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Abstract

The Sombor index of a simple graph G is defined as SO(G) =
ZweE(G) Vd2 + d2, where d,, is the degree of the vertex w. In this
paper we study the mean value of the Sombor index of graphs. Let
Frn be the set of all labeled graphs on n vertices vi,...,v,. We
obtain some explicit formulas for 3 ;. > SO(G). As a consequence

we find that for large enough n, 3, SO(G) ~ (\/5)”2

1 Introduction

Throughout this paper the graphs are simple. Let G be a graph with vertex
set V(G) and edge set E(G). The cardinality of V(G) is called the order of
G. By e = uv we mean the edge e with end points u and v. The degree of
v € V(@), denoted by d,(G) (for short d,), is the number of neighbors of
v in G. By a pendent vertex we mean a vertex with only one neighboring,
and a pendent edge is an edge with at least one pendent end points. If
every vertex of a graph has degree r, then is called r-regular. By §(G) and
A(G) we mean the minimum and the maximum degree of vertices of G,
respectively. The chromatic number of G is denoted by x(G). A unicyclic
graph is a graph that has exactly one cycle. The complete graph, the empty
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graph, the path and the cycle of order n are indicated by K,,, K,,, P, and
C,,, respectively. The complete bipartite graph with section sizes r and s is
indicated by K, s. By the star of order n we mean the complete bipartite
graph Ki 1.

In chemical graph theory, numerous topological indices have been in-
troduced. Some of well known of them are Zagreb indices. For a simple
graph G the first Zagreb index and the second Zagreb index of GG, denoted
by Z1(G) and Z3(G), are defined respectively as

Z1(GQ) = Z (dy +dy) = Z d?}a

w€EE(G) veV(G)

and
Zy(G) = Y dud,.
weE(G)
One of the newest and interesting of graph indices is nominated Sombor
index. This index recommended in [9] by Gutman recently. The Sombor
index of a graph G, denoted by SO(G), is

SOG) = Y d+d.

uwweE(G)

For example, since K, is an (n — 1)-regular graph, we find that for every
n, SO(K,) = "2 12,

There are numerous papers regarding the Sombor index and character-
izing the graphs with special Sombor index. Studying the Sombor index
of trees, unicyclic and bicyclic graphs is one of the attractive problem.
Computing the Sombor index of special families of graphs also has done.
There are aslo some results about the integrality of Sombor index of graphs,
see [7], [14] and [15] for instance. To see other achievements on Sombor
index we refer to [1]- [19] and the references therein.

Another interesting problem about graph indices is studying the mean
value (also called average, arithmetic mean or arithmetic average) of an
index. In this paper we study the mean value of the Sombor index. We

find some explicit formulas for >~ SO(G) where the summation is taken
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over all labeled graphs on fixed number of vertices. As a consequence we
find that for large enough n, > SO(G) ~ (\/5)"2, where the summation is

taken over all labeled graphs on n vertices v1,...,v,.

2 Sombor index

For every n, by F,, we mean the set of all labeled graphs on n vertices
v1,...,U,. In particular, by F’',, we mean the set of all labeled graphs
on n vertices vy, ...,v, that have at least one edge. We note that the
cardinality of F,, is 2(5) and the cardinality of F',, is 2(5) 1. In this
section we study the average of Sombor index among all graphs of F,, and
F'... More precisely we investigate the values of

_ Soer, SOG)  Seer, SO(G)

G , and ©) = ==~ (1)

O, : ™
2(2) —1

We note that SO(K,) = 0, thus Y » SO(G) = Y e r, SO(G). For

example

2 2
01=0.0,= 12 0, = 2O

and
 144v/2 + 485 + 244/10 + 48V/13
= o .

Remark 1. Let m > 0 be an integer. Since Y. (") = 2™ (by binomial

)

Oy

expansion), we obtain that
SO -EENE) - o

Lemma 1. For every integer m > 0,

> (1 )k =m2r, )

k=0



736

and

~—

SOy

r,s=0

Proof. Let f(z) = (T)z +2(%)x* +--- +m()z™. Hence

m

() G (e

where ’ denotes the derivative with respect to . On the other hand by
binomial expansion (7)z+ (5)x?+- -+ (I)a™ = (x4 1)™ — 1. Therefore
fm(x) = ma(xr + 1)™1. Now by considering f,,(1) the Equation (3)

follows. For the second part, note that

3 ()= S NE )

Using Equation (3) and the binomial expansion, the Equation (4) follows.
|

Theorem 1. For every integer n > 2,

2 s00- (3 () o

GeFn 1<i,j<n—1

Proof. Since SO(K,,) = 0, it is enough to find },c  SO(G). The num-
ber of graphs, say H, in F',, such that v,vs (r # s) is an edge of H such
that degp (v,) =i and degp (vs) = j is

S

It it worthy to mention that in (6), the number of ways for selecting the

neighbors of v, except vy is (’:__12) Similarly the number of ways for

n—2
2

selecting the neighbors of v, except v, is (?:12) In addition, we have 2("2%)

cases for other edges of H. Thus +/%2 + j2 appears 2("2%) (”_2) ("_2) times

i—1) i1
in EGGF" SO(G). On the other hand the cases to consider the edge v,vs
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is (%), in addition ¢ and j can be any number between 1 and n — 1. This

completes the proof. |
Now we find some bounds for } ;. SO(G) in terms of n.

Theorem 2. For every integer n > 2,
n (n\_(r nn\ _(»
2 (")26) < ¥ so@ <( )2(2). 7
2\/§<2) *G; @=3\ v

Moreover, in the left hand side the equality holds if and only if n = 2, and
in the other side the equality does not happen.

Proof. One can see that for every two non-negative integers ¢ and j,

i+ - - . .
Zﬁjgx/z2+g2§z+g. (8)

Moreover, in the left hand side the equality holds if and only if ¢ = j while

in the other side the equality holds if and only if ¢ = 0 or j = 0. Let

_ e, S0(6)
(20"

2

Thus by Theorem 1 we find that

2 1) s 2 )i,
1Sivﬁ'§"—1(l_1 i1 V2 1<i,j<n—1 i—1/\j—1
(9)

In addition, in the left hand side the equality holds if and only if n = 2
while in the other side the equality does not happen. Using Equations (2)
and (4) we can compute the both sides of Equation (9) and obtain that

1
—n22rt < Q,, < n2?" 4, (10)

V2
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In other words,

(G
Laer, 30(G) < p22n4, (11)

22n 4 < —
vz ()20
This completes the proof. |

Now as a consequence of the previous results, we obtain one of the

main results of the paper.

Theorem 3. For large enough n,

3 so@) = (v (12)

GeEFn

More precisely,

Z SO(G) — V2, as n — +oo. (13)

GeF,

Proof. Using Theorem 2 we find that

n*(n—1)2" 7 < Y SO(G) <nP(n—1)2" 7. (14)
GEFTL
Hence
an < w2[ > SO(G) < by, (15)
GeEFn
where 2
— B )2 e

and

n?2—n—4a

by, = "/n2(n—1)2

It is not hard to check that

lim a, = lim b, = V2.

n—-+o00 n—-+
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Thus by the sandwich theorem we find that

dim w2l Y SO(G) = V2.
GEeFp

The proof is complete. |

Using Theorem 2 we obtain some bounds for the mean value (arithmetic
average) of the Sombor index of graphs in terms of the number of vertices,
see (1).

Theorem 4. For every integer n > 3,

o (”) < Zoen, 309 (") (16)
2v/2\2 2(3) 2\2
In other words,
3_ .2 SO(G 3_ .2
P" ce,= ZGGHH ©) nion? (17)
4\/5 2(2) 4

Acknowledgment: The author is grateful to the referee for her/his com-
ments.

References

[1] R. Cruz, J. Rada, Extremal values of the Sombor index in unicyclic
and bicyclic graphs, J. Math. Chem. 59 (2021) 1098-1116.

[2] R. Cruz, I. Gutman, J. Rada, Sombor index of chemical graphs, Appl.
Math. Comput. 399 (2021) #126018.

[3] R. Cruz, J. Rada, J. Sigarreta, Sombor index of trees with at most
three branch vertices, Appl. Math. Comput. 409 (2021) #126414.

[4] K. C. Das, A. S. Cevik, I. N. Cangul, Y. Shang, On Sombor index,
Symmetry 13 (2021) #140.

[5] K. C. Das, I. Gutman, On Sombor index of trees, Appl. Math. Com-
put. 412 (2022) #126575.



740

[6]

[7]

H. Deng, Z. Tang, R. Wu, Molecular trees with extremal values of
Sombor indices, Int. J. Quantum Chem. 121 (2021) #26622.

T. Dosli¢ , T. Réti, A. Ali, On the structure of graphs with integer
Sombor indices, Discr. Math. Lett. 7 (2021) 1-4.

S. Filipovski, Relations between Sombor index and some topological
indices, Iran. J. Math. Chem. 12 (2021) 19-26.

I. Gutman, Geometric approach to degree—based topological indices:
Sombor indices, MATCH Commun. Math. Comput. Chem. 86 (2021)
11-16.

I. Gutman, Some basic properties of Sombor indices, Open J. Discr.
Appl. Math. 4 (2021) 1-3.

B. Horoldagva, C. Xu, On Sombor index of graphs, MATCH Com-
mun. Math. Comput. Chem. 86 (2021) 703-713.

V. R. Kulli, I. Gutman, Computation of Sombor indices of certain
networks, SSRG Int. J. Appl. Chem. 8 (2021) 1-5.

S. Li, Z. Wang, M. Zhang, On the extremal Sombor index of trees
with a given diameter, Appl. Math. Comput. 416 (2022) #126731.

M.R. Oboudi, Non-semiregular bipartite graphs with integer Sombor
index, Discrete Math. Lett. 8 (2022) 38—40.

M. R. Oboudi, On graphs with integer Sombor index, J. Appl. Math.
Comput., in press, doi: 10.1007/s12190-022-01778-z.

T. Réti, T. Dosli¢, A. Ali, On the Sombor index of graphs, Contrib.
Math. 3 (2021) 11-18.

J. Rada, J. M. Rodriguez, J. M. Sigarreta, General properties on
Sombor indices, Discr. Appl. Math. 299 (2021) 87-97.

Z. Wang, Y. Mao, Y. Li, B. Furtula, On relations between Sombor
and other degree—based indices, J. Appl. Math. Comput. 68 (2022)
1-17.

T. Zhou, Z. Lin, L. Miao, The Sombor index of trees and unicyclic
graphs with given maximum degree, Discr. Math. Lett. 7 (2021) 24—
29.



	Introduction
	Sombor index

