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Abstract

Delayed differential equation is an important tool to describe
the interaction of different chemical substance in chemistry. In this
present research, we set up a novel chlorine dioxide-iodine-malonic
acid chemical reaction model incorporating delays. The peculiarity
of solution and Hopf bifurcation of the formulated delayed chlorine
dioxide-iodine-malonic acid chemical reaction model are explored.
Firstly, the existence and uniqueness is investigated via fixed point
theorem. Secondly, the non-negativeness of solution is studied via
some proper mathematical inequality shills. Thirdly, the stability
and bifurcation of the formulated delayed chlorine dioxide-iodine-
malonic acid chemical reaction model are analyzed. The influence
of delay on the delayed chlorine dioxide-iodine-malonic acid chemi-
cal reaction model is uncovered. Fourthly, Hopf bifurcation control
issue of the formulated delayed chlorine dioxide-iodine-malonic acid
chemical reaction model is studied via two hybrid controllers. To
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check the soundness of acquired key assertions, Matlab simulations
are executed. The gained assertions of this research are completely
novel and possess tremendous theoretical value in maintaining the
balance of the concentrations of chlorine dioxide, iodine in chem-
istry.

1 Introduction

Usually, the interaction of different chemical substance displays very com-
plex dynamical phenomenon in natural world. The Belousov-Zhabotinsky
reaction (BZ reaction), which first proposed by Belousov [1] and Zhabotin-
skii [2], represents the classical chemical reaction of non-equilibrium ther-
modynamics. It can generate chemical periodic oscillation phenomenon [3].
The chemical periodic oscillation phenomenon often quite complicated.
Generally speaking, the BZ reaction comprises more than twenty chemical
reaction procedures, but it can be boiled down to three differential equa-
tions [3]. In 1990, Lengyel et al. [4] explored the chemical oscillations of
the chlorine dioxide-iodine-malonic acid reaction(ClOy — I — MA). The
tree chemical reactions are represented as follows:

(i) The iodination reaction of malonic acid (M.A) obeys the following rule:
MA+T, > IMA+I +HT. (1)

(ii) The oxidation reaction for iodide ions from free chlorine dioxide radical

obeys the following rule:
_ 1 5
ClO+71™ — ClO5 + §I2. (2)

(iii)A reaction process between chlorite and iodide ions from the above

two steps to produce iodine obeys the following rule:

ClOy 4+ 4T~ + 4HT — Cl 4 272 + 2H,0. (3)
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Then the chlorine dioxide-iodine-malonic acid(ClOy — Zy — M.A) model

can be expressed as follows:

L] K1 MAT]

ds o K1g + [IQ] ’
_ d[CdZSZ] _ 1%2[(:11(92][_2*]7 (4)
_d[clog] -

= K3a[CLOR[T7][H ] + k3p[CLO][Z7][Z2]

ds v [

where K14, K2, K3q, K3 Tepresent reaction rate constants, x5 and v depict
saturation phenomena'

k38[ClO][Z7][Zs] v+[I TET stands for the autocatalytic effect of Z, and the
self-inhibitory effect of Z~ on the chlorite-iodide reaction [3,5]. Experiment
shows that concentrations of iodide and chlorite ions change quickly and
the concentrations of malonic acid, chlorine dioxide and iodine change
tardily. Thus we argue that the dynamical behavior of model (4) can be
approximate to a model with merely two variables: the concentrations
of iodide and chlorite ions. In a flow chemical reactor, remaining the
concentrations of chlorine dioxide, iodine and malonic acid as constants,
then MA, 7, and ClOy change much more tardily than Z~ and CIO; . Let
X=1I7,Y=CIlO;, A=1,, then we derive the equations as follows:

A= X rp, = Iill,lﬁll = k1[MA]o,

X = V.1, = ol X], 5y = £2[CLOA), (5)
SX)
4X+Y =Y = Porm, = M’HB = r3g[Z]o.

Make variable bubstltutlonb X = aup,Y = Bug,s = yt,a = /v, =

o

T = N, ,a = Wl ,b= 5 then we gain the 2D model as follows:
3 2

duy (t) ot — duq (t)uz ()

dt ! 1+uf(t) (6)
dug(t) ~ buy (1) [1 B uz(t)

dt ! L+ui(t)]’
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where u; and us denote concentrations (in dimensionless forms) of Z~ and
ClOg , respectively, a,b stand for kinetic coefficients. In 2018, Din et al. [3]
carried out detailed analysis on the stability, Neimark-Sacker bifurcations
of the discrete-time version of model (5). Notice that there is a delay
of feedback response of the concentration of Z~ in chemical reaction, we

modify model (5) as the following delayed form:

dui(t) 4u1 (t ua(t)
=a—u(t—p) — T2
gt i g
dt = bur(t) [ 1—|—u1 ]

where p > 0 is a time delay.

Hopf bifurcation driven by delay is an significant dynamical peculiarity
in nonlinear delayed differential models [6-16]. In chemistry, Hopf bifurca-
tion driven by delay can availably characterize the transformation relation-
ship of the concentration of different chemical substances. Therefore we
argue that it is of much concern to explore the Hopf bifurcation driven by
delay in various chemical reaction models. Inspired by this analysis above,
we are going to investigate the Hopf bifurcation driven by delay and the
control issue of Hopf bifurcation for system (7). Specifically, we are to
deal with the following aspects: (a) Seek the existence and uniqueness,
non-negativeness of the solution of system (b). (c) explore the stability
trait and the existence Hopf bifurcation of system (7). (d)control Hopf
bifurcation of system (7) via two hybrid controllers.

The key contributions of this research are listed as follows: (a) De-
pending on the earlier literatures, we set up a novel chlorine dioxide-iodine-
malonic acid chemical reaction model incorporating delays. (b) The suffi-
cient criterion to ensure the stability and the generation of Hopf bifurcation
of system (7) is gained. (c) By virtue of hybrid controllers, the stability
region and the time of the generation of Hopf bifurcation of system (7) are
successfully dominated. (d) The impact of delay on the stability and the
generation of Hopf bifurcation of system (7) has been explored. (e) The
control technique can be applied to investigate the Hopf bifurcation control

aspect of lots of integer-order differential system in various subjects.
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This research is arranged as follows. The existence and uniqueness,
non-negativeness of the solution of system (7) are investigated in Segment
2. The stability trait and the generation of Hopf bifurcation of system (7)
are analyzed in Segment 3. The Hopf bifurcation control problem of system
(7) by virtue of a suitable hybrid controller that includes state feedback
and parameter perturbation with delay is handled in Segment 4. The Hopf
bifurcation control problem of system (7) by virtue of a suitable hybrid
controller that includes state feedback and parameter perturbation without
delay is handled in Segment 5. Segment 6 executes Matlab simulations to

check the rationality of the gained results. Segment 7 finishes the research.

2  Peculiarity of the solution

In this segment, we are about to seek the existence and uniqueness, non-
negativeness of the solution of system (7) by virtue of fixed point theorem
and inequality skills.

Theorem 2.1. Denote A = {uj,uz) € R?* : max{|uil, |ua||} < U},
where U > 0 stands for a constant. For each (ujg,u20) € A, system
(7) concerning the initial condition (uig,ug0) admits a unique solution

U= (ul,UQ) c A.

Proof Define a mapping as follows:

f(U) = (h(U), £(U)), (8)
where st ;
A) =a- (- p) - T
w(t) 1 (9)
1l0) = b0 [1 - 1505
For arbitrary U,U € A, we gain
1£(U) = FO)]
o —u _ . 4U1 (t)U2(t) _la ﬂ _ _ 4U1(t)ﬁ2(t)
B N A T 1 R A TN
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+

bus (1) {1 - %] - {bﬂl(t) {1 - 1—1:25?@)} H

Tl — ()

Uy (t) — 1y (t)] + 3U3 uy (1) — a1 (t)]

< ui(t—p) — @ (t — p)| +

AU uz(t) — aa(t)]] + blua(t) — @ (t)]

+mmz(t) — T (t)] + U |ug(t) — o(t)]
+2M3|U1(t) — 111 (t)H

< oo+ L st - o)

1+ 4U + U? + 4u3 .
[ Uu?)? ] |ug (t) — w2 (t)]

<9|lu -1, (10)

where

(11)

AU 4+ 14U3 1+ AU + U? + 443
Y =max<{1+b-+ .

U2 U2)2
So f(U) conforms to Lipschitz condition for U (see [17]). In view of fixed

point theorem, one can lightly understand that Theorem 2.1 is correct. ll

Theorem 2.2. If p = 0, then all solutions to system (7) starting with R%

are non-negative.

Proof Assume that U(tg) = (u1(to), u2(to)) is the initial value of system
(7). Assume that there exists a positive constant ¢, satisfying tg <t < t,
obeying

uy(t) = 0,t9 < t < t,,

u1(ts) =0, (12)

up (1) < 0.

In view of system (7), one gets

du1 (t)

7 lus (£,)=0 = a. (13)
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In view of Lemma 1 of Das et al. [18], one gains u;(¢]) = 0, which is a
contradiction (see (12)). So wy(t) > 0 for t > tg. Similarly, we can lightly
gain that us(t) > 0 for ¢ > to. [ |

3 Bifurcation research

It is easy to derive that system (7) has the following unique positive equi-

librium point: E(u1y, u2s), where where

Uiy = )

a2 (14)

uQ*:a—i—%.

ol 2

The linear system of system (7) around F(u14,us2,) takes the following

expression:

duq (t) _ { 8u?, ug, 4ug, () — 4,
(

dt 1+u2)? 1442, 14w,
dus(t) 2bui, ugy buq,
=|b+ —F5— t) — ——5—wua(t).
N T el R T

(15)

The characteristic equation of system (15) owns the following expression:

; \— (8uf*u2* _ _dus, ) 4 duy,
et

U2 U2 u2
(1+wui,)? 2bEru12: 1+ blu*l -0, (16)
N (b+ <1+uf*>2) At 14uf,
which leads to
M tad+as+N+az)e M =0, (17)
where
4y 8'1,[1%*11&* buqy
a; = - ,
o, (T4ud)? 144,
a — 4buy Uy 4buy, (18)
’ AFul)? " 1ad,’
as U1 %

- 1+u%*'
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If p =0, then Eq.(17) reads as:
AN+ (a1 + DA +ax+az =0,

If
(G1) a1 +1>0,as +az >0

(19)

is fulfilled, then the two roots A1, A2 of Eq. (19) have negative real parts.

Thus the positive equilibrium point E(u14,u2,) of model (7) involving

p = 0 remains locally asymptotically stable level.

Suppose that A = i¢ is the root of Eq. (17). Then Eq.(17) takes

i¢2 + ayid + as + (i + a3)67i¢p =0,

which generates

—¢? +iar1d + as + (i¢p + as)(cos gp — isin gp) = 0.

It follows from (21) that

ag cos ¢p + ¢sin gp = ¢* — as,
@ cos pp — agsin pp = —aj .

By (22), we have
a3 +¢° = (¢° — a2)* + (~a19)*,

which means
&' + (a2 —2ay — 1)@ + a2 — a2 = 0.

Let

Ay(¢) = ¢* + (af — 2a2 — 1)¢* + a3 — aj.

Suppose that
(G2) |az| < |as]

(20)

(21)

(22)

holds, noticing that limg_, {0 A1(¢) = 400 > 0, then we understand that

Eq. (24) has at least one positive real root. Thus Eq. (17) has at least
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one pair of purely roots. Without loss of generality, here we suppose that
Eq. (24) admits four positive real roots (say ¢;,¢ = 1,2,3,4). According
to (22), we have

_ 2 _
) = % {arccos <(as C;g)iag aws)) + 214 : (26)

where i = 1,2,3,4;k =0,1,2,.... Denote

k
Po }{pﬁ N,

= mi
{i=1,2,3,4;k=0,1,2,---

and suppose that when p = pg, (17) admits a pair of imaginary roots +igy.

Next the following assumption is needed:
(Gs) HirHar + HirHar >0,

where
H1ir = a1 + cos ¢opo,

Hir = 2¢9 — sin ¢gpo,
Har = agsin gopy — P cos dopo,
Hor = ¢F sin gopo + azpo cos dopo.

(27)

Lemma 3.1. Denote \(p) = e1(p) + iea(p) the root of Eq. (17) near

p = po such that €1(po) = 0,€2(po) = ¢o, then Re (?) ’ >0
P ) L p=po,o=¢0o

Proof Using Eq.(17), we gain

d\ d\  dA dA d\
2A— 4+ Ze M- (A+p=) (A = 28
deralderdpe dp( erdp)( +as)e 0, (28)
which implies
AN\ N p
- — - 29
(dﬂ> Ha(A) A #9)
where R
=2\ P
Hi(N) +ate N (30)
Ha(A) = A A+ az)e™”
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Hence
Re <d)‘> 1] — Re [Hl()‘)} ~ HirHor + HirHor
B - 2 2 :
dp pP=po,dp=do 7-[2(/\) pP=p0,P=d0 H2R + HQI
(31)
In view of (G3), we gain
A\
Re () ] >0, (32)
dp
p=po,d=¢o
which ends the proof. |

Depending on the discussion above, the following outcomes is lightly gained.

Theorem 3.1. Suppose that (G1)-(Gs) are true, then the positive equi-
librium point E(ui«,uss) of model (7) is locally asymptotically stable if
p €10, p0) and model (7) generates a Hopf bifurcation around the positive

equilibrium point E(u14,uos) when p = po.

4 Bifurcation domination via hybrid

controller 1

In this part, we will deal with the Hopf bifurcation problem of system (7)
via a suitable hybrid controller consisting of state feedback and parameter
perturbation with delay. Taking advantage of the idea in [19,20], we ob-
tain the following controlled chlorine dioxide-iodine-malonic acid chemical

reaction model:

d%p =0 [a—m(t—P) - W] + 02[ur (t — p) — us(2)],
dUQ(t)

- UQ(t)
5= |- ) -
33

where g1, 02 stands for feedback gain parameters. System (33) and system

(7) owns the same equilibrium points E(u14,u2+). The linear system of
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system (33) around FE(u14,uss) takes the following expression:

dus(t) _ {m( Sufup  dug, )_92} un(t)

dt (1+u)?  1+ui,
U1« 01
- 4 — t—
1 +u%*U2( )+ (02 — o1)ua(t — p),

dug(t) 20u?, Uz, buy
= b+ 2 () — 1.
dt Pl O g e

(34)

The characteristic equation of system (34) owns the following expression:

8u?, ug, duo, “Xp duqgo
qoi| Ao (B - ) —e] @ ee g
— (b + 2b“%*“2*) \+ buj

(tui,)? Ltul,

which leads to
22 + b A+ bs + (bg)\ + b4)67>‘p =0,

where

b o bul* 8u%*u2* 4u2*
Tare, |\ awa)? 1ra) %)

by — — {01 Buf,uze  duay ) B 92} b1
(1+ui,)? 1+, 1+uf,’
bz = —(02 — 01),
bul*
14uf,”

bs = (02 — 01)
If p =0, then Eq.(36) reads as:
A (by 4+ b3)A + by + by =0,

If
(g4) by +b3>0,bo+by >0

|

(38)

is fulfilled, then the two roots A1, A of Eq. (38) have negative real parts.

Thus the positive equilibrium point E(uj4,u2s+) of model (33) involving

p = 0 remains locally asymptotically stable level.



540
Suppose that A = iw is the root of Eq. (36). Then Eq.(36) takes

(iw)? + byiw + by + (bgiw + by)e™™P =0, (39)
which generates
—w? + briw + by + (bgiw + by)(coswp — isinwp) = 0. (40)

It follows from (40) that

by coswp + bswsinwp = w? — by,
(41)
bsw coswp — by sinwp = —biw.
By (41), we have
b3 + (bsw)? = (w? — b2)? + (—bw)?, (42)
which means
w* + (b7 — 2by — b3)w? + b3 — b5 = 0. (43)
Let
Ag(w) = wh 4 (b — 2by — b2)w? + b2 — 12, (44)

Suppose that
(Gs) [b2| < [b4]

holds, noticing that lim,,_, s As(w) = 400 > 0, then we understand that
Eq. (43) has at least one positive real root. Thus Eq. (36) has at least
one pair of purely roots. Without loss of generality, here we suppose that
Eq. (43) admits four positive real roots (say w;,j = 1,2,3,4). According
to (41), we have

1 by(w? — by) — bybsw?
P = = [arccos ( 4(; —b2) — bibs J) + 2h7r] ) (45)

J _ 2 1 p2, 2
wj by + b3w;
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where j =1,2,3,4;h=0,1,2,--- . Denote

h
pos = }{p;. .

min
{j=1,2,3,4;h=0,1,2,--
and suppose that when p = pgs, (36) admits a pair of imaginary roots

:l:’in .

Next the following assumption is needed:
(Gs) SirS2r + S1182r > 0,

where

SlR = b1 =+ bg COS W Pox
S11 = 2wy — bzsinw ,

1I 0 3 0P0x . (46)
Sar = bywg cos wopos + brwy sin wopox,

2 .
Sar = biw{ cos wppox — bawp sin wppos.

Lemma 4.1. Denote A(p) = Ci(p) + iC2(p) the root of Eq. (36) near
p = pox such that C1(pox) = 0, (2(pox) = wo, then Re (‘;—2) ‘ > 0.
P=P0* ,W=wWo

Proof Using Eq.(36), we gain

dX dX ax 5, dA dA
dpe dp

22— — - =Ap 4
Adp+b1dp+b3 A+p p) (bsA + ba)e 0, (47)

which implies

—1
() -55-% <48>
where \
AN @
Hence
d\ S1(\) S1rS2Rr + S118ar1
fe (dp> L_w_% —fe {SQ(ML_W_WO T8,

(50)
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In view of (Gg), we gain

Re

(iz)_ll > 0, (51)

P=P0o* ,W=Wo

which ends the proof. |
Depending on the discussion above, the following outcomes is lightly gained.

Theorem 4.1. Suppose that (G4)-(Gs) are true, then the positive equi-
librium point E(u1., uas) of model (33) is locally asymptotically stable if
p €10, pox) and model (33) generates a Hopf bifurcation around the positive

equilibrium point E(u14,uoy) when p = pos.

5 Bifurcation domination via hybrid

controller I1

In this part, we will deal with the Hopf bifurcation problem of system (7)
via a suitable hybrid controller consisting of state feedback and parameter
perturbation without delay. Taking advantage of the idea in [21], we ob-
tain the following controlled chlorine dioxide-iodine-malonic acid chemical
reaction model:

W (1= g) |- wle- )

dUQ (t) o (5 (t)
i ““@{11+u«wy

B duq (t)uso(t)
1+ u3(t)

[+ olur0) -

(52)
where o stands for control parameter. System (52) and system (7) owns
the same equilibrium points E(u1,, u2s). The linear system of system (52)

around F(u14, u24) takes the following expression:

duy(t) 8u?, Uy dug,
it - {“(19) <(1+ui>2 TR

dui(l—p
Al - (- it - p), (53)
1x
dus(t) 20u?, Uy buq,
de {H (2| 0 T e
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The characteristic equation of system (53) owns the following expression:

'u,2 U % U — Uk (1=
det A_[Q+(1_Q)((81+11:%2)2_1i52* )}-F(l—g)e . % 0
e * 1x * =0,
- (o )
U Ul x
(54)
which leads to
N di\+dy + (dsh+dy)e ™ =0, (55)
where
bui, SU% U2% 4oy
dy = — 1— * _
T T, [QH 2 ((Hui)2 1t )]
du1,(1 — o) 20u? U,
dy = ———5— | b+ =55
1 + ul* (1 + ul*) 4
bui, But, Uz« dug, (56)
_ +(1— _ ,
T o+ 0o (e - e
d3 =1- 0,
d _ bul*(l — Q)
4 L+uf,

If p =0, then Eq.(55) reads as:
A 4 (dy +d3)N+dy +dy =0, (57)

If
(g7) dy+d3>0,dy+dy >0

is fulfilled, then the two roots A1, A2 of Eq. (57) have negative real parts.
Thus the positive equilibrium point E(u1y, ugs) of model (52) involving

p = 0 remains locally asymptotically stable level.

Suppose that A = iw is the root of Eq. (55). Then Eq.(55) takes
(iw)? + dyiw + by + (dziw + dy)e” P = 0, (58)
which generates

—w? + dyiw + dy + (dziw + dy)(cos wp — isinwp) = 0. (59)
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It follows from (59) that

dy coswp + dzwsinwp = w? — da,
. (60)
dsw coswp — dysinwp = —dw.
By (60), we have
di + (dsw)? = (@? — do)? + (—d1@)?, (61)
which means
w4 (dF — 2dy — d3)w? + d3 — d} = 0. (62)
Let
Az(w) = w* + (dF — 2dy — d3)w? + dj — d3. (63)

Suppose that
(Gs) |da2| < |d4]

holds, noticing that limg_, o0 Az(@) = +00 > 0, then we understand that
Eq. (62) has at least one positive real root. Thus Eq. (55) has at least
one pair of purely roots. Without loss of generality, here we suppose that
Eq. (62) admits four positive real roots (say wp, h = 1,2,3,4). According
to (60), we have

(k) 1 d4(w% — dg) — hlhng
Py = p— {arccos < B+ B + 2km|, (64)

where h =1,2,3,4;k=0,1,2,--- . Denote

. (k)
0o — min
p {h=1,2,3,4;k=0,1,2,--- }{ph b

and suppose that when p = pgs, (55) admits a pair of imaginary roots
:l:in.

Next the following assumption is needed:

(Go) WirpWagr + WitWar > 0,
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where

Wigr = di + d3 cos wopos,
Wit = 2w — da sin wgpoo, (65)
War = dymg cos @opos + d1 w4 Sin @o poo,

_ 2 :
War = dlwo COS Wy Poo — A4T00 SIN Wy Poo-

Lemma 5.1. Denote A(p) = 01(p) + i02(p) the root of Eq. (55) near p =
poo such that Ci(poo) = 0,C2(poe) = wo, then Re (%) ‘ > 0.

P=P0o, W=T00

Proof Using Eq.(55), we gain

dA d\ dx _, dX dA _x
2\ — — B R — - P =
/\dp +dy dp +ds dpe dp ()\ +pdp) (dsA+dy)e , (66)
which implies
—1
Ay e (67
dp Wa(A) A
where
Wi(\) = 2\ + dy + dze™ 7, (68)
Wa(\) = Mdz\ + dy)e™".
Hence
da\ Wi ()\)} WirWar + WirtWar
R i = R =
’ <dp) :|ppo<> w=wg ’ {WQ () P=P0o, T=w0 W22R + WZQI
(69)

In view of (Gg), we gain

Re

<‘;2) _1] >0, (70)

P=P0o, W=w0

which ends the proof. |
Depending on the discussion above, the following outcomes is lightly gained.
Theorem 5.1. Suppose that (G7)-(Gy) are true, then the positive equi-
librium point E(u1,uss) of model (52) is locally asymptotically stable if
p €10, poo) and model (52) generates a Hopf bifurcation around the positive
equilibrium point E(u14,uos) when p = poo.

Remark 5.1. In 2018, Din et al. [3] dealt with the stability, bifurca-
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tion and chaos control of a discrete chlorine dioxide-iodine-malonic acid
reaction model. In this article, we propose a new chlorine dioride-iodine-
malonic acid chemical reaction model incorporating delays. We have in-
vestigated the existence and uniqueness, boundedness of the solution, Hopf
bifurcation and Hopf bifurcation control aspect of the formulated the de-
layed chlorine dioxide-iodine-malonic acid chemical reaction model (7).
The exploration way of this article is different from that of Din et al. [3]
and the acquired outcomes are completely new. Relying on this aspect, we

argue that our works supplement the study of [4] to some degree.

6 Matlab simulations

Example 6.1. Consider the following chlorine dioxide-iodine-malonic acid

chemical reaction model incorporating delays:

0wt
dus(t) 10us (8) |1 — uz(t) (71)
a0 1+ud(t—p)|"

Obviously, system (71) owns a unique positive equilibrium point E(5, 26).
We can lightly check that the assumptions (G1)-(Gs) of Theorem 3.1 are
satisfied. Taking advantage of Matlab software, we can gain that ¢y =
4.1125, pg = 0.38. To Validate the correctness of the acquired assertions of
Theorem 3.1, we select two different delay numbers. One is p = 0.2 and one
is p = 0.45. For p = 0.2 < pg =~ 0.38, we acquire Matlab simulation plots
which are provided in Figures 1-4. In view of Figures 1-4, one can lightly
know that u; — 5, us — 26 when t — 4o00. That is to say, the equilibrium
point FE(5,26) of system (71) remains locally asymptotically stable level.
For p = 0.45 > py =~ 0.38, we acquire Matlab simulation plots which
are provided in Figures 5-8. In view of Figures 5-8, one can lightly know
that u; is about to remain periodic oscillation near the number 5, wusy is
about to remain periodic oscillation near the number 26. Namely, a family
of limit cycles (i.e., Hopf bifurcations) take place around the equilibrium

point F(5,26). Besides, the bifurcation diagrams, which distinctly show
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the bifurcation point of system (71), are given in Figures 9-10. In view
of Figures 9-10, one can lightly know that the bifurcation value of system
(71) is po ~ 0.38.

Example 6.2. Consider the following controlled chlorine dioxide-iodine-

malonic acid chemical reaction model incorporating delays:

dul(t) 4U1(t)UQ t)
7 =0.25 [1—u1(t)—1+u%(t_p)}
0 —0.8[ur(t — p) — u(l ()t)L (72)
dus(t uo(t
im0 |- i)

Obviously, system (72) owns a unique positive equilibrium point E(5, 26).

We can lightly check that the assumptions (G4)-(Gg) of Theorem 4.1 are
satisfied. Taking advantage of Matlab software, we can gain that wy =
2.5622, po,. =~ 0.46. To Validate the correctness of the acquired assertions
of Theorem 4.1, we select two different delay numbers. One is p = 0.45 and
one is p = 0.498. For p = 0.45 < pp, = 0.46, we acquire Matlab simulation
plots which are provided in Figures 11-14. In view of Figures 11-14, one
can lightly know that u; — 5,us — 26 when ¢t — 4oc0. That is to say,
the equilibrium point E(5,26) of system (72) keeps locally asymptotically
stable level. For p = 0.498 > po,. ~ 0.46, we acquire Matlab simulation
plots which are provided in Figures 15-18. In view of Figures 15-18, one
can lightly know that u; is about to remain periodic oscillation near the
number 5, ug is about to remain periodic oscillation near the number 26.
Namely, a family of limit cycles (i.e., Hopf bifurcations) take place around
the equilibrium point E(5,26). Besides, the bifurcation diagrams, which
distinctly show the bifurcation point of system (72), are given in Figures
19-20. In view of Figures 19-20, one can lightly know that the bifurcation
value of system (72) is po. ~ 0.46.

Example 6.3. Consider the following controlled chlorine dioxide-iodine-
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malonic acid chemical reaction model incorporating delays:

duy (t) duy (t)usa(t)
C}t = 0.5 x 0.25 {1 —uy(t) — Hlu%(tQp):|
— 0.5[u1(t) — w14, (73)
dus(t) us(t)

Obviously, system (73) owns a unique positive equilibrium point E(5, 26).

We can lightly check that the assumptions (Gr7)-(Gg) of Theorem 5.1 are
satisfied. Taking advantage of Matlab software, we can gain that wy =
5.0067, poo =~ 0.18. To Validate the correctness of the acquired assertions
of Theorem 5.1, we select two different delay numbers. One is p = 0.02 and
one is p = 0.23. For p = 0.02 < ppo =~ 0.18, we acquire Matlab simulation
plots which are provided in Figures 21-24. In view of Figures 21-24, one
can lightly know that u; — 5,us — 26 when ¢ — 4oc0. That is to say,
the equilibrium point E(5,26) of system (73) keeps locally asymptotically
stable level. For p = 0.23 > po, ~ 0.18, we acquire Matlab simulation
plots which are provided in Figures 25-28. In view of Figures 25-28, one
can lightly know that w; is about to remain periodic oscillation near the
number 5, us is about to remain periodic oscillation near the number 26.
Namely, a family of limit cycles (i.e., Hopf bifurcations) take place around
the equilibrium point E(5,26). Besides, the bifurcation diagrams, which
distinctly show the bifurcation point of system (73), are given in Figures
29-30. In view of Figures 29-30, one can lightly know that the bifurcation
value of system (73) is poo =~ 0.18.

Remark 6.1. In system (71), we gain the bifurcation value py =~ 0.38. In
system (72), we gain bifurcation value po, =~ 0.46. In system (73), we gain
bifurcation value pge =~ 0.18. We can easily see that the stability region of
system (71) is enlarged and the time of generation of Hopf bifurcation of
system (71) is delayed by virtue of hybrid controller I consisting of state
feedback and parameter perturbation with delay and the stability region of
system (71) is narrowed and the time of generation of Hopf bifurcation of
system (71) is advanced by virtue of hybrid controller II consisting of state

feedback and parameter perturbation without delay.
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Figure 1. Matlab simulation plots of system (71) under the condition
p=0.2 < po = 0.38. The relation of ¢t and w1 (t). The positive
equilibrium point E(5,26) maintains locally asymptotically
stable level.

45

40t ]

301

Figure 2. Matlab simulation plots of system (71) under the condition
p = 0.2 < po = 0.38. The relation of ¢t and uz(t). The positive
equilibrium point E(5,26) maintains locally asymptotically
stable level.
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Figure 3. Matlab simulation plots of system (71) under the condition
p = 0.2 < po = 0.38. The relation of ui(t) and uz(t). The
positive equilibrium point E(5, 26) maintains locally asymp-
totically stable level.

80

Figure 4. Matlab simulation plots of system (71) under the condition
p = 0.2 < po = 0.38. The relation of ¢, ui (¢) and u2(t). The
positive equilibrium point E(5, 26) maintains locally asymp-
totically stable level.
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Figure 5. Matlab simulation plots of system (71) under the condition
p = 0.45 > po ~ 0.38. The relation of ¢ and w1 (¢). A family
of limit cycles (i.e., Hopf bifurcations) take place around the
positive equilibrium point E(5,26).
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Figure 6. Matlab simulation plots of system (71) under the condition
p = 0.45 > po ~ 0.38. The relation of ¢ and wuz(t). A family
of limit cycles (i.e., Hopf bifurcations) take place around the
positive equilibrium point E(5,26).
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Figure 7. Matlab simulation plots of system (71) under the condition
p = 045 > po =~ 0.38. The relation of wq(¢t) and wui(¢).
A family of limit cycles (i.e., Hopf bifurcations) take place
around the positive equilibrium point E(5,26).

Figure 8. Matlab simulation plots of system (71) under the condition
p = 0.45 > po ~ 0.38. The relation of ¢, ui(t) and wua(¢).
A family of limit cycles (i.e., Hopf bifurcations) take place
around the positive equilibrium point E(5,26).
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Figure 9. Bifurcation diagram of system (71): the time variable ¢ ver-
sus the state variable uj. The bifurcation value pg = 0.38.

60

[}

0.6

Figure 10. Bifurcation diagram of system (71): the time variable ¢
versus the state variable uz. The bifurcation value pg =
0.38.
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Figure 11. Matlab simulation plots of system (72) under the condi-
tion p = 0.45 < pox ~ 0.46. The relation of ¢ and w1 (¢).
The positive equilibrium point F(5,26) maintains locally
asymptotically stable level.

40

351 b

30 b

™ 25 1

20 R

Figure 12. Matlab simulation plots of system (72) under the condi-
tion p = 0.45 < pox =~ 0.46. The relation of ¢ and ua(t).
The positive equilibrium point E(5,26) maintains locally
asymptotically stable level.
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Figure 13. Matlab simulation plots of system (72) under the condition
p = 0.45 < pox =~ 0.46. The relation of w1 (t) and ua(t).
The positive equilibrium point F(5,26) maintains locally
asymptotically stable level.
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Figure 14. Matlab simulation plots of system (72) under the condition
p = 0.45 < pox = 0.46. The relation of ¢, u1(t) and ua(t).
The positive equilibrium point E(5,26) maintains locally
asymptotically stable level.
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Figure 15. Matlab simulation plots of system (72) under the condition
p = 0.498 > po,. = 0.46. The relation of ¢t and w1 (t). A
family of limit cycles (i.e., Hopf bifurcations) take place
around the positive equilibrium point E(5,26).
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Figure 16. Matlab simulation plots of system (72) under the condition
p = 0.498 > po, ~ 0.46. The relation of ¢ and ua(t). A
family of limit cycles (i.e., Hopf bifurcations) take place
around the positive equilibrium point E(5, 26).
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Figure 17. Matlab simulation plots of system (72) under the condition
p = 0.498 > po, = 0.46. The relation of uy(t) and wuq(t).
A family of limit cycles (i.e., Hopf bifurcations) take place
around the positive equilibrium point E(5,26).

Figure 18. Matlab simulation plots of system (72) under the condition
p = 0.498 > po, ~ 0.46. The relation of ¢, u1(¢) and u ().
A family of limit cycles (i.e., Hopf bifurcations) take place
around the positive equilibrium point E(5, 26).
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Figure 19. Bifurcation diagram of system (72): the time variable ¢
versus the state variable uj. The bifurcation value pox =
0.46.
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Figure 20. Bifurcation diagram of system (72): the time variable ¢
versus the state variable ua. The bifurcation value pox =
0.46.
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Matlab simulation plots of system (73) under the condi-
tion p = 0.02 < poo = 0.18. The relation of ¢t and wu(t).
The positive equilibrium point F(5,26) maintains locally
asymptotically stable level.
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Figure 22.

20 40 60 80 100

Matlab simulation plots of system (73) under the condi-
tion p = 0.02 < poo ~ 0.18. The relation of ¢ and wua(t).
The positive equilibrium point E(5,26) maintains locally
asymptotically stable level.
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Figure 23. Matlab simulation plots of system (73) under the condition
p = 0.02 < poo =~ 0.18. The relation of ui(t) and ua(t).
The positive equilibrium point F(5,26) maintains locally
asymptotically stable level.

Figure 24. Matlab simulation plots of system (73) under the condition
p = 0.02 < poo = 0.18. The relation of ¢, u1(t) and ua(t).
The positive equilibrium point E(5,26) maintains locally
asymptotically stable level.
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Figure 25. Matlab simulation plots of system (73) under the condition
p = 0.23 > pgo = 0.18. The relation of ¢ and u1(t). A family
of limit cycles (i.e., Hopf bifurcations) take place around
the positive equilibrium point E(5, 26).
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Figure 26. Matlab simulation plots of system (73) under the condition
p = 0.23 > poo = 0.18. The relation of t and uz(t). A family
of limit cycles (i.e., Hopf bifurcations) take place around
the positive equilibrium point E(5, 26).
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Figure 27. Matlab simulation plots of system (73) under the condition
p = 0.23 > poo ~ 0.18. The relation of uy(t) and uy(t). A
family of limit cycles (i.e., Hopf bifurcations) take place

Figure 28.

around the positive equilibrium point E(5,26).
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Matlab simulation plots of system (73) under the condition
p = 0.23 > poo = 0.18. The relation of ¢, u1(t) and uq(t).
A family of limit cycles (i.e., Hopf bifurcations) take place

around the positive equilibrium point E(5, 26).
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Figure 29. Bifurcation diagram of system (73): the time variable ¢
versus the state variable uj. The bifurcation value pgo =
0.18.
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Figure 30. Bifurcation diagram of system (73): the time variable ¢
versus the state variable ua. The bifurcation value pgo =
0.18.
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7 Conclusions

At present, the exploration on chemical reaction model has aroused great
interest from chemical and mathematical circles. Mathematically speak-
ing, uncovering the influence of delay on the various dynamical behav-
ior of chemical reaction models is an important theme. In this present
research, a novel chlorine dioxide-iodine-malonic acid chemical reaction
model incorporating delays is established. The existence and uniqueness,
non-negativeness of solution to the formulated delayed chlorine dioxide-
iodine-malonic acid chemical reaction model are investigated in detail.
By regarding the delay as bifurcation parameter, we acquire a delay-
independent criterion ensuring the stability and generation of bifurcation
of the formulated delayed chlorine dioxide-iodine-malonic acid chemical
reaction model. By virtue of two reasonable hybrid controllers containing
state feedback and parameter perturbation, we can successfully dominate
the stability domain and the time of generation of Hopf bifurcation of the
formulated delayed chlorine dioxide-iodine-malonic acid chemical reaction
model. The acquired outcomes of this research possess momentous the-
oretical value in preserving the balance of the concentrations of chlorine
dioxide, iodine in chemistry. What is more, the research way can be helpful
in exploring the bifurcation control question of abundant other dynamical

models.
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