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Abstract

The edge-Hosoya polynomial of a graph is the edge version of the
famous Hosoya polynomial. Therefore, the edge-Hosoya polynomial
counts the number of (unordered) pairs of edges at distance k > 0 in
a given graph. It is well known that this polynomial is closely related
to the edge-Wiener index and the edge-hyper-Wiener index. As the
main result of this paper, we greatly generalize an earlier result by
providing a method for calculating the edge-Hosoya polynomial of
a graph G which is obtained by identifying two edges of connected
bipartite graphs G1 and G2. To show how the main theorem can be
used, we apply it to phenylene chains. In particular, we present the
recurrence relations and a linear time algorithm for calculating the
edge-Hosoya polynomial of any phenylene chain. As a consequence,
closed formula for the edge-Hosoya polynomial of linear phenylene
chains is derived.

*Corresponding author.
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1 Introduction

The Hosoya polynomial was introduced by H. Hosoya in 1988 under the
name Wiener polynomial [11]. It is defined in such a way that the co-
efficient before 2%, k > 0, represents the number of (unordered) pairs of
vertices at distance k in a given graph. This polynomial is of great impor-
tance in mathematical chemistry due to the fact that it is closely related to
the famous Wiener index [16]. More precisely, the Wiener index of a graph
can be easily calculated by using the derivative of the Hosoya polynomial.
In addition, the hyper-Wiener index can also be easily obtained from the
Hosoya polynomial [6].

Therefore, it is not surprising that in the past the Hosoya polynomial
was considered in numerous papers. For example, the Hosoya polyno-
mial was investigated for benzenoid (hexagonal) chains [10,23-25], other
important molecular graphs [17,18,26], Fibonacci and Lucas cubes [15].
Moreover, in [9,24] the authors considered general situations in which the
Hosoya polynomial can be computed by using subgraphs and in [19] the
Hosoya polynomial of weighted graphs was investigated.

Later appeared also the edge versions of the above mentioned concepts,
see [8,12,14] for the edge-Wiener index, [13] for the edge-hyper-Wiener in-
dex, and [4] for the edge-Hosoya polynomial. Especially the edge-Wiener
index attracted quite a lot of attention, see [7,20,27] for an example of
relevant recent investigations. Regarding the edge-Hosoya polynomial, the
relation between this polynomial and the standard Hosoya polynomial for
trees was deduced in [21]. Moreover, the edge-Hosoya polynomial of ben-
zenoid chains was investigated in [22].

The aim of this paper is to develop a new method for computing the
edge-Hosoya polynomial of any connected graph obtained from smaller
graphs by identifying two edges, which greatly generalizes results from [22].
For the standard Hosoya polynomial, a more general result was proved
in [24] by considering gated amalgams, but several additional insights are
needed when dealing with distances between edges of a graph.

The paper reads as follows. In the next section, we provide all the

important definitions related to the (edge-)Hosoya polynomial and cor-
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responding topological indices. In Section 3, we prove some preliminary
results related to certain sets of vertices and edges which are also used in
the definitions of Szeged-like topological indices. The main result is then
developed in Section 4. In particular, we provide a formula for calculating
the edge-Hosoya polynomial of a graph G obtained from connected bipar-
tite graphs G; and G4 by identifying two edges. Finally, in Section 5 we
show how the main theorem can be applied to phenylene chains. There-
fore, the recurrence relations for computing the edge-Hosoya polynomial
of these graphs are provided and an algorithm is presented that calculates
the polynomial of any phenylene chain in linear time with respect to the
number of hexagons. In addition, closed formula for the edge-Hosoya poly-
nomial of linear phenylene chains is obtained and consequently, the edge-
Wiener index and the edge-hyper-Wiener index of the mentioned graphs

are recalculated.

2 The (edge-)Hosoya polynomial and related
indices

Let G = (V(G), E(G)) be a connected graph. We denote by dg(z,y) the
usual shortest path distance between vertices x and y of a graph G and
by deg(x) the degree of x. The distance between a vertex = and an edge
e = uv is defined as dg(z,e) = min{dg(z,u),de(z,v)}.

One way to define the “distance” between edges e = ab and f = uv of

a graph G is the following:
a\G(ea f) = min{dG (a7 U), dG(av U)a dG(bv u)a dg (ba 'U)} .

However, the pair (E(G),Jg) is not a metric space since distinct edges
may have distance zero. Therefore, the distance dg(e, f) between edges
e and f is defined as the distance between vertices e and f in the line
graph L(G) [12]. There is a simple relation between de and dg, since
da(e, f) =dgle, f) + 1if e # f and dg(e, f) = dg(e, f) = 0 if e = f.
Next, we formally define the Hosoya and the edge-Hosoya polynomials.
If G is a connected graph and if d,(G, k) is the number of (unordered)
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pairs of its vertices that are at distance k, then the Hosoya polynomial of
G is
H(G,z) =Y _dy(G,k)z".

k>0

The Hosoya polynomial can be also written as

H(G,x) = Z plo (W),
{u,v}CV(G)

Let G be a connected graph with m edges. If d.(G, k) is the number of
(unordered) pairs of its edges that are at distance k, then the edge-Hosoya

polynomial of G is

He(G7 x) = Z de(G, k') Z‘k = Z xdc(evf).

k>0 {e,f}CE(G)

Note that d.(G,0) = m and that the following relation holds for any
connected graph G:
H.(G,z) = H(L(G), z).

As already mentioned, the defined polynomials are important because
they are closely related to the (edge-)Wiener index. To state the connec-
tion, we first define the Wiener index W(G) and the edge- Wiener index
We(G) of a connected graph G:

W(G) = Z dG(u’ ’U)’ We(G) = Z dG(ea f)

{uv}CVv(G) {e.f}CE(G)
It is easy to see that the following formulas hold true:
W(G) = H'(G,1), W.(G)=H.(G,1).

On the other hand, the edge-hyper- Wiener index of a connected graph
G is defined as

WWE(G):% > dG(e,f)-i-% > dale f)?

{e.f}CE(G) {e.f}CE(G)
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and the following connection to the edge-Hosoya polynomial was proved
n [21]:
1
WW.(G) :Hé(G,1)+§Hé’(G,1). (1)

Finally, we add some definitions that will be used later. If G is a graph,
k > 0 an integer, and v € V(G) a vertex, then d.(G,v,k) is the number
of edges of G at distance k from v. Obviously, d.(G,v,0) = deg(v). The
polynomial H.(G,v,x) is defined as

(G v, x) Zd (G,v,k)x Z zdave),

k>0 e€E(G)

If G is a graph, k > 0 an integer, and e € E(G) an edge, then d.(G, e, k)
is the number of edges of G at distance k from e. It is obvious that
d(G,e,0) = 1. The polynomial H.(G, e, z) is defined in the following way:

(G, e, x) ZdGek Zz c(f.e)

k>0 fEE(G)

3 Preliminary results

In this short section, we introduce some notation which is usually used to
define various Szeged-like topological indices [5], but will be needed later
to state the main result of this paper. Moreover, two related lemmas are
proved.

Let G be a connected graph and let e = wv be an edge of G. The

following notation for the sets of vertices and edges of G will be used:

Nu(elG) = {z e V(G) | da(z,u) <da(z,v)},
Ny(e|G) = {zeV(G)|da(z,v) <dg(z,u)},
No(e|G) = {zeV(G)|dg(z,u)=de(z,v)},
My(e|G) = {fe€E(G)|da(f,u) <da(f v)},
My(elG) = {f € E(G) | da(f,v) <da(f u)},
Mo(e|G) = {f € E(G) | da(f,u) =da(f,v)}
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It is worth mentioning that if G is a bipartite graph, the set Ny(e|G) is
always empty.

Next, we state and prove two lemmas that will be needed in Section 4.

Lemma 3.1. Let G be a connected graph, and let e = wv and f = ab be
two edges of G. If a € Ny(e|G) and b € N,(e|G), then

de(a,u) = dg(b,v) =dg(a,v) — 1 =dg(b,u) — 1.

Proof. By assumption we have dg(a, u) < dg(a,v) and dg (b, v) < dg (b, u).
Let us denote dg(a,u) = k and dg(b,v) = £. Then dg(a,v) = k + 1 and
dg(b,u) = £+ 1. On the other hand, there is a path of length £+ 1 between
a and v, which means dg(a,v) < £+ 1. Therefore k < £. Similarly, there
is a path of length k£ + 1 between b and u, which means dg(b,u) < k + 1.
Therefore ¢ < k, and consequently k = ¢. |

The following lemma shows another way to define the sets M, (e|G),
M, (e|G), and My(e|G) in bipartite graphs.

Lemma 3.2. If G is a connected bipartite graph and e = wv € E(G), then

M(e|G) = {f=abe E(G)]|ac Ny(e|G) N be N,(e|G)},

My(elG) = {f=abe E(G) | ac Ny(e|G) A be Ny(elG)},

My(e|G) = {f=abe E(G) | (a € N,(e|G) N be Ny(e|G)) Vv
(a € Ny(e|G) N be Nyu(e|]G))}.

Proof. We set the following notation:

A = {f=abeE(G)]|ac Nye|G) N be N,(e|G)},

= {f=abe E(G) | a€ Ny(e|G) N be N,(e|G)},

C = {f=abe E(G)|(a€ Ny(e|G) A be Ny(e|]G)) V
(a € Ny(e|G) N be Ny(e|lG))}.

Sy

If f=abe A, then dg(a,u) < dg(a,v) and dg(b,u) < dg(b,v) and
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hence

de(f,u) = min{dg(a,u),dg(b,u)} < min{dg(a,v),dq(b,v)} =da(f,v).

This means f € M,(e|G) and consequently A C M, (e|G). In a similar
way we can show B C M, (e|G). Next, let f = ab € C' and without loss
of generality suppose that a € N, (e|G) and b € N,(e|G). By Lemma 3.1
it follows dg(a,u) = dg(b,v) and dg(a,v) = dg(b,u) = dg(a,u) +1 =
dg(b,v) + 1. Therefore,

da(f,u) = dg(a,u) = dg(b,v) = da(f,v),

which implies f € My(e|G). As a result, we have C C My(e|G).
Since E(G) = AUBUC = M,(e|G) U M,(e|G) U My(e|G) and also
A C M,(e|G), B C M,(e|G), C C My(e|G), we conclude

A= M,(e|G), B=M,(e|G), and C = My(e|G). |

4 A method for computing the edge-Hosoya
polynomial by identifying two edges

In this section, we present a new method for computing the edge-Hosoya
polynomial of a graph by using edge-Hosoya polynomials of its subgraphs.
In particular, we describe how the edge-Hosoya polynomials of graphs G
and G5 can be used to compute the edge-Hosoya polynomial of a graph G
obtained by identifying two edges. The stated result will be applied in the
next section, where we consider phenylene chains.

Let G; and G2 be two connected bipartite graphs and let e; € E(G1),
€2 € E(G2). The graph G is obtained from G and G2 by identifying edges

e1 and es into an edge e’ = ww, see Figure 1.
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v
G

Figure 1. A graph G obtained from graphs G; and G2 by identifying
edges e1 € E(G1) and ez € E(G2) into an edge €/ = uv.

In the following, we write e’ instead of e; or es. Moreover, for i € {1,2}

we use the following notation:
EU(G,) = Mu(e/\Gi), EU(Gi) = 2\41,(6/|G'i)7 and Eo(Gl) = M0(€/|Gi).

We start with one simple observation and several lemmas.

Observation 4.1. Leti € {1,2}. If z,y € V(G;) and e, f € E(G;), then

d(;(l‘,y)zaf@i(x,y) and dG(@,f):dGi(e,f)~
To prove the following lemmas, we consider different cases according to

Lemma 3.2.

Lemma 4.2. Let f € E(G1). Ife € E,(G2)\ {€¢'}, then

dG(evf) = dG2(67U) + dG1 (U,f) +1

Similarly, if e € E,(G2) \ {€'}, then

dG(evf) = dG2(€,’U) + dG1 (Uv f) + 1L

Proof. We prove only the first part, since the second is analogous.

Let e = ab and f = xy. Also, without loss of generality suppose
dg,(a,u) < dg,(b,u), which means dg,(e,u) = dg,(a,u). We consider
three cases:

Case 1: f € E,(Gy). Without loss of generality assume dg, (x,u) <
dg, (y,u). Then dg, (u, f) = dg, (u, x) and since any shortest path from a
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to x goes through u, we also have
dg(a,z) = dg,(a,u) + dg, (u,2) and c/l\g(e, f) =dg(a,x).
Since e # f, we have
da(e, f) = dale, f) + 1 = day (a,u) + de, (u, ) + 1 = day (e, u) + da, (u, f) + 1.

Case 2: f € E,(Gy). Without loss of generality assume dg, (z,v) <
dg, (y,v). Then dg, (v, f) = dg, (v, z) and consequently it holds dg, (u, f)
=dg,(u,z) =1+ dg, (v,x). Since there exists a shortest path from a to

z that goes through u and v, we have
da(a,x) =dg,(a,u) + 1 +dg, (v,x) = dg,(a,u) + dg, (u, x)
and gg(e, f) =da(a,z). Hence,
da(e, f) =da(a,z) + 1 =da,(a,u) +da, (u,z) + 1 =da,(e,u) + da, (u, f) + 1.

Case 3: f € Ey(G1). Without loss of generality assume dg, (x,u) <
da, (x,v), da, (y,v) < dg,(y,u). Then dg, (u, f) = dg, (u,z) and by
Lemma 3.1, dg, (u,z) = dg,(v,y). Since any shortest path from a to
x goes through u, we can use the same reasoning as in Case 1. |

Lemma 4.3. Ife € Eg(G2) \ {€'} and f € E(G1) \ {€'}, then

dg(e, f) =dg,(e,e') +dg, (€, f) — 1.

Proof. Let e = ab and f = zy. Without loss of generality assume that
dg,(a,u) < dg,(a,v), dg,(b,v) < dg,(b,u), which means dg,(a,u) =
de, (b,v) and dg, (e, €') = de, (a,u). We consider three cases:

Case 1: f € E,(G1). Assume that dg, (z,u) < dg,(y,u). Then
(fgl (¢, f) = dg, (u, z) and since any shortest path from a to x goes through

u, we also have

de(a,z) = dg,(a,u) + dg, (u,z) and  dg(e, f) = da(a, z).
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Hence,

da(e, f) = dgla,z)+1=dg,(a,u)+dg, (u,z)+1
= (dgy(e,€') = 1) + (dg, (¢, f) = 1) + 1
= dg,(e,e')+dg, (€, f) — 1.

Case 2: f € E,(G1). Due to symmetry, this case is analogous to
Case 1.

Case 3: f € Eo(Gy). We may assume dg, (z,u) < dg,(x,v) and
de, (y,v) < dg, (y,u). By Lemma 3.1, ggl(e’,f) =dg, (u,z) = dg, (v, y).
Since any shortest path from a to x goes through u, we can use the same

reasoning as in Case 1. |

Lemma 4.4. Let f € E(G1). If a € N, (¢/|G2), then
da(a, f) = da,(a,u) + de, (u, f).
Similarly, if a € No(¢'|Gs), then
da(a, f) = da, (a,v) + da, (v, f).

Proof. We prove only the first part, since the second can be shown in a
similar way. Suppose a € N, (€'|G3), f = zy and consider the following
three cases:

Case 1: f € E,(G;1). Without loss of generality assume dg, (z,u) <
de, (y,u). Therefore, dg, (u, f) = dg, (u,x) and since any shortest path

from a to x goes through u, we also have
da(a,x) =dg,(a,u) +dg, (u,z) and dg(a, f) =de(a,x).
Hence,
dg(a, f) =dg(a,x) = dg,(a,u) + dg, (u, ) = dg,(a,u) + dg, (u, f).

Case 2: f € E,(G1). Without loss of generality assume dg, (z,v) <
de, (y,v). Therefore, dg, (v, f) = dg, (v,2) and consequently dg, (u, f) =
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dg,(u,z) = 1+ dg, (v, x). Since there exists a shortest path from a to x

that goes through u and v, we have
dg(a,z) = dg,(a,u) + 1+ dg, (v,z) = dg,(a,u) + dg, (u, )
and dg(a, f) = dg(a,z). Hence,
dg(a, f) =da(a,z) = dg,(a,u) + dg, (u,x) = dg,(a,u) + dg, (u, f).

Case 3: f € Ey(G1). Without loss of generality assume dg, (z,u) <
de, (z,v), dg, (y,v) < dg,(y,u). Hence, dg,(u, f) = dg,(u,z) and by
Lemma 3.1, dg, (u,z) = dg,(v,y). Since any shortest path from a to z

goes through u, we can use the same reasoning as in Case 1. |
The main result of the paper can now be stated.

Theorem 4.5. Let G be a graph obtained from connected bipartite graphs
G and Gy by identifying the edges e; € E(G1) and ey € E(G3) into an

edge ¢’ = uv. Then

H.(G,z) = H.(G1,z)+ H.(Ga,x) — H.(Ga, ¢, x)
+ Z a:dGZ(e’")HHe(Gl,u,x)
e€E,(G2)
+ Z mdc2(e’”)+1H€(G1,v,x)
e€E,(G2)
+ Y el (G )

e€Eo(G2)\{e'}
S

e€Eo(G2)\{e'}

Proof. Obviously, the edge-Hosoya polynomial can be written as the sum

of the following contributions:

Z plalef) 4 Z pda(ef)

{e.f}CE(Gy) {e,f}CE(G2)

GRS 3 gloted),

ecE(G2)\{e'} fFeE(G1)\{e'}

H.(G,x)
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where the third term on the right-hand side is needed since the pair {¢’, e’}

is counted in the first and also in the second sum. By Observation 4.1 we

obtain
>, a ) —H(Gre) and Y 2% = 0 (G, ).
{e,f}gE«;l) {e,f}CE(G2)

Next, we observe that

> 3 gdeled)

e€B(G2)\{e'} feE(G1)\{e'}

Z xdg(e,e') + Z xdG(evf)

e€E(G2)\{e'} feE(G)\{e'}

_ Z plalee)

e€E(G2)\{e'}

Z Z plalef) _ e(GQ,el,x) — 1)

e€E(Ga)\{e'} fEE(Gy)

and therefore deduce the following formula:

H.(G,x) = H.(Gy1,z)+ H.(Gs,2) — H.(G, ¢, x)

. S adeled), (2)

e€E(G2)\{e'} fEE(G1)

Finally, we analyse the last term of the previous equation. Firstly, we

partition it into three sums:

Z Z pldalef)  — Z Z pdalef)

e€E(G2)\{e'} FEE(Gh) e€E,(G2) fEE(Gh)

+ S S et )

e€E,(G2) fEE(Gh)

+ Z Z pdalef)

e€Eo(G2)\{e'} fEE(Gh)

To complete the proof, we separately consider each of the three sums

on the right-hand side of the previous equation. By using the first part of



617

Lemma 4.2, we have

PP

e€E,(G2) fEE(Gy)

pda(ef)

Z Z dc2 e,u)+14+dg, (u,f)

e€E,(G2) fEE(Gy)

Z pdaa (eu)+1 Z pdcy (usf)

e€E,(G2) fEE(GY)

Z zle: (WL (G u, ).
eGEu(Gz)

Similarly, by the second part of Lemma 4.2 one can get

> >

e€E,(G2) fEE(G1)

pdalef) —

xdc2(e’”)+1He(G1, v, ).

>

GEEU(GQ)

Moreover, we analyse the third sum and apply Lemma 4.3:

>y e
e€Eo(G2)\{e'} fFEE(GY)
= Z IdG(e»el) —+ Z xdG(e7f)
e€Eo(G2)\{e’} FEE(G1)\{e'}
_ Z xdg(e,e')+ Z xd(;(e,e')erg(e',f)fl
e€Eo(G2)\{e'} FEE(G1)\{e'}
— Z xdGQ(e,e') +Id¢;2(e,e')71 Z zdcl(e/,f)
e€Eo(G2)\{e'} FEE(G1)\{e'}
S Y () e (1, (G )~ 1)
e€Eo(G2)\{e'}
= Z zlea @)= (G e z)

e€Eo(G2)\{e’}

2.

e€Eo(G2)\{e'}

+ (v —

By taking the last three equations

the desired result.

I)ZEdGQ (e,e')fl.

in (3) and consequently in (2), we obtain
|
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5 Application to phenylenes

In this section, we apply Theorem 4.5 to an important family of molecular
graphs called phenylenes. Firstly, some definitions are needed.

A benzenoid graph is a simple bipartite 2-connected plane graph with
all internal vertices of degree 3 and all boundary vertices of degree 2 or
3 such that the boundary of any inner face is a 6-cycle. Inner faces of a
benzenoid graph are simply called hexagons. Moreover, a benzenoid graph
is said to be catacondensed if it does not possess internal vertices.

Let B be a catacondensed benzenoid graph with at least two hexagons.
If we add quadrilaterals (faces whose boundary is a 4-cycle) between all
pairs of adjacent hexagons of B, the obtained graph G is called a phenylene,

see Figure 2.

B G

Figure 2. A benzenoid graph B and the corresponding phenylene G.

A hexagon of a phenylene G is called branched if it is adjacent to
exactly three other inner faces of G. Moreover, a phenylene which does
not contain a branched hexagon is called a phenylene chain. In Figure 2
we can see a phenylene chain with four hexagons. Furthermore, a graph
obtained from a quadrilateral and a hexagon by identifying two edges will

be referred to as a basic compound of a phenylene.

5.1 Adding a basic compound of a phenylene

In this subsection we apply Theorem 4.5 to calculate the edge-Hosoya poly-
nomial of a graph obtained by adding the basic compound of a phenylene

to another graph. Therefore, let G be a graph obtained by identifying
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two edges of a connected bipartite graph G; and the basic compound of a

phenylene, see Figure 3.

Figure 3. A graph G obtained from G and the basic compound of a
phenylene.

We obtain the following corollary.

Corollary 5.1. If G is a graph obtained from a connected bipartite graph
G1 and the basic compound of a phenylene by identifying two edges into

an edge ¢’ = uv as shown in Figure 3, then

H.(G,z) = H./(Gy,z)+ (z+ 2%+ 23)H.(G1,u,x)
(x + 22 + 2°)Ho(Gy,v,2) + (x + 2°)H(Gy, €, x)
+ 849z +122% + 62° + z*.

+

Proof. Denote by G2 the basic compound of a phenylene. Then it is easy
to see that

H.(Gy,z) = 9+ 122+ 142* + 92° + 2,
H.(Go e/ x) = 1+ 2+ 32% +22° 4 2*,

> @t (GLua) = (o +a? 42t He(Grua),
e€E,(G2)

Z glo Mg (G x) = (x4 423 H (G, v, ),
e€E,(G2)

Z gdo ()T (G e x) = (v+ 2%)He(Gy, €, ),
eGEQ(Gg)\{e/}
Z (z — Dadoa(eN=1 = g2 4t g a®,

e€Lo(G2)\{e'}

By taking all six equations stated above into the formula of Theorem 4.5,

we obtain the desired result. [ |
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In the following proposition we describe how the edge-Hosoya polyno-
mials of G with a fixed vertex or an edge can be obtained from a smaller
graph G1. The specific shape of the polynomial depends on the exact po-
sition on which the basic compound of a phenylene was attached, and this

yields specific forms of partial polynomials.
Proposition 5.2. Let all the notation be as in Figure 3. Then
1. H(G,a1,7) = 22H.(G1,u,x) + 2 + 3z + 322,
2. H.(G,a2,7) = 23H.(G1,u,x) + 2 + 2z + 322 + 23,
3. H.(G,a3,z) = 23H.(G1,v,x) + 2 + 2z + 322 + 23,
4. H.(G,a4,7) = 22H.(G1,v,7) + 2 + 3z + 322,
5. Ho(G, f1,7) = 23H.(G1,u,x) + 1 + 22 + 322 + 223,
6. Ho(G, fo,2) = 2*Ho(G1, €', x) + 1+ 22 + 222 + 223 + 2%,
7. Ho(G, f3,2) = 23H.(G1,v,2) + 1 + 22 + 322 + 223,

Proof. We include the proofs of formulas 1., 5., and 6. The remaining
formulas can be proved in a analogous way.

1. By using Lemma 4.4 in the third equality, we obtain

H.(G,a1,xz) = Z gtelanf)
feE(@)
— Z gdelanf) | Z pda(ai,f)
fEE(Gh) fEE(G2)\{e'}
_ Z gdes (aru)tde, (u,f) | Z pdalarsf)
feB(Gy) fEB(G2)\{e'}
=Y ey Y gdeend)
feB(Gy) feB(G2)\{e'}
= 22 Z zler () 494 34 4 322
fEE(Gh)

= 2?H.(G1,u,x) + 2+ 3z + 322
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5. By applying Lemma 4.2 in the third equality, one can get

HE(Gvflax)

Z zda (fif1)

fFeE(G)
Z xde(fif) 4 Z pdc(f:f1)
J€E(G1) feE(G2)\{e'}
Z xdcl(ﬁu)-‘rdcz(%fl)-‘rl + Z xdc(f,fl)
JEE(G1) JEE(G2)\{e'}
Z pday (fu)+3 + Z pdaa (fif1)
FEE(G1) FEE(G2)\{e'}

28 Z xder(Fw) 41 4 29 4 322 + 223
fEE(Gh)

2 H(Gy,u, ) + 1+ 22 + 327 4 22°.

6. By using Lemma 4.3 in the third equality, we obtain

He(G7 f2a (E)

Z pdc(fif2)

fEE(G)
Z pdc(f:f2) Lty Z pda(fif2)
feE(G1)\{e'} FEE(G2)\{e'}

SO pdealae)rde, (€071 g
fEE(G1)\{e'}

Z 2462 (f:f2)
fEE(G2)\{e'}

Z g3tder (e f) g4 (14 22 + 222 + 323)
fEE(G)\{e'}

3 Z N (e',f) +1-1
fEE(G\{e'}
1+ 2z + 222 + 323 + 2*
z3 Z ger(€f) _ 43 41 4 20 4 222 + 32% + 24
JEE(G1)
3 H (G, €, x) + 1+ 2z + 227 + 22° + 2.
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5.2 Recurrence relations for phenylene chains

Here we use Corollary 5.1 and Proposition 5.2 to recursively calculate the
edge-Hosoya polynomial of any phenylene chain.

Therefore, let Phy be a hexagon. Moreover, for r > 1 we denote by
Ph, a phenylene chain with exactly r hexagons obtained from Ph,_; by
adding the basic compound of a phenylene over the edge e, _1 = ur_1v,_1.
If » > 1, by Corollary 5.1 we have

H.(Phy,z) = H.(Ph,_1,2)+ (z+z*)H.(Phy_1,€r_1,)
+ ({E + 332 + 373) (He(Phrfhurfh ﬂ?) + He(Ph7'717Ur71, l’))
+ 849z + 1222 + 62° + 2.

In accordance with the notation described above, e, = w,v, is the edge
that is used to obtain Ph,;1 from Ph,. There are three possibilities for
this edge, see Figure 4.

Figure 4. Three possible cases for adding the basic compound of a
phenylene to Ph,..

For these cases, Proposition 5.2 gives the following formulas.
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Case 1:
H.(Ph,up,2) = x?Ho(Phy_1,ur_1,2) + 2+ 3z + 322,
H.(Ph,,v.,x) = xSHe(Phr_l,ur_l,x) + 2+ 2z + 32% + 28,
H.(Ph,,e.,z) = x?’He(Phr,l,ur,l,x) + 1+ 2z + 322 + 223,
Case 2:
H (Ph,,up,2) = x3Ho(Phy_1,up_1,2) 4+ 2+ 22 + 322 + 23,
H.(Ph,,v.,z) = xBHe(Phr,l,vr,l,x) + 2+ 2z 4 32% + 23,
H.(Ph,,eq,x) = a’H.(Ph,_1,e,_1,2)+ 1+ 22 4 22 4 223 + 2.
Case 3:
H.(Ph,,u,,z) = xSHe(Phr,l, Up_1,2) + 24 2x + 32 + 23,
H.(Phy,vp ) = 2*H,(Ph,_1,v,_1,7) + 2+ 3z + 322,
H.(Ph,,e;,z) = z3H.(Phy_1,v,_1,2)+ 14 22 + 32% + 223

To present the recursive relations in a more compact way, we use
the following notation: «, = H.(Ph,,x), B, = He(Phy,ur,x), v =
H.(Ph,,v,,z), and 6, = H.(Ph,,e,,x).

By applying the equations stated above, we immediately obtain the next

theorem.

Theorem 5.3. Let Ph, be a phenylene chain with r hexagons. If r = 1,

we have

a1 =64+6x+622+323, Bi = =24+20+222, 6 = 14+ 20+2z% 425,
Moreover, for r > 1 it holds

ar = ap_ 1+ (@t +23) (Br_ 1+ 1)+ (2 4+23) 6,1 +84+924+122% 623 22

In addition, B, v, and 6, satisfy the following recurrences with respect to

the cases shown in Figure 4:
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Case 1: 8, = 2?B,_1 +2+3x+ 322, 7, =238,_1+2+ 2z + 322 + 23,
Or = 23B,_1 + 1+ 2z + 322 + 223,

Case 2: B, = 38,1 +24+2x+322+23, ~,. =23y, 1 +2+22+ 322 +23,
5, = x38,_1 + 1 + 2 + 222 + 223 + 2%,

Case 3: B, = 23y,_1 +2+ 22 + 322 + 23, 7, = 2%y,_1 + 2+ 3z + 322,
Op = 23y,_1 + 1 + 22 + 322 + 223,

Finally, we describe an algorithm that calculates the edge-Hosoya poly-
nomial of any phenylene chain. Some additional notation is need for this
purpose.

To a phenylene chain Ph, with r hexagons we assign the vector of
length r, (s1, s9,...,58), such that s; = s,, = 0 and if r > 2, then for every
1 €{2,...,r — 1} we define s; € {1,2,3} in the following way: if the edge
e; = u;v; (which belongs to Ph; and Ph;;1) corresponds to the Case j in
Figure 4, where j € {1, 2,3}, then s; = j. As an example, to the phenylene
chain from Figure 2 we assign the vector (0,2, 1,0).

By using this notation, we can now present Algorithm 1. For the

phenylene chain from Figure 2 the algorithm immediately gives

H.(G,z) = 42" 48210 4+ 172° + 262° + 332" + 432°
+ 502 + 592t + 7423 + 7322 4 48x + 30.

We conclude the subsection with the following result.

Theorem 5.4. If Ph, is a phenylene chain with r hexagons, then Algo-
rithm 1 correctly computes the edge-Hosoya polynomial of Ph, and can be
implemented in O(r) time, in the model where addition and multiplication

of polynomials can be performed in constant time.

Proof. The correctness of the algorithm follows by Theorem 5.3. Since
there is only one “for” loop and all the other commands can be imple-

mented in constant time, it is obvious that the time complexity is O(r). W

5.3 Closed formula for linear phenylene chains

In this final subsection, we show how the results of the paper can be applied

to calculate the closed formulas for the edge-Hosoya polynomial of specific
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Algorithm 1: The edge-Hosoya polynomial of a phenylene chain

© 00 N O ok W N

NN N N N N NN NN R e el e e
© 00 N O Gk ® N H O © 00N oWk~ ®NKFE O

30
31

Input: Vector (s1, S2,...,S,) of a phenylene chain Ph,..
Output: The edge-Hosoya polynomial of Ph,..
ehp := 6 + 6z + 622 + 3z
if r =1 then
‘ return ehp
end
b0 := 2 + 2z + 222
g0 := 2 + 2z + 222
d0 :=1+ 2z + 222 + 23
ehp := ehp+(r+x24+23)(b0+90)+(r+23)d0+8+9x+122% + 623 +2*
if r = 2 then

‘ return ehp
end
fori=2,...,r—1do
if s;, =1 then
b= 2260 + 2 + 3z + 32
g = 2300 + 2 + 22 + 322 + 23
d = 23b0 + 1 + 2z + 322 + 222
end
if s; = 2 then
b:= 2300 + 2 + 22 + 322 4 23
g:=23g0 + 2+ 22 + 322 + 23
d:=23d0 + 1+ 2z + 222 + 223 + 24
end
if s; = 3 then
b:=x3g0 + 2 + 2z + 322 + 23
g := 2290 + 2 + 3z + 322
d:=23g0 + 1+ 2z + 322 + 223
end
b0 :=b, g0:=g, d0:=d
ehp :=
ehp+(z+2%4+23)(b0+ g0) + (2 +23)d0+8+ 9z +122% + 623 + 2
end
return ehp

types of phenylene chains.

In particular, we focus on linear chains. More precisely, a phenylene

chain with r hexagons and corresponding vector (si,s2,...,s,) is called
linear if r < 2orr > 2and s; = 2 for all ¢ € {2,...,r — 1}. In the
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following, the linear phenylene chain with r hexagons will be denoted by
PL, for any r > 1, see Figure 5.

Figure 5. Linear phenylene chain PLs.

For a linear chain, we always have Case 2 in Theorem 5.3. Therefore,
by using the software system SageMath we immediately obtain the closed

formulas for 3, v, and 6,

—x(x® + 322 + 22+ 2) + (223 + 222 + 32 + 1)23"

Br =" = IC({E3 — 1) ’
5 — —z(23 4222 + 22+ 2) + (23 + 222 + 32 + 2)2%" — 1
n 3 —1 '

By taking these formulas into the recurrence relation for «,. in Theorem

5.3, we finally get the next result.

Proposition 5.5. If PL, is a linear phenylene chain with r > 1 hexagons,
then

237 (2 + 10z + 1522 + 1823 + 122* + 62° + 2°)

H(PLy,x) = (23 —1)2
N —(2 + 8z + 1622 + 1823 + 162? + 42 + 20 — 227 + 28)
Y
n r(8 + 14z + 2222 + 723 — 62%)
@312
r(—232% — 172% — 827 + 2® + 229)
+ .
R

From the above formula, we can for example get the edge-Hosoya polyno-

mial of phenylene chain PL5 from Figure 5:

2™ + 62 + 1223 + 20212 + 272" + 34210
+  412° + 4828 + 5627 + 6225 + 692°
+  78z% + 9323 + 9422 + 622 + 38.

He(PLg,,J?)
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Moreover, as a consequence of Proposition 5.5, for linear phenylene

chain PL,, r > 1, we can calculate the edge-Wiener index,
W.(PL,) = H (PL,,1) = 3213 — 7r® 4 2r, (4)
and by using Equation (1) also the edge-hyper-Wiener index,
WW.(PL,) = 24r* + 973 + 2r% 4 8r — 1. (5)

We should mention the edge-Wiener index and the edge-hyper-Wiener
index of linear phenylene chains were already calculated in [27] by using
the cut method. However, Equation (5) corrects the result from [27], while

Equation (4) coincides with the result stated there.

6 Conclusion

In this paper, we proved a formula that can be used to calculate the edge-
Hosoya polynomial of a graph G obtained from connected bipartite graphs
G1 and G5 by identifying two edges. As a consequence, recurrence relations
for phenylene chains were derived.

Regarding the future work, it would be interesting to deduce simi-
lar methods for computing other distance-based graph polynomials. For
example, one could investigate recurrence relations for the Szeged polyno-

mial [1], the edge-Szeged polynomial [3], or the PI polynomial [2].
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