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Abstract

We define a general unary graph operation and give several ap-
plications of these operation in this paper. The adjacency matrix
and the complete spectrum of the derived graphs are determined.
Different methods for generating sequences of orderenergetic graphs
from known orderenergetic graphs are described. Several meth-
ods are described for generating orderenergetic graphs from non-
orderenergetic graphs. Methods for generating new families of inte-
gral graphs using this new operation are also discussed. It is also
possible to generate infinite sequences of pair of equienergetic and
non-cospectral graphs using this graph operation.

1 Introduction

Let G = (V,E) be a graph on n vertices and e edges and A denotes
the adjacency matrix of this graph. The characteristic polynomial of the
graph G is the characterestic polynomial of the adjacency matrix Ag and is

denoted by fo(A). Suppose that the eigenvalues of Ag are Aj, Ag, -+, Ap.
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Then the energy of this graph [8] is defined to be the sum of the absolute

value of the eigenvalues and is denoted by

n

&a = Z [ Ail - (1)
i=1
The energy of graphs are having applications in chemical graph theory and
it can be used to approximate the total m-electron energy of a molecule
[9,12,15].

Comparing the order of the graphs and their energies, graphs can be
grouped into different classes. An orderenergetic graph is recently defined
in [1]. A graph G with order n is said to be an orderenergetic graph if £ =
n. If &g < n, then such a graph is called hypoenergetic graph [9]. A graph
is said to be hyperenergetic graph [7] if E¢ > 2n—2. The class of graphs for
which £g = 2n — 2 are called borderenergetic graphs [4]. If two graphs G
and G’ are having equal energy, then such graphs are called equienergetic
graphs [14]. Non-cospectral equienergetic graphs are graphs with same
energy but with different spectra. A graph is said to be an integral graph
if all of its eigenvalues are integers [10]. Construction and classification of
all these kinds of graphs and their applications can be found in [2,3,6,9,12]
and references therein. But, the study of orderenergetic graphs are in their
initial stage and certain methods for constructing such graphs can be found
in [1,11]. An integral energy graph is defined as a graph whose energy is
an integer. All integral graphs are clearly integral energy graphs, but not
conversely. Orderenergetic graphs and borderenergetic graphs are always
integral energy graphs.

It is shown that the families of complete bipartite graphs K, ;, and com-
plete tripartite graphs Kp, , ¢, are orderenergetic graphs [1], where p is any
positive integer. They have also shown that the connected graphs obtained
by taking the direct product of any two orderenergetic graphs with orders
m and n, one of which is a non-bipartite graph, will be also a connected or-
derenergetic graph with order mn. Methods for constructing two different
sequences of orderenergetic graphs from a given orderenergetic graph are
given in [11]. Another method for generating orderenergetic graphs from

non-orderenergetic graphs is also given in [11]. In this paper we present
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several new methods for generating orderenergetic graphs, integral graphs,
integral energy graphs and equienergetic graphs.

In the next section a general unary graph operation is defined. This
is used to generate families of new graphs from a given seed graph. The
adjacency spectrum of the generated graph is computed in terms of the
seed graph and is given in the third section. Several special cases of this
graph operation is discussed in the fourth section. In each of these cases it
s possible to generate new sequences of integral graphs and integral energy
graphs. The main application of this graph operation is the construction of
new sequences of orderenergetic graphs form given orderenergetic graphs

and non-orderenergetic graphs.

2 A generalized unary graph operation

Let G = (Vg, Eg) be a graph with order n and number of edges e. Let
the vertex set Vg = {1,2,3,--- ,n}. Given any two positive integers p =
p1+p2+p3 and ¢ = q1 + g2 + g3, where p;’s and ¢;’s non-negative integers,
a new graph H = (Vg, Fpy) is constructed from the given graph G as

follows.

1. The vertex set of H is
Vi ={uij/1<i<p,1<j<n}U{vn/l <k<q1<1<n}.

2. The edges in H are obtained as follows. Let (j,k) is an edge in G,
then,

e the edges (u;j, uix) € Ep for all 1 <i < py + po,
e the edges (v;j,vi) € Ep for all 1 <i < gy + g2,
o the edges (u;j,wx) € Eg forall 1 <i<pq, 1 <1<pq,l#1,

e the edges

'Uij7vlk) EEH ffor alllgzgql, 1 Slgql,l#z,
o the edges (u;j,vx) € Eg forall1 <[ <gq,1<1i<p,

(
(
(
(
(
(

o the edges (ui,vy;) € Eg forall 1 <1<gq, 1<i<p.

The total number of vertices in the derived graph H will be n(p 4 ¢) and

the total number of edges will be e(2pq + p? + ¢ + p2 + g2). This graph

G(QI7Q2aQS)

constructed from the graph G is denoted by the symbol H = (Propaps)”
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The above unary graph operation is illustrated in some examples. The
graph H constructed from the complete graph on two vertices Ky with
p1=p2=¢q = q2 =1 and p3 = g3 = 0 is the first graph in figure 1. The
graph H constructed from Ko with p1 = ¢ =1,ps =3, p3=q1 =¢q3 =0
is the second graph shown in figure 1. The third and fourth graphs given
in figure 1 are obtained from Ky with p; = ps = p3s =q1 = ¢2 = g3 = 1 and
p1 = 1,p2 = q3 = 2,p3 = g1 = g2 = 0 respectively. Graphs constructed
from the path graph Ps with edges (1,2) and (1, 3) are shown in figure 2.
First graph is obtained by taking p1 = ps = ¢ = 1,p3 = ¢2 = ¢q3 = 0 and
second graph is obtained by taking p1 = q¢1 = 1,p2 = 2,p3 =¢2 = q3 = 0.

(1,2,8
Goe)2

Figure 1. Graphs constructed from the graph G = K3, using the graph
operation defined in section 2. The first graph is obtained
from G with p1 = p2 = q1 = g2 = 1 and p3 = g3 = 0,
second graph is obtained from G with p; = g2 = 1,p2 =
3,p3 = q1 = g3 = 0, third graph is obtained from G with
p1 = p2 = p3 = q1 = g2 = g3 = 1 and the fourth graph is
obtained form G with p1 = 1,p2 =¢3 =2,p3 =q1 =¢2 =0.
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Figure 2. Graphs constructed from the path graph G = P3, using the
graph operation defined in section 2. The first graph is ob-
tained from P3 with p1 = p2 = ¢1 = 1,p3 = g2 = g3 =0
and the second graph is obtained from P3 with p1 = q1 =
1,p2 =2,p3 =q2=¢3=0.

_ ~(q1,q2,93)
3 Spectrum of the graph H = G(pl,p2,p3)

We find out the spectrum of the graph H = GEZ?’?;";‘?) constructed from

the graph G using the operation defined in the previous section. The
spectrum of the derived graph is to be expressed in terms of the spectrum

of the given graph G. After a careful examination of the graph operation
G\91-92:43)

defined, we find that the adjacency matrix of the graph H = (01 prps) is

given by the following Kronecker product

Ay = JI=0) @ Ag, (2)

P1,P2,P3)

where Ag is the adjacency matrix of the graph G and JLa2:3) o o square

(p1.p2,p3)
matrix of order p 4+ ¢, whose block matrix representation is given by

(91,92,93) C Jpq]
J - . (3)
(p1,p2,p3) [Jqp D



670

Here C and D are again block matrices of order p and g respectively and

are given by given by

Jpy 0 0
C=|0 I, 0 (4)
0 0 Op
and
Jo 0 0
D=|0 1, 0]. (5)
0 0 0

Here, J,,, represents the all one matrix of order m x n, J,, represents
the all one square matrix of order m, I,,, represents the identity matrix of
order m, 0,, represents a square zero matrix of order m and all other 0’s
represents zero matrices of compatible orders.

We state some known results from theory of matrices as lemmas, which

are needed to prove the main theorem [5,13].

Lemma 1. If A and D are square matrices(need not be same order) and
B and C' are matrices with compatible orders, then the determinant of the

following block matriz is given by

Det lA B] = Det (D) Det (A— BD™'C)
C D
= Det (A) Det (D — CA™'B).

provided D™ or A™exists.

Lemma 2. A block diagonal matrix

A, 0 0 ... 0
0 A, 0 .. 0
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is inwertible if and only if each of its main-diagonal blocks A; are invertible,

and in this case its inverse is given by the block diagonal matriz

477 0 0 .. 0
0 Ayl 0 0
ATl = (8)
L0 0 0 .. A
Also we have
det(A) = det(Ay)det(Az) - - - det(Ayg). (9)

Lemma 3. Let A be an r*" order square matriz with eigenvalues {a;},1 <
i <7 and B be an s'* order square matriz with eigenvalues {3;},1 <i < s,
then the eigenvalues of the square matrix A ® B of order rs is given by
all possible products {o;3;}, for 1 <i <r and 1 < j < s, which is rs in

number.

Lemma 4. If B = [b;;] is a n'" order square matriz, then

JrnBInm = ZH:ZbU I (10)

Lemma 5.
Det (M — Jp) = X1 (A —m). (11)

Lemma 6 (Sherman-Morrison formula). Let A be an n'* order invertible
square matriz and u and v be column vectors of length n. If 1 +vT A=ty #

0, then A+ wv” is invertible and the inverse is given by

A T AL

™l _ 41
(A+w’) =4 [T oTA e

(12)

In addition to above lemmas we need the following new lemmas to

prove the next theorem.
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Lemma 7.
1 1
i AIn — dJn -t = *In T /N . Yn:
@ ( In) Nt sy (13)
(i4) T Mo = )™ T = 5 = —Jin.

Proof. Letting A = A, and u = —v = —1,, in lemma 6, where 1,, is the
length n column vector of 1’s, we get,

(M — Jo) "t = (M + (—1,)170) 7

-1, T -1
_ gy ) LT O
1+17(A,) 7 (-10)
1 2z Jn 14
= I, + 2>~
1 1
) A —
et ooy
Then,
i M = J) ™ T = T D, where T' = 21, 4+~
mn n n nm — JYmn nm, WHere _)\’ﬂ )\()\7771) n
=Y. 7ij | Jm, from lemma 4 and T = [v;]
i=1 j=1
n n?
= (ﬁm_m) o
on
CA=n""
(15)
|
Lemma 8.
I 0
det (a+c) —adp
0 (a+b)Ip—s
(16)

= (a+ b)pis*1 (a+ 0)871
X ((a+c¢)(a+b—ap)+as(c—0b))
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Proof.

det (

(a+ ) 0 ] aJp>
0 (a+b)Ip_s

(CL+C)IS 7a<]5 7at]sp—s
—aJp_ss (@+b)p—s —adp—s

= det

= det _(a +eo)ls—a JS- det| ((a+b)Ip—s —adp_s)

—ady s {(ate)l, —ady) ! JSH}

~

= det _(a +o)l; —a JS_ det | ((@+b)Ip—s —adp_s)

—a (a+cs ) Jp,s], by applying lemma 7
-5

= det _(a +o)l; —a Js- det —(a +b)I,_s — UJp_s] ,

Whereaa(1+as)
a-+c—as

s (a—i—c)Sl (a—l—c ) posa+ P!
=a —s) P ——
a a o

b
X (a to_ (p— s)> , by applying lemma 5
ol

=(a+b" " a+e) " (a+c)(a+b—ap) +as(c—b)),

by applying the value of ¢ and on straightforward simplification.

Now, we prove the following theorem which gives the complete spec-

trum of the matrix J(7%2%)
(p1,p2,P3)

(41,92,93)
(p1,p2,pP3)

plicity p1+p3s+q1+q3—4, one with multiplicity po+q2—2 and o;, 1 < i < 6,
6

Theorem 1. The eigenvalues of the matrix J are zero with multi-

where ;’s are the root of the polynomial p(z) = 2% — asz® + agz* + azx® +
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asx® + a1z — ag with

ao = P1P3q1943;
ar =p1 (p2 +1) 13 + p3q1g3 + p1p3 (g3 + q1 (g2 + 2¢3 + 1)),
az = —p2q1q3 — p3 (g3 +q1 (g2 +2g3 + 1)) —p1 (P2 (g3 + @1 (g2 + g3 + 1))
+p3 (g2 + 293 + q1 (g2 + g3 + 2)) + (192 + 2q193 + q3)
az = p3qz2 +p2qs + 2p3qz + q1 (p2 (g2 + g3 + 1) +p3 (@2 + g3 +2) — 1)
+p1(p2 (@1 + q2 +3) +p3(q1 + g2+ g3)
+q192 + @2 + 193 + 23 — 1),
as =p1(—q2) — P13 —p2 (@1 + 2 +q3) — p3 (@1 + g2 + g3)
+2p1 4 2q1 + 1,
as =p1 +q + 2.

Proof. The characteristic polynomial of J((Ifll’zz’zz)) from equation (3) is
given by
Fa ) = det (Mg = I 3200
A, — —
—det|[Mr 7O TTm (17)
—Jp  M,—D

= det (AL, = C)det( (Mg = D) = Jp (M = €)™ g ).

Now consider

(A, - C)”

- -1
My, — Jp, 0 0

= 0 A-11I,, 0 , by equation (4)
0 0 AL,
(/\Ipl - Jpl)_l 0 0

= 0 (A=1)I,,) " 0 , using lemma 2
i 0 0 (MLp,) ™

(18)
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1 1
XI;D1 + (mel) 0 0
- O )\illp2 O 5 USing lemma 7(1)
0 0 %Im
Hence, by lemma 4,
Jop (M = o) Jpq =Ty, (19)
where ,
D=f ot o + (20)

A AA=p) A-10 A
Then from equation (17),

£r(0) = det()\Ip - C) det( (M, — D) — I‘Jq>. (21)
But, from equation (5),

det((\I, = D) =T,

Mg, — Jg, 0

= det 0 A—11, 0 |-TJ,
0 0 M,
[Bi1 Bia Bz

=det | By Bas Bas|,

where By = M, — (T +1)J,,, Bia = —T'Jy,, = By,
Biz = -TJ, 4, = BY, Byo=(\—1)1,, —TJ,
Bog = —T'Jy,qs = Bly, Baz = M,y —T'J,,.

Byy  Bas By _
' By [312 B13]>7

32 Bass B3,
using lemma 1.

= det (B11) det (




B B B
det 22 2 — = Bl_ll |:Blg BlSi|
B3z Bz B3
[Byy B .
= det —TJytas 0. B T, .
( -332 B33_ q2+q3 1 P11 q1 92+4q3
N 1
= det > - r? ( ) X\ & JC]2+(]3 ’
| Bs2  Bss) +1) &7 —a
using lemma 7(ii)
-B22 323- 2 q1
= det — AJ, ,where A =" —«———
( | Bs2  Bss q2+q3> A-—T+1Daq
— det [(/\-1)[,12 - (F+A)qu _(F+A)JQ2QS ‘|
_(F + A)JQS q2 >‘Iqe, - (F + A)an
(A—1)1,, 0
= det —(T'+ A)J
( [ 0 >\Iq3 ( ) q2+4qs

=(@+b)" " (a+)? " ((a+c)(a+b—alg+q3)) +ag(c—b)),
using lemma 8, wherea =T+ A, b=A—(T+A), c=A-1)—- (T +A4)
(23)

Substituting this in equation (22) we get,

det((\I, — D) =T, )
=det (B11) (a+b)® " (a+c)?7!
X ((a+c)(a+b—alge+g3))+ ag(c—10))

T " A ) @t nE @ g
I'+1 I'+1

X ((a+¢)(a+b—alga +g3)) + aga(c — b)),

using lemma 5 for the matrix Bi;.
(24)
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Now,
det (M, — C)
My, — Jp, 0 0
= det 0 (A\=1)I,, 0 |, by equation (4) o5
0 0 A, (25)

= det (M, — Jp, ) det (A — 1) I,,) det (AI,,) , using lemma 2
= \PFPaml (N —py) (A — 1)P? | using lemma 5.

Substituting the values from equations (24) and (25) in equation (21) and
after a lengthy but straight forward simplification, we get,

f]()\) — )\P1+P3+Q1+Q3—4(>\ _ 1)P2+Q2—2
(26)
X ()\6 — a5/\5 + a4/\4 + a3)\3 + ag)\2 + a1\ — CL())

where

ao = p1p3qiqs, as =p1+q +2,
ar =p1 (p2 +1) q1q3 + p3q1g3 + p1p3 (g3 + q1 (g2 + 293 + 1)),
az = —p2q1q3 — p3 (g3 + q1 (g2 +2g3 + 1)) = p1 (P2 (g3 + q1 (g2 + g3 + 1))
+p3 (g2 + 293 +q1 (g2 + g3+ 2)) + q1¢2 + 213 + ¢3) »

az = p3q2 + p2q3 + 2p3q3 + q1 (P2 (g2 + g3 + 1) + p3 (g2 + g3 +2) — 1)

+p1 (P2 (@1 + g2 + q3) + p3 (@1 + g2 + g3)

+¢192 + ¢2 + q193 +2g3 — 1),
as =p1(—q2) — 193 — p2 (@1 + g2 + q3) — p3 (@1 + g2 + q3)
+2p1 + 2q1 + 1.

J(th’lIz,qLo,)

(p1.92.05) is obtained as stated in the theorem. [ ]

So, the spectrum of

Theorem 2. If G is a graph of order n whose non-zero eigenvalues are
given by {\;},1 < i <r, for some r < n, then the non-zero eigenvalues
of the graph H = GEZ;ZZ’;Z)) are gwen by {\;},1 < i < r, each with
multiplicity ps + g2 — 2 and {N\a;},1 < i <11 < j <6, which are 6r

in number and a; are the roots of the sizth degree polynomial given in the
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statement of theorem 1.

(q1,92,93)

Proof. The adjacency matrix of the graph H = G(p1 paps) 1S

11}{ — L[(Q17qz7¢Z3) ® /4(;.

~ “(p1,p2:p3)

So, the theorem follows from lemma 3 and theorem 1. |

4 Applications of the new graph operation

We discuss several simple but significant special cases of the generalized

(91,92,93)
(p1,p2,p3)

this section. We prove different methods for generating new orderenergetic

unary graph operation G and their properties and applications in
graphs from known orderenergetic graphs and non-orderenergetic graphs.
We also give different ways of generating integral graphs from known in-

tegral graphs.

4.0.1 Casel

Let po = s, q3 =t and p; = p3 = ¢1 = ¢ = 0. Then the characteristic

polynomial of J((g ’3’8 is obtained from equation (26) as

frA) = (A= 1) I (N = 1)\ — st) (27)

Then the eigenvalues of J((g ’S’S; are 1 with multiplicity s — 1, 0 with mul-

tiplicity ¢ — 1 and % (1 + 4st + 1) with multiplicity one. Using these

(0,0,t)
(;(O,S,O)

theorem 2. This gives an efficient way for generating integral graphs from

eigenvalues, we can easily find eigenvalues of the graph H = from
known integral graphs and a new method for generating orderenergetic
graphs. In what follows we define x and y are complementary factors of a

positive integer z if z = xy.

Theorem 3. Let G is an integral graph of order n. If r is positive integer
such that s and t are any pair of complementary factors of r? + 3r + 2,
then the graph H = GESZS:S)) is also an integral graph. Moreover, if the
given graph G is an orderenergetic graph and T is an even integer, then

the graph H is also orderenergetic.
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Proof. Let G is a graph of order n. If s and ¢ are as stated in the theorem,
(0,0,t)
(0,5,0)

with multiplicity ¢ — 1 and —(1 + r) and 2 4 r each with multiplicity one.
Then by theorem 2, the eigenvalues of the graph H are —(r+1)A;, (24+7)\;,

then the eigenvalues of the matrix J, are 1 with multiplicity s — 1, 0

each \; with multiplicity s — 1 and 0 with multiplicity n(t — 1), where \;
are the n eigenvalues of the graph G. Hence the graph H is an integral
graph.

The energy of the graph H can be computed as

Eu=0+7réc+ 2+7r)éc+ (s— 1&g

28
=(s+2r+2)&. @)

Suppose the given graph G is an orderenergetic graph so that & = n.
Now we derive the condition for the graph H to be orderenergetic. The
order of this graph is n(s +t). If H is orderenergetic, then form equation
(28) we get

n(s+1t)=(s+2r+2) = (s+ 2r + 2)n. (29)

So, the graph H is orderenergetic if s +t = (s + 2r 4+ 2). This gives the
condition ¢t = 2r + 2. Then s = (r + 2)/2, as s and ¢ are complementary
factors of 2 4+ 3r + 2. Since s is always an integer, it follows that r = 2k
for some positive integer k. So the necessary condition for the graph H to
be orderenergetic graph is that s = k+ 1 and ¢t = 4k + 2 for some positive
integer k. ]

The following result easily follows from the above theorem.

Corollary 1. Let G is an orderenergetic graph. Then the graph H =

Ggg’g’ﬂcg?) is always an orderenergetic graph for any positive integer k.

It is also possible to generate several new orderenergetic graphs from
non-orderenergetic graphs in certain special cases using the unary opera-

tion.

Corollary 2. Let G is a graph of order n with energy E¢ = m is an integer.
If there exist positive integers s and t such that (s + 2r + 2)m = n(t + s)
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where st = r% 4 3r + 2, then the graph H = GES:S:S)) is an orderenergetic

graph.

Proof. The proof follows from the equation (28) and the fact that the order
of the graph H is n(s +t). |

We illustrate this type of construction of orderenergetic graphs from
non-orderenergetic graphs. Consider the graph G on five vertices given in
figure 3. The energy of this graph is 6. Let s = 2, t = 10 and r = 3.
Then the conditions in corollary 2 are satisfied and the generated graph
H = Gggzg:é?) is orderenergetic. For further examples, consider the six
graphs on 10 vertices given in figure 4, each with energy 12. From each
of these non-orderenergetic graphs we can generate orderenergetic graphs
using corollary 2 with s =2, ¢t =10 and r = 3.

It is also possible to generate sequences of orderenergetic graphs using
a non-orderenergetic graph as a seed graph. Let G} be the graph whose
adjacent matrix is Ji ® Ag, for any positive integer k and G is as given
in figure 3. Then, it is easy to see that G is a graph on 5k vertices
with energy 6k. Then the conditions in corollary 2 are satisfied and it
follows that the graphs H = Gkgg”g:é?)
any positive integer k. Similarly, Let Gj be the graph whose adjacent

are all orderenergetic graphs for

matrix is J((]Sgg)k ) ® Ag, for any positive integer k and G is as given in
figure 3. Then, G}, is also a graph on 5k vertices with energy 6k [11]. So,

it follows that the graphs H = G;Eg’g’é)o) are all orderenergetic graphs for

any positive integer k. We can construct other families of orderenergetic

graphs using suitable seed graphs such as given in figure 4.

e

Figure 3. Graph on 5 vertices with energy £5 = 6.
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Figure 4. Six Graphs on 10 vertices with energy 5 = 12.

4.0.2 Case 2

Let py = s, g3 =t and ps = p3 = ¢4 = g2 = 0. Then the characteristic

J(O,O,t)

(5.0,0) is obtained from equation (26) as

polynomial of

Fr(0) = X172 (A2 — s(A + 1)) (30)

Then the eigenvalues of J((g’g ég are 0 with multiplicity s + ¢ — 2 and

% (s +/s(s+ 4t)) with multiplicity one each. Using these eigenvalues,

Egzg:é)) from theorem

2. This gives an efficient way for generating integral graphs from known

we can easily find eigenvalues of the graph H = G

integral graphs and another method for generating orderenergetic graphs.

Some results in this case are given in [11].

Theorem 4. [11] Let G is an integral graph of order n. If s = k? is a

(0.0.(k+1)r)
G (5.00)

any non-negative integer r. Otherwise, if s is not a perfect square, then the

perfect square, then the graph H = is also an integral graph for
graph H = Ggg’g’g)r(rﬂ)) 18 an integral graph for any non-negative integer
r. Moreover, if the given graph G is an integral energy graph with enerqgy
m and r is a non-negative integer satisfying m(2r + 1) = n(r? +r + 1),
then the graph H = GES:S:S)T(TH)) is always orderenergetic graph for any

positive integer s.
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This theorem gives two different methods to generate orderenergetic

graphs from known orderenergetic graphs.

Corollary 3. If G is an orderenergetic graph on n vertices, then the se-
quence of graphs H = GE?’S’S; and H' = GES’S’S? are orderenergetic graphs
for any positive integer s with order sn and 3sn respectively.

Proof. Corollary follows from theorem 4 by putting r = 0 and r = 1
respectively. |

4.0.3 Case 3

Let po = s, go =t and p;1 = ps = ¢1 = g3 = 0. Then the characteristic

polynomial of g0t

(5,0 0; is obtained from equation (26) as

f1) = (A=1)PH72 (A= 1) = pq) (31)

Then the eigenvalues of J((g :83 are 1 with multiplicity s+¢—2 and 1+ ,/pq

with multiplicity one each. Using these eigenvalues, we can easily find
eigenvalues of the graph H = Ggg’i’%)) from theorem 2. This gives another
efficient way for generating integral graphs from known integral graphs

and another method for generating orderenergetic graphs.

Theorem 5. Let G is an integral graph of order n. If r is positive integer
and s and t are any pair of complementary factors of r2, then the graph
H = GES:Z’B)) s also an integral graph. Moreover, if the given graph G is
an integral energy graph with E¢ = m and (s +t+ 2r —2)m = n(s +t),
then the graph H is orderenergetic.

Proof. Let G is a graph of order n. If s and ¢ are as stated in the theorem,

then the eigenvalues of the matrix J ((g ’St’gi

and (1 —r) and 1 + r each with multiplicity one. Then by theorem 2, the

are 1 with multiplicity s+t —12

eigenvalues of the graph H are (1—r)A;, (14+7)\;, each A; with multiplicity
s+t — 2, where \; are the n eigenvalues of the graph G. Hence the graph
H is an integral graph.
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The energy of the graph H can be computed as

Ea=010-7r)éc+Q+1r)c+(s+t—2)&c

32
Z(S+t+27‘—2)5g. (32)

Suppose the given graph G is an integral energy graph so that £ = m.
Now we derive the condition for the graph H to be orderenergetic. The
order of the graph H is clearly n(s 4 ¢). But it is given that n(s +t) =
(s+t+2r —2)m. So it follows that n(s +t) = (s +t+ 2r — 2)€g = En,
from equations (32). Hence H is an orderenergetic graph. |

It is clear from the above theorem that we cannot generate orderener-
getic graphs from a given orderenergetic graph in this case. But we can
generate orderenergetic graphs from non-orderenergetic graphs in certain
cases. We illustrate this type of construction of orderenergetic graphs from
non-orderenergetic graphs by using a seed graph. Consider the star graph
G on 10 vertices given in figure 5. The energy of this graph is 6 an it is not

orderenergetic. Let s = 3, t = 3 and r = 3. Then the conditions in theorem
0,3,0
0,3,0
G be the graph whose adjacent matrix is Ji ® Ag, for any positive integer

5 are satisfied and the generated graph H = GE ; is orderenergetic. Let

k and G is as given in figure 5. Then, it is easy to see that G, is a graph on

10k vertices with energy 6k. It follows that the graphs H = Gkgg’g’gg

all orderenergetic graphs for any positive integer k. Similarly, let G, be
(0,0,2k)

are

the graph whose adjacent matrix is J ® Ag, for any positive integer

(k,0,0)
k and G is as given in figure 5. Then, Gj, is also a graph on 10k vertices
with energy 6k [11]. So, it follows that the graphs H = G%Eg:g:g; are all

orderenergetic graphs for any positive integer k. We can construct other
families of orderenergetic graphs using suitable seed graphs other than the

star graph on 10 vertices.

.%I\

Figure 5. A graph on 10 vertices with energy £5 = 6.
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4.0.4 Case 4

Let p1 =25, ¢4 = s, g3 = s and ps = p3 = g2 = 0. Then the characteristic

polynomial of J&:0:8)

(25,0,0) 18 obtained from equation (26) as

Fr(A) = A% 73 (A3 4+ 257 — 20s% — 3N%s) . (33)

(,0,s)
J(2s,0,0)

and (2 + ﬂ) s with multiplicity one each. Using these eigenvalues, we
s,0,s)
25,0,0)

This gives another efficient way for generating integral graphs from known

Then the eigenvalues of are 0 with multiplicity 4s — 3 and —s,

can easily find eigenvalues of the graph H = GE from theorem 2.

integral graphs and another method for generating orderenergetic graphs.

Theorem 6. Let G is an integral graph of order n.Then the graph H =
GE;;%S;?)) s an integral energy graph for any positive integer s. Moreover, if
the given graph G is an integral energy graph with E6 = m and 4n = bm,

then the graph H is orderenergetic for any positive integer s.

Proof. Let G is a graph of order n. Then the eigenvalues of the matrix
J((;%‘f())) are 0 with multiplicity 4s — 3 and —s, (2 + \@) s with multiplic-
ity one each. Then by theorem 2, the eigenvalues of the graph H are
-8\, (2 + \/5) i, (2 - \/5) Ai, 0 with multiplicity n(4s — 3), where \; are
the n eigenvalues of the graph G. So, the graph H is not an integral graph.
The energy of the graph H can be computed as

En = s€c+ (2+V2) €+ (2-V2) & = bsta. (34)

Hence, the energy of the graph H is an integer and hence it is an integral
energy graph for any positive integer s.

Suppose the given graph G is an integral energy graph so that E¢ = m
for some positive integer m. Now we derive the condition for the graph H
to be orderenergetic. The order of the graph H is clearly 4ns. But it is
given that 4n = 5m. So, it follows from equation (34) that 4ns = 5sm =

5s€c = €. Hence H is an orderenergetic graph. |

As an example, consider the star graph G on five vertices. Clearly

energy of this graph is 4 and hence 4n = 5m is satisfied. Hence H =
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GE;SOOS%) is always an orderenegetic graph for any positive integer s. We can

generate one more sequence of orderenergetic graphs from this star graph
as follows. Let G, be the graph whose adjacent matrix is J((,gg gk) ® Ag,
for any positive integer k and G is star graph on five vertices. Then G}, is

a graph on 5k vertices with energy 4k [11] and the condition in the above
1 (s,0,s)

k(25,0,0)
are all orderenergetic graphs for any positive integer k. We can construct

theorem is clearly satisfied. So, it follows that the graphs H = G

other families of orderenergetic graphs using suitable seed graphs other
than the star graph on 5 vertices.

So far we have discussed four different special cases of the new unary
graph operation defined in this paper. In all these cases it is possible
to generate new orderenergetic graphs from known orderenergetic graphs
and non-orderenergetic graphs. In a similar fashion it may be possible
to find other special cases using which it is possible to generate further
orderenergetic graphs. Finally, we prove a general method for generating

families of equienergetic graphs using the new graph operation.

Corollary 4. Let G and G be a pair of equienergetic graphs, then the
G(fh 142,43) é(qlaq%‘m)

(p1,p2,p3) (p1,p2,p3)
graphs for any positive integers p; and q; for all i = 1,2,3. Moreover,

graph and the graph are also pair of equienergetic

the graphs Gggsoooo) nd GES 8 g; are non-cospectral equienergetic graphs of

same order for any positive integer s.

Proof. First part follows from theorem 1 and 2. Second part follows from

corollary 3 and noting that the non-zero eigenvalue of J((géoooo)) is 3s only
and the non-zero eigenvalues of J (o(()) g)s ) are —s and 2s only. ]
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