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Abstract

For a graph G, we generalize the well-known Gutman index by
introducing the general Gutman index

Gutan(@) = Y lde(w)de(v)]"[De(u,v)]",
{u0}CV(G)

where a,b € R, D¢(u,v) is the distance between vertices u and v
in G, and dg(u) and dg(v) are the degrees of u and v, respectively.
We show that for some a and b, the Gut,,, index decreases/increases
with the addition of edges. We present sharp bounds on the general
Gutman index for multipartite graphs of given order, graphs of given
order and chromatic number, and starlike trees of given order and
maximum degree. We also state several problems open for further
research.

1 Introduction

Topological indices have been used for example for chemical documenta-
tion, quantitative structure versus property/activity relationships (QSPR/

QSAR), toxicology hazard assessments, isomer discrimination, drug design
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and combinatorial library design. They have been used in the process of
correlating chemical structures with various characteristics such as boiling
points and molar heats of formation. Topological indices provide a conve-
nient method of translating chemical constitutions into numerical values
which are applied for correlations with physical properties.

Let V(G) and E(G) be the vertex set and the edge set of a graph G,
respectively. The order is the number of vertices of G. The degree dg(v)
of a vertex v € V(G) is the number of vertices adjacent to v. The distance
D¢ (u,v) between two vertices u,v € V(G) is the number of edges in a
shortest path between v and v.

The Gutman index of a connected graph G,

Gut(G)= Y de(u)da(v)Da(u,v)
{u,v}CV(G)

belongs to important topological indices. It was introduced in [8] and it
has been studied due to its extensive applications, especially in chemistry.

Upper bounds on the Gutman index for graphs of prescribed order were
investigated in [4] and [14]. Bounds for graphs with maximum degree and
minimum degree were studied in [1] and [11]. Upper bounds for graphs of
given vertex-connectivity and edge-connectivity were given in [12] and [13],
respectively.

Feng [6] investigated the Gutman index of unicyclic graphs, Feng and
Liu [7] studied bicyclic graphs, Chen [2] studied lower bounds for cacti.
Relations between the degree distance and the Gutman index were investi-
gated by Das, Su and Xiong [5]. Relations between the edge-Wiener index
and the Gutman index were studied by Knor, Potoénik and Skrekovski [9].

We generalize the Gutman index by introducing the general Gutman

index of a connected graph G as

Gutay(G)= Y [da(u)d(v)]"[De(u,v)]"
{uv}CV(G)

for a,b € R. If a =1 and b = 1, we get the classical Gutman index. For
a =0 and b = 1, we obtain the Wiener index. A different generalization

of the Gutman index using the Steiner distance was given in [10].
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We present bounds on the general Gutman index for multipartite gra-
phs of given order, graphs of given order and chromatic number, and star-
like trees of given order and maximum degree. Shortly after we introduced
the general Gutman index, it also motivated other researchers to study this

general index; see the work on trees by Cheng and Li [3].

2 Results

For a graph G with two non-adjacent vertices wq, us, the graph G + ujus
has vertex set V(G) and edge set E(G) U {ujus}. For a < 0 and b > 0,
where at least one of a and b is not 0, we compare the Gut, indices of

two graphs which differ by one edge.

Lemma 1. Let a < 0 and b > 0, where at least one of a and b is not 0.
For a connected graph G, where uy,us are any non-adjacent vertices in G,
we have

Guto p(G + uruz) < Gute b(G).

Proof. Let G' = G + ujug, where ujus € E(G). Then dg/(u;) = dg(u;) +
1> 2 for i =1,2. We obtain

der (ur)der (ug) > da(ur)da(ug) > 1.
Thus, for a <0,
[der (ur)der (u2)]* < [da(u1)da(uz2)]®, (1)

with equality only if @ = 0. We have 1 = D¢ (u1,u2) < Dg(ui,ug). For
b>0,
[Der(ur, u2)]” < [De (ur, uz))’ (2)

with equality only if b = 0. By (1) and (2), if at least one of a and b is not

0, we obtain
0 < [dar(u1)der (u2)]*[Dar (ur, u2)]” < [da(ur)da(uz)]*[Dea(ur, u)]. (3)

For € V(G) \ {u1,u2}, we have dg/(z) = dg(x) > 1. Let us consider
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{y,z} C V(G) where {y, 2z} # {u1,us}. We have

da(y)de (2) > da(y)da(z) > 1.

Thus, for a <0,
0 < [der (y)da (2)]* < [da(y)da(2)]* < 1. (4)

By adding an edge, the distance between two vertices cannot be increased,
therefore we obtain 1 < D¢ (y,2) < Dg(y, z) for {y,z} C V(G) where
{y, 2z} # {u1,us}. Since b > 0, we get

1 < [Der(y,2))" < [Daly. )" (5)
From (4) and (5), we obtain
0 < [der (y)der (2))*[Der (y, 2))” < [da(y)da(2))* [Da(y. 2))". (6)
From (3) and (6), we get

Gutavb(G/)
= Y ldeda (2))*[Dar (v, 2))" + lder (ur)der (un)]*[Der (ug, u2))”

{y,2}CV(G),
{y,2}#{u1,uz}

< Y ldeWde(2)[Da(y, 2)]° + [da(u)da(u2)]* [De(u1, us)]”
{y,2}CV(G),
{y,z}#{uy,uz}

= G'U,ta’b(G).

Now, we compare the Gut, ; indices of two graphs which differ by one
edge if ¢ > 0 and b < 0, where at least one of ¢ and b is not 0. The proofs
of Lemmas 1 and 2 are similar, therefore we omit a few steps which are

the same in both proofs.

Lemma 2. Let a > 0 and b < 0, where at least one of a and b is not 0.

For a connected graph G, where uy,us are any non-adjacent vertices in G,
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we have
Guto v (G + uruz) > Guty p(GQ).

Proof. We have
der(u1)der (uz) > dg(u1)de(uz) > 1.
Thus, for a > 0,
[dar (u1)dar (u2)]* > [da (ur)da (uz)]?, (7)

with equality only if @ = 0. We have 1 = D¢ (u1,u2) < Dg(ui,us). Thus,
for b <0,
[Der(u,u2)]” > [De (ur, uz)]® (8)

with equality only if b = 0. By (7) and (8), if at least one of a and b is not

0, we obtain
[der (ur)dar (us)) [Dar (ur, u2)]” > [da (ur)de (u)])*[De (ur, uz)]” > 0. (9)
Let us consider {y, z} C V(G) where {y, 2} # {u1,us}. We have
de (y)der (2) > da(y)da(z) > 1.
Thus, for a > 0,
[der (y)der (2))* = [de (y)da(2)]* = 1. (10)

We obtain 1 < Dgi(y, 2) < Dg(y,2) for {y,2} C V(G) where {y,z} #
{u1,us}. Since b < 0, we get

1> [De(y,2)]" = [Da(y, 2)]" > 0. (11)
From (10) and (11), we obtain

[dar (y)der (2)]*[Der (y. 2)) 2 [da(y)da(2))*[Daly, 2)]" > 0. (12)
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From (9) and (12), we get

G’U,ta’b(G/)
= Y o ®de (2)]*[Dar(y, 2)]" + [dar (ur)der (ua)]*[Der (ur, us))”

{y,2}CV(G"),
{y,z}#{uy,uz}

> Y lde()da())"Daly, )" + [de (u1)de (u2)]*[De (ur, us)]”

{y,2}CV(G),
{y,2}#{u1,uz}

= Gutmb(G).
|

It is easy to use Lemmas 1 and 2 to obtain bounds on the general

Gutman index for connected graphs of given order.

Proposition 1. Let G be a connected graph with n vertices. For a < 0
and b > 0, where at least one of a and b is not 0,

n(n — 1)%2et+!
Gty o(G) > %

For a >0 and b <0, where at least one of a and b is not 0,

—1 2a+1
Gutas(G) < %

The equalities hold only if G is K,,.

Proof. By Lemma 1, when adding an edge to a graph, the Gut,; index
decreases for a < 0 and b > 0, where at least one of a and b is not 0. Thus,
for graphs of order n, the only graph having the smallest Gut,; index
is K. By Lemma 2, when adding an edge to a graph, the Gut,; index
increases for a > 0 and b < 0, where at least one of @ and b is not 0. Thus,

the only graph having the largest Gut, , index is K.
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Any two vertices of K, are adjacent, their degree is n — 1, therefore

Gutan(Kn) = > [(n—1)(n-1)"1°

{uv}CV(Kn)

) (Z) (n—1)* = M

Lemma 3 was presented in [15] and it is useful in the study of the

general Gutman index.

Lemma 3. Let 1 <x <y andc>0. Fora>1 and a <0, we have
(x+0)* —2% < (y+ o) —y“.

If0<a<1, then
(x+0)* —2% > (y+ o)* —y“.

For k > 2, a k-partite graph (multipartite graph) is a graph whose
vertices can be partitioned into k sets, such that no two vertices in the same
set are adjacent. A k-partite graph with partite sets having cardinalities
n1,Ng,...,ny is called complete if every two vertices from different partite

sets are adjacent. It is denoted by K, ni- 10 Theorems 2 and 3, we

1,102,005
present multipartite graphs having the minimum and maximum general

Gutman index (for some intervals).

Theorem 2. Let a <0 and b > 0, where at least one of a and b is not 0.
For any k-partite graph G with n vertices, where 2 < k < n,

Guta,b(G) 2 GUta,b(Knl,nz,...,nk)~

The equality holds only if G is Ky, n,
j<kandni+ng+---+np=n.

nes where [n; —njl <1, 1 <4<

.....

Proof. Let G’ be any k-partite graph of order n having the minimum Gut,

index. From Lemma 1, any two vertices of G’ from distinct partite sets
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are adjacent. So G’ is Ky, ny,....n,, Where ny, ng, ..., ng are some positive
integers. Let us prove that [n; —n;| <1, where 1 <1i < j < k.

Assume to the contrary that |n; —n;| > 2 for some i, j, where 1 <14 <
j < k. We can assume that n; > ng + 2. Let us investigate Gut, ,(G') —
Gutoy(G") for G = Ky ny,..mp, a0d G = Ky —1 ppt1,.m -

For any vertex v’ € V{ and any w’ € Vj, we obtain dg/ (v') = n — nq,
de(w') = n —ng and Dg/(v',w') = 1. For any vertex v’ € V{' and any
w” € Vy', we obtain dgr(v") = n — (ny — 1), dgr(w”) = n — (n2 + 1)
and Dgr (v, w"”) = 1. For any other vertex z, we have dg:(2) = dgr (2).
Therefore, we obtain Gut, ,(G') — Gut, ,(G") = A+ B + C, where

A = > e (v)der (W) [Dar (v, w')]

v EV] W' €V

_ Z [dG” (U//)dGN (w")]“[DGH(v",w”)]b

v eV w"eVy’

B = 3 [do(W)de(v)]*[Der (0]
{u’ v }CV/

+ Y lde(w)de () [Der(w', 2]
{w’,2"}CVy

B Z [dG” (u//)dG” (v//)]a [DG” (u//, U/I)}b
{u//ﬂ}//}gvlu

— Y e (w")den (") [Dan (w”, )]
{11)” 7Z//}g‘/'2//

c = > lde (v')der (2'))*[ D (v, )]
o' eV 2 eV (GH\(V{UVY)
+ > lder (w')de ()] [Der (w', 2)]°

w'eVy,z’ eV (G")\(V{UVy)

- > lder (v")den (")) D (v, 2"

V" EVY 2 EV (G (V'UVY')

- 2 [der (w")dgr (")) D (w”, )"

w" €V 2" €V (G (V{'UVy')



591

Note that
(n—n1)(n—m2) = n? — nyn — nan + nins
< n2fn1n7n2n+n1n2+(n1—ngfl)
= (n—n1+1)(n—ny—1).
Thus
[(n—n1)(n —n2)]* = [(n —n1+1)(n —ng — 1)
for a < 0 and
A = nina(n—n1)%(n—n9)®

—(n1 = 1)(n2 + Dn — (n1 = D]*[n = (n2 + 1)]*
= (ninz+n1 —na — 1)([(n —n1)(n — no)]®

—[(n—n1+1n—-—n2—1)]*) — (ng —ng —1)(n —n1)%n —ng)®

Y

— (n1 —ng — 1)(n —n1)*(n —n2)".

We have

B = (T;l) (n—n1)%(n — n1)*2° + (7;2) (n — n2)(n — na)*2°

- (n12 1) [n— (n1 — 1)]%n — (ng — 1)]"2

B (n2 ) 1) [n = (n2 + D)*[n = (02 +1)]°2°

2
_ [nl(n;— 1) (n— n1)2a n nz(nz— 1) (n - n2)2a
_ W(n —ni + 1)2a — (n -‘;1)7712 (n—mng — 1)2(1 20
— [w[(n —n1)2 — (n—ny +1)29]
_ (ne —1-21)n2 [(n— ns — 1)2@ —(n— nz)Qa}

+ (n1 — 1)(n —n1)** —na(n — nQ)Q‘L} 2b

[(n1 = 1)(n —n1)>* — na(n — ny)**]2°

ARV

(ny —1)(n — n1)2“ —na(n — ’Ilg)za.
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If b > 0, then the last inequality is strict since 2° > 1. If a < 0, then the

first inequality is strict since ("1_1)2(n1_2) > ("2';1)”2 and by Lemma 3,

(n—n1)%" = (n—ny +1)%* > (n—ny — 1)%* — (n —ny)*
which is greater than 0. Thus, if at least one of a and b is not 0, we have
B> (n1 — 1)(n —n1)?** —ng(n —ny)®®
and

A+ B> (ng —1)(n—n1)** —ng(n —ny)*
—(n1 —n2 —1)(n —n1)*(n — n9)®
= (n1 = 1)(n—n1)*[(n —n1)" — (n —n2)"]
—n2(n —n2)*[(n —n2)* — (n —n1)“|
= [(n1 = 1)(n —n1)* + na(n —n2)*|[(n — n1)* — (n — n2)*]

0,

v

since (n —ny1)® > (n —ng)® for a < 0. We get

C = ni(n—mn1)%+na(n—n2)®
—(m—-1n-n1+1)*=(na+1)(n—ng—1)¢
= (m—=1)[(n—n1)* = (n—n1+ 1)
— (n2+D[(n—n2 = 1)* = (n —n2)*] + (n — n1)* — (n — n2)*
> 0,

since (n —n1)* — (n—mn2)* > 0for a <0,n; —1 > ny + 1 and by Lemma
3, for a < 0,

m—mn)*—(n—n1+1)*>Mn—-ngy—1)%—(n—ng)?
which is greater than 0. Clearly, for ¢ = 0, we have (n —n1)* — (n —nq +

1)=(Mmn-ng—1)*—(n—ng)*=0.
Since A+ B > 0 and C > 0, we have Gut,,(G') — Guty,(G”) > 0,
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50 Gute v (G') > Gutop(G"). Thus, G' does not have the minimum Gut,

index which is a contradiction. Hence, |n; —n;| < 1. |

The proof of Theorem 3 is similar to the proof of Theorem 2, therefore

we omit some steps which are the same in both proofs.

Theorem 3. Let 0 < a < % and b < 0, where at least one of a and b is
not 0. For any k-partite graph G with n vertices, where 2 < k <mn,

GUta,b(G) < GUta,b(Knl ,ng,...,nk)-

The equality holds only if G is Ky, ny,....n,, where In; —n;| <1,1<i<
j<kandni+ns+---+np=n.

Proof. Let G’ be a k-partite graph of order n having the maximum Gut,
index. By Lemma 2, G’ is the complete k-partite graph.

Assume that G’ = Ky, n,, .. n., Where |n; —n;| > 2, say ny > ny + 2.
Let " = Kpy—1na41,....ni- Since (n—ny)(n—nz2) < (n—n1+1)(n—ng—1),

we have

[(n = 7n1)(n = n2)]* < [(n—n1+1)(n—ng -]

for a > 0 and
A = (mng+ni—ng—1)([(n —n1)(n —nz)]"
—[n=n1+1)(n—n2—-1)]%) — (n1 —n2—1)(n —n1)%(n — ng)®
< —(np—ng—1)(n—n1)%n—mn2)
We have
B = [W[(n —n1)* = (n—ny +1)*]
e T U LS

+ (n1 — 1)(n —n1)%* — na(n — ng)?*|2°

_ [(ng + 1)ng

(= m2)* = (n e — 1))
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N ()
2

+ (1 = 1)(n = m)* —na(n —ny)**|2°

[(n =y +1)%* = (n —n1)*]

IN

[(n1 = 1)(n — 11)?* = na(n — ng)**2°

IN

(n1 —1)(n —n1)** — na(n — na)>*,

If b < 0, then the last inequality is strict since 0 < 2 < 1. If 0 < a < %7

then the first inequality is strict since ("2'21)"2 < ("1_1)2("1_2)

and by

Lemma 3,

(n—ng)®* — (n—ny —1)** < (n—ny +1)%* — (n —ny)*".

Thus, if at least one of a and b is not 0, we have B < (ny —1)(n —nq)?®

na(n — ng)?®. Then
A+ B <[(n1—1)(n—n1)*+na(n —n2)?[(n —n1)* — (n —n2)?] <0,
since (n —ny1)® < (n—ng)® for a > 0. We get

C = (n2+1[(n—n2)* = (n—nz—1)]
= (nmi=D[n—n1+1)* = (n =)+ (n —n1)* — (n — n2)*
< 0,

since (n —n1)* — (n —n2)* <0 for a >0, ny+1 <n; —1 and by Lemma
3,

m—mn2)*—(n—ny—1)°"<(n—ny+1)*—(n—mny)?

for0<ac< %
Since A+ B < 0 and C' < 0, we have Gut, ,(G') < Guta,(G"”). So G’
does not have the maximum Gut, ; index which is a contradiction. |

The chromatic number of a graph G is the smallest number of colors
needed to color the vertices of G such that no two adjacent vertices have
the same color. We use Theorem 2 to obtain the following theorem for

graphs with given chromatic number.
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Theorem 4. Let a < 0 and b > 0, where at least one of a and b is not
0. For any connected graph G with n vertices and chromatic number x,

where 2 < x <n,
GUta,b(G) Z GUta,b(Knl,ng,...,nX)~

The equality holds only if G is Ky, n,,...n,, where |n; —n;| <1, 1 <d <
j<xandni+ng+- - +n,=n.

Proof. Let G’ be any graph of order n and chromatic number x having the
minimum Gut,; index. The graph G’ contains no edges connecting the
vertices in the same color class, thus G’ is a x-partite graph. Hence, by
Theorem 2, G is Ky, n,,...n,, Where [n; —nj| <land 1 <i<j<y. W

Similarly, Theorem 5 follows from Theorem 3.

Theorem 5. Let 0 < a < % and b < 0, where at least one of a and b is
not 0. For any graph G with n vertices and chromatic number x, where
2<x<n,

Gutap(G) < Gutap(Knyng,...ony,)-

The equality holds only if G is Kn, n,,..n,, where [n; —n;[ < 1,1 <@ <
Jj<xandni+ng+---+n, =n.

It seems complicated to obtain sharp bounds on the general Gutman
index for trees. Thus we consider a special class of trees called starlike
trees. A starlike tree is a tree having exactly one vertex of degree greater
than 2. For the starlike tree S(nq,ne,...,ng) with a vertex vy of degree
k > 3, we have

S(ni,ne,...,nk) —vg =P, UP,, U---UP,,,

where P,, is the path of order n; (1 < i < k); see Figure 1. This tree

has ny + ng + -+ - + ng + 1 = n vertices. In particular, S(ny,na,...,ng)
is the star S, for ny = ny = -+ = np = 1. Let S/, be a starlike tree
S(ni,mna,...,nk) of order n such that all nq,ne,...,n; except for one are

equal to 1. We denote by S/ a tree S(ni,na,...,ng) of order n such that
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[n; —n;| <1forany 1 <i<j <k Letuscompare the Gut,; index of

two starlike trees.

(@) (@) (@) (@)
o o o o
020 o o o
V10 V30 o o
P, P, P, P,
Figure 1. Starlike tree S(ni,na,...,ng).

Lemma 4. Leta >0 and b > 0. For ny > ny + 2, we have
Gutgp(S(n1,ng,...,nE)) > Gutep(S(ny — 1L,ne+1,...,ng)).

Proof. Let ny > ng + 2. In H; = S(ni,n9,...,nk), let v1 and ve be
adjacent vertices of V(P,,) such that dg, (v1) =1 < 2 = dg, (v2), and let
vy € V(P,,) such that dp, (v3) =1 (see Figure 1).

Let Hy = S(n1 — 1,na 4+ 1,...,n,) = S(n1,n9,...,nK) — v1v2 + v10s.
Let Z = {v1,v2,vs}. Then

> [du, (Wda, (0)]*[Da, (u,0)]” = (01 4 na)’ +2%(ny +ng —1)° +2°
{uv}CZ

Y A (w)ds, ()] (D, (u,0)])°

{uw}CZ
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and

Y [dm (wda, (0)]* D, (u,0)]°

{u,v}CV(H1)\Z

= Y dm@dm©)[Dm(u,0)]".

{u,w}CV(H2)\Z

Let F = {vo} UV(P,,) UV(P,,). Then

Gutaﬁb(Hl) — Guta,b(Hg)
= Z ([dHl (u)dHl (v)]a[DHl (u, U)]b - [de (u)dH2 (U)]G[DHQ (u7 U”b)

{uv}CZ

+ Z dH1 dHl )] [DH1 (uvv)]b - [dH2(u)dH2(v)]a[DH2(ua'U)]b)
{u,v}CV(H1)\Z

+ Z dHl dHl )] [DHl (ua v)]b - [dH2(u)dH2(U)]a[DH2(uaU)]b)
ueZweV(H1)\Z

= > (dm Wdu, (0))"[D, (u,0)]* = [dr, (u)di, (0))* [Drr, (u, v)])

weZweV (H)\Z

= Y [dm Dy 0l = Y (A, (0)]* D, (01, 0)])"

veV(H1)\Z veV(H1)\Z
+2° 3 A, ()P, (02,0)) = Y [ ()] Dy (v2,0)])°
veV(H1)\Z veV(H1)\Z
+ > A ) [Da, (vs, )] 2% Y [da, (v)]* D, (vs, )]
veV(H)\Z veV(H1)\Z
= Z [dHl (U)}a([DHl (Ulvv)]b - [DHz (vlvv)]b)
veV(H)\Z
+2 =1 Y [, ) ([P, (v2,0)]” = [Da, (vs,0)]°).
veEV (H1)\Z
Note that

DH1 (Uvi) = DH2(U27’U) > DH1 (’1_)3,'0) = DHQ(U3,U)
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for v € V(H;)\F. We obtain

R= ) [dm©)]*([D,(v2,0)]" = [D, (v3,0)]")

veV(H1)\Z

= Y [dm ())*([Dm, (v2,0)]" = [Di, (v3,0)]")

veV (H)\F

+ Z [z, (V)] *([Dg, (v2,0)]” — [Dg, (vs,v)]°)
vEF\Z

> Z dH1 DH1(1)27U)}b_[DH1(U3’U)]b)
vEF\Z

=201 4+2 4+ 4+ (g =2 +nf 4+ + (01 + 1y —2)"
— 21+ 24 (e — 1)+ (n2 + )P+ (g + 1 — 2)7)
+ k%ny —1)° —k%n}

=k%ny —1)* —2%(ny — 1)° + 2908 — k%nf

= (k" =29[(n1 = 1)" = nj]

>0,

since k*—2% > 0 for k > 3 and a > 0, and (nl—l)b—ng >0forn;—1> ng
and b > 0. For v € V(H1)\F, we have Dy, (v1,v) > Dp, (v1,v). Thus

P= > [du, )P, (v1,v)]" = [Dp,(v1,v)])

veV(H1)\Z

= Y [du,()*([Dm, (01,0)]" = [Da, (v1,0))°)
veV (H)\F
+ > A (0))([Da (01,0)"] = [Diz, (v1,0)]")

vEF\Z

> > [dm, (0)]*([Da, (v1,0))° = [Dp, (v1,0)]°)

veEF\Z

=272+ + (g — )P+ + D)+ + (g e — 1)"]
—2012° 4+ nh 4 (n2+2) 4+ (01 + g — 1)1
+ knS — k%(ngy +1)°

= k%% — 2%n8 4+ 2%(ny + 1)° — k%(ny +1)°

= (k" =29} — (n2 +1)"] > 0,
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since n — (ng +1)” > 0 for ny > ny+1 and b > 0. We have R > 0, P > 0
and 2% > 1 for a > 0, thus

Gutap(Hy) — Gutap(Hy) = P+ (2 —1)R > 0.

Hence Gut,p(H1) > Gutgp(Ha). [ |
We obtain a similar lemma for a > 0 and b < 0.

Lemma 5. Leta >0 and b < 0. For ny > ny + 2, we have
Gutep(S(n1,ng,...,nE)) < Gutep(S(ny — Lna +1,...,ng)).

Proof. We present those parts of the proof of Lemma 5 that differ from
the proof of Lemma 4.

Let H; = S(n1,na,...,ng) and Hy = S(ny — Lng + 1,...,ng) =
S(ni,nae,...,nK) — v1va + vivs. We have Dy, (ve,v) > Dy, (vs,v), thus
[Dy, (ve,v)]” < [Dp, (v3,v)]° since b < 0. Then

R = > ldu, ())*([Da, (v2,0)]" = [Da, (v3,0)]%)
veV (H)\F
+ > [du, ())*([Da, (v2,0)] = [Da, (v3,0)]")
veEF\Z
< Y [du, ())*([Da, (v2,0)]" = [Da, (vs,0)]")
veEF\Z

= (k" —2%)[(ny — 1)’ —nb] <0,

since (ng — 1) —nf < 0 for ny — 1 > ny and b < 0. For v € V(H)\F,
we have Dy, (v1,v) > Dy, (v1,v), thus [Dg, (v1,v)]” < [Da, (v1,v)]?, since
b < 0. Then

P = > ldu, ()]*([Da, (v1,0)]" = [Da, (01,0)]%)
veV(H1)\F
+ Y [da, ()]*([Da, (v1,0)"] = [Da, (v1,0)]")
vEF\Z

< Y [ ([P, (v1,0)]" = [Diy (01, 0)]")

veEF\Z
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= (" —2%[n} - (na+ 1)’ <0,

since n% — (ng +1)® < 0 forny >ny+1 and b < 0. We have R < 0, P <0
and 2% > 1 for a > 0, thus

Gut,p(Hy) — Gutap(Hy) = P+ (2* — 1)R < 0.

Hence Gut,p(H1) < Gutgp(Ha). |

In Theorems 6 and 7, we obtain bounds on the Gut, ; index of starlike
trees for a > 0 and b > 0.

Theorem 6. Let a > 0 and b > 0. For any starlike tree G with n vertices
and mazximum degree k, where 3 < k <mn — 1, we have

Gutap(G) > Guta b (S)).

The equality holds only if G is S)I.

Proof. Let G’ be any starlike tree of order n and maximum degree k with
the smallest Gut, , index. Let us show that G’ is 5.

Assume to the contrary that G’ is not SJ/. So G’ is S(ny,na,...,nk)
and there exist ¢ and j, where 1 < i < j < k, such that |n; — n;| > 2.

Without loss of generality, assume that ny — ny > 2. By Lemma 4
Gutyp(S(n1,ng,...,nE)) > Gutep(S(ny — Lna +1,...,ng)).

Hence, S(n1,ng, ...,nk) does not have the smallest Gut, , index, which is

a contradiction. [}

Theorem 7. Let a > 0 and b > 0. For any starlike tree G with n vertices

and mazimum degree k, where 3 < k <mn — 1, we have
Gutop(G) < Gutqp(S),).

The equality holds only if G is S),.

Proof. Let G’ be any starlike tree with n vertices and maximum degree k

having the largest Gut, ; index. We prove that G’ is .SJ,.
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Assume to the contrary that G’ is not S!. So, G’ is S(ny,na,...,nk)
and there exist ¢ and j, where 1 <4 < j < k, such that n;,n; > 2. Without

loss of generality, we can assume that ny > ny > 2. From Lemma 4
Gutap(S(n1+1,n2 —1,...,nk)) > Gutepy(S(n1,ne, ..., nk)).

Hence, S(n1,ne,...,ng) does not have the largest Gut,; index, which is

a contradiction. [}

Lemma 4 was used to obtain bounds for the Gut,; index of starlike
trees if a > 0 and b > 0. Similarly, Lemma 5 can be used to obtain bounds
on the Gut,  index for starlike trees if @ > 0 and b < 0.

Theorem 8. Let a > 0 and b < 0. For any starlike tree G with n vertices

and mazximum degree k, where 3 < k <mn — 1, we have
Gutap(S),) < Gutap(G) < Gutap(Sy).

The first equality holds only if G is S, and the second equality holds only
if G is SV.

3 Conclusion

In this paper, we generalized the Gutman index and presented some first
results on the general Gutman index. Let us state several problems open

for future research.

Problem 9. Find a tree with the smallest or a tree having the largest

Gutqp index among trees with given order for some a and b.

Problem 10. Find bounds on the Gut,; index for unicyclic graphs and

bicyclic graphs graphs with given order for some a and b.

Problem 11. Find a sharp lower bound or an upper bound on the Gut,

index for graphs with given order and vertex connectivity for some a and
b.
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Problem 12. Find bounds on the general Gutman index for graphs with

given order and number of pendant vertices.
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