then no 100-order molecular (connected) graph of size 101

exists attaining the mentioned bound.

4.1 Lower Bounds

We start this section by listing two very simple but notable lower bounds

on the SDD index derived in [79].

Theorem 4.1. [79] If G is a connected graph of size m, then the inequality

SDD(G) ≥ 2m holds with equality if and only if G is regular.

Theorem 4.2. [79] If G is an n-order graph of minimum degree δ, then the

inequality SDD(G) ≥ n δ holds with equality if and only if G is δ-regular.

The next result gives a solution to the minimal version of Theorem 3.18

for the case when m ∈ {n− 1, n}.
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Theorem 4.3. [8] If G is an n-order molecular (connected) graph of size

m such that n − 1 ≤ m ≤ 2n and n ≥ 3, then SDD(G) ≥ n + m with

equality if and only if G is either the path graph Pn or the cycle graph Cn.

A path P : v1v2 · · · vt in a graph G is said to be a pendent path if one

of the two vertices v1, vt, is pendent (in G) and the other one has degree

at least 3 (in G), and every remaining vertex (if exists) of P has degree 2

(in G).

Theorem 4.4. [67] If G is a graph with m edges and k pendent paths,

then

SDD(G) ≥ 2

3
k + 2m.

In [8], it was proved that either ifG is a regular graph or if the maximum

degree of G is 3 such that m1,2 = k = m2,3 and m1,3 = 0, then the

inequality given in Theorem 4.4 becomes equality, where mi,j denotes the

number of those edges of G whose one end-vertex has the degree i and the

other end-vertex has the degree j.

Theorem 4.5. [35] If G is a connected graph with size m, number of

pendent vertices p and minimum non-pendent vertex degree δ1, then

SDD(G) ≥ p

(
δ1 +

1

δ1

)
+ 2(m− p),

with equality if and only if G is either a regular graph or a graph having

the degree set {1,∆} such that at least one end-vertex of every edge of G

has degree ∆, where ∆ ≥ 2.

We remark here that the graphs attaining the bound given in Theorem

4.5 were not fully characterized in [35]; the same case is with the next two

results, however we are stating the next two results without any changes

and leaving to readers the exercise of characterizing graphs (in the next

two results).

Theorem 4.6. [35] If G is a connected graph with order n, size m, number

of pendent vertices p, maximum degree ∆, hyper Zagreb index HZ and
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minimum non-pendent vertex degree δ1, then

SDD(G) ≥

√(
n− p

(
∆+ 1

∆

))2
(HZ − p(∆ + 1)2)

m− p

− 4(m− p)2
(
∆

δ1
− δ1

∆

)
+ p

(
δ1 +

1

δ1

)
− 2(m− p),

where the equality is attained if G is either a regular or star graph.

Theorem 4.7. [35] Let G be a connected n-order graph such that the

complement G of G is also connected. If δ1, p and δ1, p are the minimum

non-pendent vertex degree and number of pendent vertices of G and G,

respectively, then

SDD(G) ≥ n(n− 1) + (p+ p)

(
α+

1

α
− 2

)
− SDD(G), (2)

where α = min
{
δ1, δ1

}
. Equality in (2) holds only if G is a k-regular

graph with 2k + 1 vertices.

In [28], not only the chemical applicability of the SDD index was ex-

amined thoroughly but also inequalities involving this index and several

other molecular descriptors were derived.

Theorem 4.8. [28] Consider a graph G.

(i). If G has size m ≥ 1 and maximum degree ∆, then

SDD(G) ≥ m

((
0R2(G)

∆ ·m

)2

− 2

)

with equality if and only if G is regular.

(ii). If the order of G is at least 3, then

SDD(G) >
3

2
ABC(G)
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(iii). If the size of G is m ≥ 1, then

SDD(G) ≥ 2m2

GA(G)

with equality if and only if every connected component of G is regular.

(iv). It holds that SDD(G) ≥ 2GA(G); however, if G is connected then

the aforementioned inequality becomes equality if and only if G is

regular.

The next result gives a lower bound on the SDD index in terms of the

second Zagreb index R1, Albertson’s irregularity index irr and the size of

a graph.

Theorem 4.9. [55] If G is a graph of size m ≥ 1, then

SDD(G) ≥
(
irr(G)

)2
R1(G)

+ 2m,

with equality if and only if there exists a number r such that the equation

|du − dv| /(dudv) = r holds for every edge uv ∈ E(G).

A graph G is said to be an edge-transitive graph if for every pair of

edges e1, e2 ∈ E(G), there is an automorphism that maps e1 to e2.

Theorem 4.10. [33] If G is a graph with m ≥ 1 edges, then

SDD(G) ≥ m2

ISSD(G)
,

where the equality holds whenever G is either a regular or an edge-transitive

graph. Also, it holds that

SDD(G) ≥ ISDD(G) +
3m

2
,

with equality if and only if G is a regular graph. Moreover, it holds that

SDD(G) ≥ 4

m

(
AG(G)

)2 − 2m,
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where

AG(G) =
∑

uv∈E(G)

du + dv

2
√
dudv

.

Theorem 4.11. [20] Let G be a connected graph with size m ≥ 2. Then

SDD(G) ≥
(
0R2(G)

)2
R1(G)

− 2m

with equality if and only if G is a regular graph or a semiregular bipartite

graph. Also, it holds that

SDD(G) ≥ 2m

(
2m2(

GA(G)
)2 − 1

)

and

SDD(G) ≥ 4m4

(m− 1)(GA(G))2
− m (Π∗

1(G))
2
m

(m− 1) (Π2(G))
1
m

− 2m

where the equality holds in either of the two inequalities if and only if

dvi

dvj

+
dvj

dvi

=
dvk

dvℓ
+

dvℓ
dvk

for every pair of edges vivj , vkvℓ ∈ E(G). Moreover, it holds that

SDD(G) ≥ m

m− 1

(
2(m+ 1)− (Π∗

1(G))
2
m

(Π2(G))
1
m

)

with equality if and only if G is regular.

Theorem 4.12. [20, 41] Let G be a connected graph of size m ≥ 2, mini-

mum edge degree δe and maximum edge degree ∆e. Then

SDD(G) ≥ m2(∆e + 2)(δe + 2)

(∆e + δe + 4) ISI(G)−R1(G)
− 2m
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with equality if and only if

du
dv

+
dv
du

=
dw
dx

+
dx
dw

for every pair of edges uv,wx ∈ E(G) and dy+dz−2 = ∆e or δe for every

edge yz ∈ E(G).

Theorem 4.13. [20] Let G be a connected graph with size m ≥ 2 and

minimum edge degree δe. Then

SDD(G) ≥ m2(δe + 2)

ISI(G)
− 2m,

with equality if and only if G is either regular or semiregular bipartite.

Theorem 4.14. [20] Let G be a non-trivial connected n-order graph of

size m. Then

SDD(G) ≥ n2

R−1(G)
− 2m

with equality if and only if G is regular or bipartite semiregular.

Theorem 4.15. [54] If G is a connected graph of maximum degree δ, then

SDD(G) ≥ δ2 · 0R−1(G), with equality if and only if G is regular.

Theorem 4.16. [54] Let G be a connected graph of size m, where m ≥ 1.

(i). If G has minimum degree δ, then for α > 0, it holds that

SDD(G) ≥ 2δ2m
α+1
α

(Rα(G))
1
α

,

with equality if and only if G is regular.

(ii). If G has minimum degree δ and maximum degree ∆, then for α > 0,

it holds that

SDD(G) ≥ δ2(2m)
α+1
α

∆( 0Rα(G))
1
α

with equality if and only if G is regular.
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(iii). The following inequalities hold

SDD(G) ≥ 2m2

R1(G)
and SDD(G) ≥ 4m2

0R3(G)
,

where the equality in either of these two inequalities holds if and only

if G = K2.

Theorem 4.17. [60] If T is a non-trivial n-order tree, then

SDD(T ) ≥ n2 − SDD(T )− 2,

with equality if and only if T = Pn, where

SDD(T ) =
∑

uv ̸∈E(T )

(
du
dv

+
dv
du

)
.

Theorem 4.18. [60] For n ≥ 4, if T is an n-order tree of maximum degree

∆, then

SDD(T ) ≥ 2(n− 1)

(
1

∆
+ 2 +

(n− 3)2

2n−∆− 4

)
− n− SDD(T ),

with equality if and only if the degree set of T has at most three elements,

where SDD(T ) is defined in Theorem 4.17.

Theorem 4.19. [58, 59] If G is a connected non-trivial graph, then

SDD(G) ≥
(
SO(G)

)2
R1(G)

with equality if and only if there exists a constant r such that the equation

(du)
−2 + (dv)

−2 = r holds for every edge uv ∈ E(G), where SO is the

Sombor index [38] defined as

SO(G) =
∑

uv∈E(G)

√
(du)2 + (dv)2.

The extended adjacency matrix (introduced in [85]) of a graph G with

the vertex set {v1, v2, · · · , vn} is denoted by Aex(G) and is defined as the
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matrix whose (i, j)-th entry is

1

2

(
dvi
dvj

+
dvi
dvj

)
whenever vivj ∈ E(G) and 0 whenever vivj ̸∈ E(G). Denote by η1(G) and

ηn(G) the largest and the least eigenvalues, respectively, of Aex(G).

Theorem 4.20. [32] If G is an n-order graph, then SDD(G) ≥ n ·ηn(G).

Theorem 4.21. [31] Let G be a connected graph and

k = max

{
1

2

(
du
dv

+
dv
du

)
: uv ∈ E(G)

}
,

then

SDD(G) ≥ (2 η1(G) + k)2 − k2

4k
.

The arithmetic-geometric matrix of a graph G with the vertex set

{v1, v2, · · · , vn} is denoted by AAG(G) and is defined as the matrix whose

(i, j)-th entry is
dvi + dvj
2
√
dvidvj

whenever vivj ∈ E(G) and 0 whenever vivj ̸∈ E(G). The sum of the

absolute eigenvalues of AAG(G) is known as the arithmetic-geometric of

G, which is denoted by EAG. The next lower bound is obtained from an

inequality reported in [19] that was derived by using a slightly different

definition of the SDD index.

Theorem 4.22. [19] If G is an n-order graph of size m ≥ 1 and minimum

degree at least 1, then

SDD(G) ≥ 2

(
(EAG(G))

2

n
−m

)
.

Additional lower bounds on the SDD index can be found in [56,61,63,

73] as well as from the inequalities, involving SDD index, reported in [52].

Lower bounds on the SDD index of the graphs generated by applying some

operations on graphs can be found in [54,61,62,69].
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4.2 Upper Bounds

We start this section by listing a simple but notable upper bound on the

SDD index established in [79].

Theorem 4.23. [79] If G is a non-trivial n-order graph of maximum

degree ∆, then the inequality SDD(G) ≤ n∆ holds with equality if and

only if G is δ-regular.

The bound given in the next result was first reported in [35] without

the characterization of the graphs attaining this bound.

Theorem 4.24. [54] If G is a connected graph of size m, minimum degree

δ and maximum degree ∆, then

SDD(G) ≤ m

(
δ

∆
+

∆

δ

)
,

with equality if and only if G is either a regular graph or a semiregular

bipartite graph.

The next result is a notable corollary of Theorem 4.24.

Corollary 4.25. [54] If G is a connected n-order graph of size m, then

SDD(G) ≤ m

(
1

n− 1
+ n− 1

)
,

with equality if and only if G = Kn−1,1.

Theorem 4.26. [35] If G is a connected graph with size m, minimum

non-pendent vertex degree δ1, number of pendent vertices p and maximum

degree ∆, then

SDD(G) ≤ p

(
∆+

1

∆

)
+ (m− p)

(
∆

δ1
+

δ1
∆

)
,

with equality if and only if G is any of the following graphs:

(i) a regular graph,

(ii) a graph having the degree set {1,∆} such that at least one end-vertex

of every edge of G has degree ∆,
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(iii) a graph having the degree set {1, δ1,∆} such that exactly one end-

vertex of every edge of G has degree ∆.

We remark here that the graphs attaining the bound given in Theorem

4.26 were not fully characterized in [35]; the same case is with the next

result, however we are stating the next result without any changes and

leaving to readers the exercise of characterizing graphs (in the following

result).

Theorem 4.27. [35] If G is a connected graph with order n, size m,

number of pendent vertices p, maximum degree ∆, hyper Zagreb index HZ

and minimum non-pendent vertex degree δ1, then

SDD(G) ≤ HZ − p(δ1 + 1)2

δ21
+ p

(
∆+

1

∆

)
− 2(m− p),

where the equality is attained if G is either a regular or star graph.

Theorem 4.28. [35] If G is a connected n-order graph of minimum de-

gree δ and maximum degree ∆ such that the complement G of G is also

connected, then

SDD(G) ≤
(
n

2

)(
k +

1

k

)
− SDD(G),

with equality if and only if G is regular, where

k = max

{
∆

δ
,
∆

δ

}
;

while δ and ∆ are the minimum and maximum degrees, respectively, of G.

Theorem 4.29. [28] Let G be a graph having size m ≥ 1.

(i). It holds that SDD(G) ≤ 0R2(G) and SDD(G) ≤ 0R3(G) where the

equality in any of these two inequalities holds if and only if the max-

imum degree of G is 1.

(ii). If G is connected having order n such that 4m ≥ 5(n − 1), then

SDD(G) < R1(G).
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(iii). Let G be connected and its minimum degree is at least 8. If the

inequality du ≤ dv ≤
√
2 du holds for every edge uv ∈ (G), then

SDD(G) < ISI(G).

(iv). If the minimum degree of G is δ ≥ 1, then

SDD(G) ≤ σ(G)

δ2
+ 2m. (3)

If G is connected then the equality in (3) holds if and only if G is

regular.

Theorem 4.30. [65] If G is an n-order graph of size m, then

SDD(G) ≤ 2m
(0
R−1(G) + 1

)
− n2,

with equality if and only if du = dv for every uv ̸∈ E(G). Also, it holds

that

SDD(G) ≤ 2m

(
Kf(G) + n

n− 1

)
− n2,

with equality if G is either complete or complete bipartite, where Kf(G)

is the Kirchhoff index of G (see for example [66]).

In [66], it was indicated that the equality in the second inequality of

Theorem 4.30 holds also for the graphs K−
n and K−−

n for n ≥ 5, where K−
n

is the graph obtained from the complete graph Kn by removing an edge

andK−−
n is the graph deduced also fromKn by removing two non-adjacent

edges.

Theorem 4.31. [54] If G is a connected graph of maximum degree ∆,

then SDD(G) ≤ ∆2 · 0R−1(G), with equality if and only if G is regular.

Theorem 4.32. [65] If G is an n-order graph of size m, minimum degree

δ and maximum degree ∆, then

SDD(G) ≤ 2m

[(
n− 2m

n
− 1

)(
1

δ
− 1

∆

)
+ 1

]
with equality if G is regular.
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Recall the definition of the extended adjacency matrix Aex(G) of a

graph G given in the previous subsection. The sum of the absolute eigen-

values of Aex(G) is known as the extended energy of G, which is denoted

by Eex(G). Recall also that η1(G) and ηn(G) denote the largest and least

eigenvalues, respectively, of Aex(G).

Theorem 4.33. [52] If G is an n-order graph of size at least one, then

SDD(G) ≤ n ·η1(G) with equality if and only if G is regular. Also, it holds

that

SDD(G) ≤ n

2
Eex(G)

with equality if and only if G is either the complete graph Kn or the com-

plete bipartite graph Kn/2,n/2.

The first bound on the SDD index given in Theorem 4.33 was obtained

also in [31,32] independently.

Theorem 4.34. [31] If G is an n-order graph of size at least one, then

SDD(G) ≤ −n(n− 1) · ηn(G)

and equality holds if and only if G is the complete graph.

Theorem 4.35. [33] If T is an n-order tree with maximum degree ∆

number of pendent vertices p, then

SDD(T ) ≤ (n− 1)∆2 + p

2

Theorem 4.36. [33] If G is a graph with size m ≥ 1, minimum degree δ

and maximum degree ∆ edges, then

SDD(G) ≤

(√
δ
∆ + ∆

δ +
√
2

)2 (
AG(G)

)2
√
2m
√

δ
∆ + ∆

δ

− 2m.

Theorem 4.37. [20] Let G be a graph of size m ≥ 1, maximum degree ∆
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and minimum degree δ. Then

SDD(G) ≤ (a1+a2)

√
(m− 1)0R2(G) +m (Π∗

1(G))
1/m−2m−a1a2ISI(G),

with equality if and only if G is regular, where

a1 =

√
8

∆
, a2 =

√
∆

δ2
+

1

∆
+

6

δ
.

However, if G connected and m ≥ 2, then

SDD(G) ≤ m

(√∆

δ
+

√
δ

∆

)2

− 2

 .

Theorem 4.38. [20] If G is a connected graph with size m ≥ 2, then

SDD(G) ≤ 4(AG(G))2 − m(m− 1) (Π∗
1(G))

2
m

(Π2(G))
1
m

− 2m. (4)

If the following equation holds for every pair of edges vivj , vkvℓ ∈ E(G)

then the equality in (4) holds:

dvi
dvj

+
dvj
dvi

=
dvk
dvℓ

+
dvℓ
dvk

.

Theorem 4.39. [20] Let G be a non-trivial connected n-order graph of

size m, minimum edge degree δe and maximum edge degree ∆e. Then

SDD(G) ≤ n2R1(G)

4m2

(∆e + δe + 4)
2

(∆e + 2)(δe + 2)
− 2m

and

SDD(G) ≤ n (δe +∆e + 4)− m2(δe + 2)(∆e + 2)

R1(G)
− 2m,

where the equality in either of these two inequalities holds if and only if G

is regular or semiregular bipartite. Also,

SDD(G) ≤ n2

4R−1(G)

(∆e + δe + 4)
2

(∆e + 2)(δe + 2)
− 2m,
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with equality holding if and only if G is a regular graph or a semiregular

bipartite graph, or ∆e ̸= δe provided that du + dv − 2 ∈ {∆e, δe} for every

edge uv ∈ E(G) with

(∆e + 2)
∑

uv∈E(G); du+dv−2=∆e

1

dudv
= (δe + 2)

∑
uv∈E(G); du+dv−2=δe

1

dudv
.

Moreover,

SDD(G) ≤ n (δe +∆e + 4)− (δe + 2)(∆e + 2)R−1(G)− 2m

with equality if and only if G is regular or semiregular bipartite, or ∆e ̸= δe

provided that du + dv − 2 ∈ {∆e, δe} for every edge uv ∈ E(G). Further-

more, if S is a subset of E(G) which minimizes the expression∣∣∣∣∣∑
uv∈S

1

dudv
− 1

2
R−1(G)

∣∣∣∣∣
and if m ≥ 2, then

SDD(G) ≤ n2

R−1(G)
− 2m+ (∆e − δe)

2
α(S)R−1(G)

and

SDD(G) ≤ n2

R−1(G)
− 2m+

(∆e − δe)
2
R−1(G)

4
,

with equality holding in either of these two inequalities if and only if G is

regular or semiregular bipartite, where

α(S) =

∑
uv∈S

1
dudv

R−1(G)

(
1−

∑
uv∈S

1
dudv

R−1(G)

)
.

Theorem 4.40. [60] If T is a non-trivial n-order tree, then

SDD(T ) ≤ 2n2 − 5n− SDD(T ) + 4,

with equality if and only if T = Kn−1,1, where SDD(T ) is defined in

Theorem 4.17.
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Theorem 4.41. [60] If T is a non-trivial n-order tree of maximum degree

∆, then

SDD(T ) ≤ 2(n− 1)

(
n− n− 2

∆

)
− n− SDD(T ).

with equality if and only if the degree set of T has at most two elements,

where SDD(T ) is defined in Theorem 4.17.

Theorem 4.42. [72] If G is a connected non-trivial graph of size m, then

SDD(G) ≤
√(

0R3(G)− 2R1(G)
)(

0R−1(G)− 2R−1(G)
)
− 2m.

with equality if and only if G is either regular or semiregular bipartite.

Additional upper bounds on the SDD index can be found in [12,56,61,

63, 73]. Several upper bounds on the SDD index of the graphs generated

by applying different operations on graphs can be found in [36,54,61,62].

5 Open Problems

Although various open problems can be posed concerning the SDD index,

we mention here some of them related to existing results. In addition to

Problems 1–4 and Conjecture 2 mentioned in Section 3, we propose here

the following open problems.

Problem 5. Characterize graphs having the maximum SDD index among

all n-order molecular graphs for n ≥ 6.

Note that Corollary 3.20 gives a solution to the minimal version of

Problem 5 for the case when the minimum degree is at least 2.

The next problem can be considered as a variant of Problem 1.

Problem 6. Characterize graphs attaining the minimum and maximum

values of the SDD index among all n-order molecular k-cyclic graphs (es-

pecially, molecular trees) with a given

(i) domination number,

(ii) number of segments, or

(iii) diameter (and hence radius).
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The next problem can be considered as a variant of Problem 2.

Problem 7. Characterize graphs attaining the maximum SDD index

among all n-order molecular k-cyclic graphs with a given number of pen-

dent vertices for k ≥ 1.

We end this article with the remark that the minimal version of Prob-

lem 7 was attacked in [24].
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[57] A. Miličević, S. Nikolić, On variable Zagreb indices, Croat. Chem.
Acta 77 (2004) 97–101.
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with minimum and maximum zeroth-order general Randić index”,
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