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Abstract

A topological index reflects the physical, chemical and structural
properties of a molecule, and its study has an important role in
molecular topology, chemical graph theory and mathematical chem-
istry. It is a natural problem to characterize non-isomorphic graphs
with the same topological index value. By introducing a relation on
trees with respect to edge division vectors, denoted by ⟨Tn,⪯⟩, in
this paper we give some results for the relation order in ⟨Tn,⪯⟩. It
allows us to compare the size of the topological index value without
relying on the specific forms of them, and naturally we can deter-
mine which trees have the same topological index value. Based on
these results we characterize some classes of trees that are uniquely
determined by their edge division vectors. Moreover we construct
infinite classes of non-isomorphic trees with the same topological
index value, particularly such trees of order no more than 10 are
completely determined.

1 Introduction

A topological index is usually defined by some graph invariants, such as the

number of vertices, the number of edges, vertex degree, degree sequence,
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matching number, etc [19]. In the fields of bioinformatics, molecular topol-

ogy, chemical graph theory and mathematical chemistry, a topological in-

dex is a type of molecular descriptors that are calculated based on the

molecular graph of a chemical compound.

In the field of chemistry, it is common to calculate topological indices

of the molecular graph in order to figure out the physical or chemical

properties of a molecule statistically. The inverse problem of topological

indices is proposed by X. Li et al. in [13] as follows: given an index value,

one wants to design chemical compounds (given as graphs or trees) having

that index value, it is not necessary to obtain all the isomorphic graphs.

For more results on this topic, readers may refer to [12]. As the research

developed, some researchers tried to use some kind of topological index or

a few topological indices for classification based on isomorphism [3–5]. The

main problem of classification based on isomorphism is that the topological

indices may be identical even for two or several non-isomorphic graphs and

the situation becomes worse with the increment of vertices of graph [6].

There are some similar inverse problems such as finding and constructing

of cospectral graphs [17] and equienergetic graphs [1, 2].

In [8], X. Guo and M. Randić characterized some classes of trees with

the same JJ index. Recently, D. Vukičević and J. Sedlar in [20] intro-

duced a relation order on trees with respect to edge division vector. They

also gave the relationship between edge division vector and the topological

index on the class of trees, which enables us to simply calculate the topo-

logical indices of trees by their edge division vectors. In [18], the authors

gave a new criterion to determine the order of trees with respect to the

edge division vector. Based on these results a large of extremal trees are

determined including old and new, one can refer to Table 3 in [18].

In this paper, we focus on considering the problem of characterizing

the non-isomorphic trees with the same topological index value without

depending on the individual form of topological index. In Section 2, we

introduce some notions and symbols and give two lemmas to determine a

kind of relation order on trees by using edge division vector. In Section

3, we give a graph transformation to construct the trees that have the

same edge division vector. Moreover we find some sufficient conditions
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to determine wether such trees are isomorphic or not. Based on these

conditions, we can simply produce infinite families of non-isomorphic trees

that have the same edge division vector. In Section 4, we give several

classes of trees which are uniquely determined by edge division vectors. In

Section 5, we characterize some classes of non-isomorphic trees with the

same edge division vector. In particular, all the pairs of non-isomorphic

trees of order no more than 10 with the same edge division vector are

classified. Based on above results, in Section 6, without relying on the

specific form of individual topological index we give some classes of non-

isomorphic trees with the same topological index value.

2 Preliminaries

Let G = (V (G), E(G)) be a simple connected graph with vertex set V (G)

and edge set E(G). For a vertex v ∈ V (G), let NG(v) denote the set of

neighbors of v. The cardinality of NG(v) is called the degree of vertex v

and is denoted by dG(v). The distance dG(u, v) between vertices u and v

is the length of shortest path connecting them. Usually we will write only

N(v), d(v) and d(u, v) when it does not lead to confusion.

Let T be the tree of order n. A vertex v is a pendent vertex or leaf

if dT (v) = 1 and a branching vertex if dT (v) ≥ 3. The tree T − v is

defined by removing the vertex v and deleting all edges incident to v from

T , and the tree T − e is defined by removing the edge e of T . Let Sn

and Pn denote the star and path with order n, respectively. For a tree

T of order n, let e = uv ∈ E(T ). By Tu(e) and Tv(e) we will denote

the two components of T − e containing u and v, respectively. We denote

nu(e) = |Tu(e)| and nv(e) = |Tv(e)|. Furthermore, we define an edge

function µT (e) = min{nu(e), nv(e)} or simply µ(e). By definition we have

nu(e) + nv(e) = n and µ(e) ≤ ⌊n
2 ⌋.

Let Tn denote the set of trees on n vertices. For a tree T ∈ Tn, let ri(T )
denote the number of edges in T for which µ(e) = i, i.e., ri(T ) = |{e ∈
E(T ) | µ(e) = i}|. It is clear that r1(T ) is just the number of pendent edges

and ri(T ) = 0 for every i > ⌊n
2 ⌋ due to µ(e) ≤ ⌊n

2 ⌋. The edge division

vector r(T ) is defined as a vector r(T ) = (r1(T ), r2(T ), . . . , r⌊n
2 ⌋(T )). We
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will write only r and ri when it does not lead to confusion. Recently, D.

Vukičević and J. Sedlar in [20] defined the order of edge division vectors:

two edge division vectors r and r′ of trees T and T ′ in Tn, respectively,

have a relation, denoted by r ⪯ r′, if the inequality
⌊n

2 ⌋∑
i=k

ri ≤
⌊n

2 ⌋∑
i=k

r′i holds

for every k = 1, 2, . . . , ⌊n
2 ⌋. If the inequality is strict for at least one k,

then we say that r ≺ r′. Naturally, we define T ⪯ T ′ if r ⪯ r′ (T ≺ T ′ if

r ≺ r′). Specially, we denote by T ≈ T ′ if r = r′. Thus the trees of Tn is

a set defined with the relation ⪯, which is denoted by ⟨Tn,⪯⟩. Two trees

T, T ′ are called EDV-equivalent trees if T ≈ T ′. However, T ≈ T ′ does

not imply T ∼= T ′ (to see Figure 6 for example). A tree T is said to be

determined by edge division vector (DEDV for short) if, for any T ′ ∈ Tn,
we have T ′ ∼= T whenever T ≈ T ′.

First we give two lemmas to determine the order on ⟨Tn,⪯⟩, from which

we will characterize the EDV-equivalent trees and DEDV-trees.

For T, T ′ ∈ Tn, let φ : E(T ) −→ E(T ′) be a bijection. T and T ′ are

said to be (φ, µ)-similar with respect to e1 ∈ E(T ) if µT (e) = µT ′(φ(e))

for any e ̸= e1. We start with a lemma which is given in [18].

Lemma 2.1 ( [18]). Suppose that T, T ′ ∈ Tn are (φ, µ)-similar with respect

to e1, and φ(e1) = e′1. We have

(1) If µT (e1) < µT ′(e′1), then T ≺ T ′;

(2) If µT (e1) > µT ′(e′1), then T ≻ T ′;

(3) If µT (e1) = µT ′(e′1), then T ≈ T ′.

For T ∈ Tn, let uv and xu be two edges of T . Denote by Tx(ux) and

Tu(ux) the components in T − ux containing vertex x and u, respectively.

We denote T̂ = Tu(ux). Let T ′ = T − ux+ xv be the tree obtained from

T by moving the component Tx(ux) from u to v (see Figure 1), such tree

T ′ we call a branch-moving of Tx(ux) from T .
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Figure 1. The branch-moving transformation
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Lemma 2.2. For T ∈ Tn, let uv and xu be edges of T . Let T ′ = T −ux+

xv. We have

(1) If nu(uv) ≤ nv(uv) then T ≻ T ′;

(2) If nu(uv) > nv(uv) then
T ≺ T ′ whenever nu(uv)− nv(uv) > |Tx(ux)|,
T ≻ T ′ whenever nu(uv)− nv(uv) < |Tx(ux)|,
T ≈ T ′ whenever nu(uv)− nv(uv) = |Tx(ux)|.

Proof. First we define bijection φ : E(T ) −→ E(T ′) such that

φ(e) =

{
e if e ̸= ux is an edge of T ,

vx if e = ux.

It is clear that µT (e) = µT ′(φ(e)) if e ̸= uv. Therefore, T and T ′ are

(φ, µ)-similar with respect to e1 = uv.

If nu(uv) ≤ nv(uv), then µT (e1) = min{nu(uv), nv(uv)} = nu(uv).

We have

µT (e1) = nu(uv) > nu(uv)− |Tx(ux)| = n′
u(uv) = µT ′(uv) = µT ′(e1).

Therefore, we have T ≻ T ′ by Lemma 2.1 (2), and (1) holds.

If nu(uv) > nv(uv), then µT (e1) = min{nu(uv), nv(uv)} = nv(uv).

Notice that µT ′(e1) = min{n′
u(uv), n

′
v(uv)} and{

n′
u(uv) = nu(uv)− |Tx(ux)|,

n′
v(uv) = nv(uv) + |Tx(ux)|.

It is easy to verify that
µT (e1) < µT ′(e1) if nu(uv)− nv(uv) > |Tx(ux)|,
µT (e1) > µT ′(e1) if nu(uv)− nv(uv) < |Tx(ux)|,
µT (e1) = µT ′(e1) if nu(uv)− nv(uv) = |Tx(ux)|.

It follows (2) by Lemma 2.1.

We complete this proof.
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Lemma 2.2 indicates the changes for the order ⪯ in ⟨Tn,⪯⟩ when we ap-

ply branch-moving along an edge, which can be used to find the maximum

or minimum tree under the meaning of order ⪯.

3 Branch-exchange for trees

In this section we will introduce a graph transformation, called the branch-

exchange, which will be used to construct the pairs of EDV-equivalent

trees.

For a tree T ∈ Tn, let u and v be two vertices of T and Puv =

uu2 · · ·uk−1v be the path connecting them. Now let

Tu(Puv) = {Tx(ux) | x ∈ NT (u) \ u2},

which is called the u-branch of T (with respect to Puv). Each Tx(ux) ∈
Tu(Puv) is a subtree in T − u that has x ∈ NT (u) \ u2 as its root vertex,

and v-branch Tv(Puv) = {Ty(vy) | y ∈ NT (v) \ uk−1} is similarly defined.

We say that two subsets S(u) = {x1, . . . , xs} ⊆ NT (u) \ u2 and S(v) =

{y1, . . . , yt} ⊆ NT (v) \ uk−1 are balanced if∑
xi∈S(u)

|Txi
(uxi)| =

∑
yj∈S(v)

|Tyj
(vyj)|.

Further, we call TS(u) = {Txi
(uxi) | xi ∈ S(u)} and TS(v) = {Tyj

(vyj) |
yj ∈ S(v)} the balanced components with respect to u and v. By deleting

the balanced components from T , we get

T ∗ = T − (
∑

xi∈S(u)

uxi + TS(u))− (
∑

yj∈S(v)

vyj + TS(v)).

In addition, we have T ∗
u (Puv) = Tu(Puv)−TS(u) and T ∗

v (Puv) = Tv(Puv)−
TS(v) (see Figure 2).

Definition 3.1. Let T ′ be the tree obtained from T by exchanging the
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balanced components TS(u) and TS(v) (see Figure 2), that is{
T = T ∗ + (

∑
xi∈S(u) uxi + TS(u)) + (

∑
yj∈S(v) vyj + TS(v))

T ′ = T ∗ + (
∑

yj∈S(v) uyj + TS(v)) + (
∑

xi∈S(v) vxi + TS(u)).
(1)

We call T ′ the branch-exchange of T with TS(u) and TS(v).
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Figure 2. The branch-exchange transformation

For a tree F with vertex x, let Fx denote the tree with specified root

vertex x. For two trees F and H, Fx and Hy are said to be strongly

isomorphic, denoted by Fx ≃ Hy, if there exists an isomorphism φ from

F to H such that φ(x) = y. It is clear that Fx ≃ Hy implies Fx
∼= Hy but

not vice versa. Let F f = ∪s
i=1Fxi

and Hf = ∪t
i=1Hyi

, where Fx1
, . . . , Fxs

(respectively, Hy1
, . . . ,Hyt

) are vertex disjoint trees. We say that F f ≃
Hf if s = t and there exists a permutation ϕ on {1, 2, . . . , s} such that

Fxi
≃ Hyϕ(i)

for i = 1, . . . , s.

Let α be an automorphism of T , i.e., α ∈ Aut(T ). The image of

Puv under α is also a path, say α(Puv) = u′u′
2 · · ·u′

k−1v
′ = Pu′v′ where

α(ui) = u′
i for i = 2, . . . , k − 1 and α(u) = u′, α(v) = v′. By Tu(Puv) ≃

Tα(u)(α(Puv)) = Tu′(Pu′v′) we mean that, for each Tx(xu) ∈ Tu(Puv),

there is some Tz(zu
′) ∈ Tu′(Pu′v′) such that Tx(xu) ≃ Tz(zu

′) (i.e., Tx(xu)

and Tz(zu
′) are strongly isomorphic). We call u and v similar if there exists

α ∈ Aut(T ) such that α contains the transposition (u v) (i.e., α(u) = v

and α(v) = u). Obviously, if u and v are similar then Tu(Puv) ≃ Tv(Puv).

By using the above notions and symbols we can prove the following

result.
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Lemma 3.1. Let T and T ′ be the trees described in (1) and shown in

Figure 2, where TS(u) and TS(v) are balanced components. Then T ≈ T ′.

Moreover, if T ∼= T ′, then either TS(u) ≃ TS(v) or u and v are similar in

T ∗.

Proof. We define bijection φ : E(T ) −→ E(T ′) such that

φ(e) =


e if e ̸= uxi, vyj for i = 1, . . . , s, j = 1, . . . , t,

vxi if e = uxi for i = 1, . . . , s,

uyj if e = vyj for j = 1, . . . , t.

It is routine to verify that µT (e) = µT ′(φ(e)) for any e ∈ E(T ) since S(u)

and S(v) are balanced. It follows T ≈ T ′ by Lemma 2.1(3).

Let Bu = {Tα(u)(α(Puv)) | α ∈ Aut(T )} be the set of strongly isomor-

phic copies of u-branch that consists of an orbit of Aut(T ), and similarly

we define Bv = {Tα(v)(α(Puv)) | α ∈ Aut(T )}. Note that the u-branch

Tu(Puv) ∈ Bu, we have bu = |Bu| ≥ 1, and all the copies of the u-branch in

Bu are vertex-disjoint due to T is a tree. Similarly we have bv = |Bv| ≥ 1.

Since T ∼= T ′, T ′ also contains bu copies of u-branch and bv copies of

v-branch. From Figure 2 and the representation of T in (1), we see that

besides of Tu(Puv) the other bu − 1 number of u-branches are included in

T ∗. Similarly besides of Tv(Puv) the other bv−1 number of v-branches are

also included in T ∗. Therefore, T ∗ contains exactly (bu − 1)’s u-branches

in Bu and (bv − 1)’s v-branches in Bv. On the other hand, from Figure

2 we see that T ′
u(Puv) = T ∗

u (Puv) ∪ TS(v) and T ′
v(Puv) = T ∗

v (Puv) ∪ TS(u)

are only two branches of T ′ not included in T ∗. It implies that they

must be one u-branch and one v-branch since otherwise T ′ will contain

at most bu − 1 numbers of u-branches or bv − 1 numbers of v-branches.

Hence {Tu(Puv), Tv(Puv)} = {T ′
u(Puv), T

′
v(Puv)}. If Bu and Bv are distinct

orbits then T ∗
u (Puv) ∪ TS(u) = Tu(Puv) ≃ T ′

u(Puv) = T ∗
u (Puv) ∪ TS(v), and

so TS(u) ≃ TS(v). If Bu and Bv are identified then T ∗
u (Puv) ∪ TS(u) =

Tu(Puv) ≃ T ′
v(Puv) = T ∗

v (Puv) ∪ TS(u), and so T ∗
u (Puv) ≃ T ∗

v (Puv). Thus

there exists α ∈ Aut(T ) such that α(u) = v. It implies that T ∗ has an

automorphism α∗ containing transposition (u v), i.e., u and v are similar

in T ∗.
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We complete the proof.

It immediately follows the following three results from Lemma 3.1.

Theorem 3.1. Under the assumption of Lemma 3.1. If TS(u) ̸≃ TS(v)

and u, v are not similar in T ∗, then T ≈ T ′ but T ̸∼= T ′.

If T ∗
u (Puv) ̸≃ T ∗

v (Puv) then u and v are not similar in T ∗. From Theo-

rem 3.1 we have the following results.

Corollary 3.1. Under the assumption of Lemma 3.1. If TS(u) ̸≃ TS(v)

and T ∗
u (Puv) ̸≃ T ∗

v (Puv), then T ≈ T ′ but T ̸∼= T ′.

Corollary 3.2. Under the assumption of Lemma 3.1. If TS(u) ̸≃ TS(v)

and Aut(T ∗) consists of the identity alone, then T ≈ T ′ but T ̸∼= T ′.

Example 3.1. Let T and T ′ be the trees as shown in Figure 3. Note that

Tx ̸≃ Ty and T ∗
u (Puv) = P3 ̸≃ P1 = T ∗

v (Puv). By Corollary 3.1, we have

T ≈ T ′ but T ̸∼= T ′, where r(T ) = r(T ′) = (7, 1, 3, 0, 1, 0, 1).
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Figure 3. T and T ′

Remark 3.1. As Example 3.1, by using Corollary 3.1 or Corollary 3.2, one

can simply construct infinite pairs of EDV-equivalent trees.

4 The DEDV trees

In this section we completely determine the DEDV-starlike trees, and also

characterize some other DEDV-trees.

Recall that a tree T ∈ Tn is a DEDV-tree if T ′ ∼= T whenever T ′ ≈ T .

Denote by B(T ) the set of the trees that are constructed from T by branch-

exchange transformation. More precisely, T ′ ∈ B(T ) if and only if there
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exist T = T1, T2,. . . ,Tt = T ′ such that Ti+1 is a branch-exchange of Ti for

i = 1, . . . , t− 1. By Lemma 3.1, we have T ′ ≈ T . According to definition

we have the following result.

Lemma 4.1. If T ∈ Tn is a DEDV-tree, then T ′ ∼= T whenever T ′ ∈ B(T ),
i.e., B(T ) = {T}.

For a tree T ∈ Tn, let e = uv ∈ E(T ). Recall that Tu(e) and Tv(e)

are respectively the two components of T − e containing root vertices u

and v, and µT (e) = min{|Tu(e)|, |Tv(e)|}. For a vertex u ∈ V (T ), there

exists at most one edge e incident to it such that |Tu(e)| ≤ ⌊n
2 ⌋. We call

Tu(e) a pendent subtree of T (with respect to root vertex u) if µT (e) =

|Tu(e)| ≤ ⌊n
2 ⌋. We will write only Tu when it does not lead to confusion.

In particular, if Tu is really a path and dT (u) = 2, it is called a pendent

path; if it is a star with u as its center vertex, it is called a pendent

star. A pendent subtree Tu is maximal if u is suspended from a branching

vertex (or there is no any pendent subtree of order |Tu|+1 including Tu).

Let r(T ) = (r1, r2, . . . , r⌊n
2 ⌋). Note that ri = |{e ∈ E(T ) | µT (e) = i}|.

Thus ri is just the number of pendent subtrees of T with order |Tu| = i.

Particularly, if Tu is a pendent subtree with |Tu| = 1 then u is a leaf of T ,

in this case Tu contributes one to r1; if |Tu| = 2 then subtree Tu is pendent

path P2, which contributes one to r2. Naturally we have

Claim 4.1. For T, T ′ ∈ Tn, let r(T ) = (r1, r2, . . . , r⌊n
2 ⌋) = r(T ′). We

have

(a) T and T ′ have exactly r1 pendent vertices;

(b) T and T ′ have exactly r2 pendent P2;

(c) T and T ′ have the same number of maximal pendent paths, the length

of which is equal for the path with the smallest length;

(d) r1 + r2 + · · ·+ r⌊n
2 ⌋ = n− 1 = |E(T )| = |E(T ′)|.

Since the pendent subtree of order three is either P3 or S3, r3 is the total

number of the pendent subtrees P3 and S3. However, if r1 = r2 = r3 = k

then T must contain exactly k pendent paths P3, since otherwise if T

has a pendent star S3 then T has at least k + 1 pendent vertices which

contradicts r1 = k.
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Let Tl1,l2,...,lk be a starlike tree with branching vertex u such that

Tl1,l2,...,lk − u = ∪k
i=1Pli , (2)

where Pli is the path with li vertices. By Tn;k we denote the starlike tree

with Tn;k − u = k ∗ Ps(i.e., k copies of Ps), where sk + 1 = n.

Lemma 4.2. Let r(T ) = (r1, r2, . . . , r⌊n
2 ⌋) be the edge division vector of

T ∈ Tn. Suppose that r1 = · · · = rs = k. Then T has exactly k pendent

paths Ps. Moreover

(a) If ri = 0 for i > s, then T = Tn;k.

(b) If rs+1 = t < k and ri = 0 for i > s+ 1, then T is a starlike tree with

center vertex u such that T−u = (k−t)∗Ps∪t∗Ps+1, where n−1 = sk+t.

Proof. By the arguments as s = 3 as above, we first claim that T has

exactly k pendent Ps since otherwise T has leaves more than k.

(a) Since ri = 0 for i > s, we have r1+ · · ·+rs = n−1 by Claim 4.1(d).

It implies that the endpoints of these k pendent Ps join at a center vertex

u, that is T = Tn;k.

(b) Now T contains exactly k pendent Ps each of them contributes one

leaf to T . Also note that rs+1 = t, we see that T has t pendent subtrees of

order s+1. Let Tv be such a pendent subtree with respect to root v, where

|Tv| = s+1. If dTv (v) ≥ 2, let x1 and x2 be two adjacent vertices of v in Tv,

then F = Tv has two subtree Fx1 and Fx2 , where Fxi is the component in

F − xiv containing xi for i = 1, 2. Clearly |Fxi | < s. On the other aspect,

since Fxi is also a subtree of T , we have Fxi = Pli for li ≤ s. Note that

s+ 1 = |F | ≥ l1 + l2 + 1, we have li < s. Thus Fxi must be a subtree Ps,

however F does not contain any Ps, a contradiction. Therefore, dTv (v) = 1.

Thus v has a unique adjacent vertex y in Tv such that Tv−vy has a pendent

subtree of order s that will be Ps with root vertex y, i.e., Tv−vy = Ps∪{v}.
It follows that Tv = Ps+1. Since n−1 = sk+t = (k−t)s+t(s+1), rs+1 = t

and ri = 0 for i > s+1, we have (r1+ r2+ · · ·+ rs+1) = (k− t)s+ t(s+1).

It means that T − u = (k − t) ∗ Ps ∪ t ∗ Ps+1.

A starlike tree Tl1,l2,...,lk is called balanced if |li − lj | ≤ 1 for 1 ≤
i, j ≤ k. Clearly, the starlike trees described in (a) and (b) of Lemma 4.2
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are balanced. Thus Lemma 4.2 implies that edge division vector uniquely

determine balanced starlike trees.

Corollary 4.1. The balanced starlike trees are DEDV-trees. Particularly,

star Sn and path Pn are DEDV-trees.

However, the following result indicates that starlike tree is not neces-

sary to be balanced for a DEDV-tree. Let (m ∗ n) = (

m︷ ︸︸ ︷
n, n, . . . , n) denote

a sequence of n of size m.

Proposition 4.1. Starlike tree Tl1,l2,l3 is a DEDV-tree.

Proof. Without loss of generality we assume that 1 ≤ l1 ≤ l2 ≤ l3. Ac-

cording to definition, we have

r = r(Tl1,l2,l3) = (l1 ∗ 3, (l2 − l1) ∗ 2, (l3 − l2) ∗ 1, 0, . . . , 0).

Thus a tree T with r as above must have three leaves by Claim 4.1(a),

and so T = Tl′1,l
′
2,l

′
3
where 1 ≤ l′1 ≤ l′2 ≤ l′3. Hence r(T ) = (l′1 ∗ 3, (l′2 −

l′1) ∗ 2, (l′3 − l′2) ∗ 1, 0, · · · , 0) = r, which leads to li = l′i and so T ∼= Tl1,l2,l3 .

Therefore, Tl1,l2,l3 is a DEDV-tree.

Let Tn,k be the set of all starlike trees of the form Tl1,l2,...,lk with order

n. A starlike tree Tl1,l2,...,lk described in (2) is called weak balanced if

li + lj ≥ max{lq | 1 ≤ q ≤ k} for 1 ≤ i, j ≤ k. By a similar consideration

of Proposition 4.1, we have the following result.

Lemma 4.3. Let Tl1,l2,...,lk , Tl′1,l
′
2,...,l

′
k
∈ Tn,k. Then Tl1,l2,...,lk ≈ Tl′1,l

′
2,...,l

′
k

if and only if Tl1,l2,...,lk
∼= Tl′1,l

′
2,...,l

′
k
.

Theorem 4.2. Let k ≥ 4. The starlike tree Tl1,l2,...,lk is DEDV-tree if and

only if it is weak balanced.

Proof. Let T = Tl1,l2,...,lk be a DEDV-tree as described in (2), and without

loss of generality we assume that 1 ≤ l1 ≤ l2 ≤ · · · ≤ lk. If T is not weak

balanced, then l1 + l2 < lk. There exists one edge e = wz ∈ E(Plk) such

that µ(e) = |Tz| = l1 + l2 = |Pl1 | + |Pl2 |. Consider the tree T ′ obtained

from T by branch-exchange Pl1 ∪ Pl2 and Tz. By Theorem 3.1, we have

T ′ ≈ T but T ′ ̸∼= T since T ′ has two branching vertices, a contradiction.
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Conversely, suppose that starlike tree T = Tl1,l2,...,lk is weak balanced,

i.e., l1 + l2 ≥ lk and lk < ⌊n
2 ⌋. According to definition, we have

r(T ) = (l1 ∗k, (l2− l1)∗(k−1), (l3− l2)∗(k−2), . . . , (lk− lk−1)∗1, 0, . . . , 0)

where rlk+1(T ) = · · · = r⌊n
2 ⌋(T ) = 0. Suppose that T ′ is the tree with

r(T ′) = r(T ). Since r1 = r2 = · · · = rl1 = k, T ′ contains exactly k pendent

paths Pl1 by Lemma 4.2, particularly T ′ has k leaves. First we will show

that T ′ is also a starlike tree. Since otherwise T ′ has two branching vertices

u1 and u2. Let P ′ = u1u
′
1 · · ·u′

2u2 be the path in T ′ connecting u1 and

u2. Notice that dT ′(u1), dT ′(u2) ≥ 3, we see that T ′
u1
(u1u

′
1) contains at

least two pendent paths Pl1 and Pl2 , thus |T ′
u1
(u1u

′
1)| ≥ |Pl1 |+ |Pl2 |+1 =

l1 + l2 + 1 > lk. Similarly, |T ′
u2
(u2u

′
2)| ≥ |Pl1 | + |Pl2 | + 1 = l1 + l2 + 1 >

lk. Therefore, µT ′(e) ≥ min{|T ′
u1
(u1u

′
1)|, |T ′

u2
(u2u

′
2)|} > lk for any edge

e ∈ E(P ′). It implies that ri ̸= 0 for some i > lk, which contradicts the

assumption of r(T ′). Thus T ′ is a starlike tree such that T ′ ∈ Tn,k and

T ′ ≈ T . It immediately follows T ′ ∼= T = Tl1,l2,...,lk by Lemma 4.3.

A double star Sp,q is the tree obtained from K2 by attaching p − 1

pendent vertices to one vertex and q − 1 pendent vertices to the other

vertex, where p + q = n. If T has exactly t pendent Sp, each of their

centers is connected to the unique central vertex of T , such a tree T is

called power star and denote by St
p (see Figure 4). From the definition of

pendent star, we have the following result.

r rr
r

r
r r rr rr r r r r r· · ·

· · · · · · · · ·︸︷︷︸ ︸︷︷︸ ︸︷︷︸
p − 1 p − 1 p − 1

u

v1 v2 vt

...
...

{ }
p − 1 q − 1

Sp,q

St
p

Figure 4. Sp,q and St
p

Proposition 4.3. The double star Sp,q and power star St
p are DEDV-

trees.

Let T = Ps1 •uPs2 +Puv+Pt1 •vPt2 be a tree on n vertices with exactly

two branching vertices u and v connecting by a path Puv = uu1 · · ·uk−1v
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such that Tu(uu1) = Ts1,s2 and Tv(uk−1v) = Tt1,t2 , where s1+s2 ≤ t1+t2,

s1 ≤ s2 and t1 ≤ t2.

Proposition 4.4. Let T = Ps1 •u Ps2 + Puv + Pt1 •v Pt2 , where Puv is

a path of length k, s1 + s2 ≤ t1 + t2, s1 ≤ s2 and t1 ≤ t2. Then T is a

DEDV-tree if and only if the one of the following four conditions holds

(i) s1 + s2 = t1 + t2,

(ii) s1 + s2 > t2,

(iii) s1 + s2 + k = t2 and s1 + s2 > t1,

(iv) s1 + s2 + k = t2 = t1.

Proof. We prove necessity by proving its inverse proposition. Suppose

that s1 + s2 ̸= t1 + t2, we will show (ii), (iii) or (iv) holds. By the way of

contradiction, we may assume that s1+ s2 ≤ t2 and consider the following

two situations.

Case 1. s1 + s2 = t2;

If s1 + s2 = t2, we can construct a tree T ′ from T by branch-exchange

the two balanced components Tu(uu1)− u = Ps1 ∪Ps2 and Pt2 . It is clear

that T ′ ≈ T by Lemma 3.1. Note that T ′ = Tt1,s1,s2,t2+k is a starlike tree

and so T ′ ̸∼= T . This means that counterexamples can be found no matter

how we choose the conditions under which (iii) and (iv) do not hold.

Case 2. s1 + s2 < t2;

If s1+s2+k ̸= t2, we can get a tree T ′ from T by branch-exchange the

two balanced components Tu(uu1) − u = Ps1 ∪ Ps2 and Ps1+s2 ⊆ Pt2 of

T . It is clear that T ′ ≈ T by Lemma 3.1. Note that T ′ is a tree with two

branching vertices u′ and v′ connecting with a path Pu′v′ of t2−(s1+s2)+1

vertices, i.e., T ′ = Ps1 •u′ Ps2 +Pu′v′ +Pt1 •v′ Ps1+s2+k. Obviously, T ′ ̸∼= T

because of s1 + s2 + k ̸= t2, a contradiction.

If s1 + s2 + k = t2 = t1 + k, it also means t2 ̸= t1, we can get a tree T ′

from T by branch-exchange the two balanced components Tu(uu1)− u =

Ps1 ∪ Ps2 and Pt1 of T . It is clear that T ′ ≈ T by Lemma 3.1. Note that

T ′ = Tt2,s1,s2,t1+k is a starlike tree and so T ′ ̸∼= T , a contradiction.

If s1 + s2 + k = t2 < t1 + k and t2 ̸= t1, we can get a tree T ′ from T by

branch-exchange the two balanced components Tu(uu1) − u = Ps1 ∪ Ps2
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and Ps1+s2 ⊆ Pt1 of T . It is clear that T ′ ≈ T by Lemma 3.1. Note that T ′

is a tree with two branching vertices u′ and v′ connecting with a path Pu′v′

of t1− (s1+s2)+1 vertices, i.e., T ′ = Ps1 •u′ Ps2 +Pu′v′ +Ps1+s2+k •v′ Pt2 .

Obviously, T ′ ̸∼= T because of s1 + s2 + k ̸= t1, a contradiction.

For the sufficiency, we may assume that α = s1 + s2 ≤ t1 + t2 = β,

there exists a tree T ′ with (r′1, . . . , r
′
⌊n

2 ⌋) = r(T ′) = r(T ) = (r1, . . . , r⌊n
2 ⌋).

Since T has four leaves, we may assume Pai
is the maximal pendent path

of T ′ with ai vertices, where a1 ≤ a2 ≤ a3 ≤ a4.

Suppose (i) holds, i.e., α = β. Without loss of generality, we assume

that s1 ≤ t1 ≤ t2 ≤ s2. It is easy to see that r′s1+s2+1 = rs1+s2+1 = 1

if k = 1 and 2 otherwise, but in any case T ′ has two pendent subtrees

T ′
u′ and T ′

v′ such that a4 < |T ′
u′ | = |T ′

v′ | = s1 + s2 + 1 ≤ n
2 . It implies

that |T ′
u′ | = a1 + a4 + 1 and |T ′

v′ | = a2 + a3 + 1 due to α = β. Let P ′
u′v′

be the path connecting u′ and v′, we have T ′ = T ′
u′ + P ′

u′v′ + T ′
v′ and so

|P ′
u′v′ | = k+1 by Claim 4.1(d). Moreover, we have a1 = s1 by Claim 4.1(c),

and thus a4 = s2. Since t1 + 1 < s1 + s2, we have rs1+1 = · · · = rt1 = 3

and rt1+1 = 2. Similarly, r′a1+1 = · · · = r′a2
= 3 and r′a2+1 = 2. Thus one

can verify that t1 ≥ a2. By symmetry, we get t1 = a2 and so t2 = a3.

Therefore, T ′ ∼= T .

In what follows we always assume that α < β because of (i).

Suppose (ii) holds, i.e., t2 < s1+s2 < t1+t2. First of all, we claim that

T ′ has exactly two branching vertices. Otherwise T ′ = Ta1,a2,a3,a4
. Since

rα+1 ̸= 0, we have a4 ≥ α+ 1 and so ri = r′i ̸= 0 for i = 1, . . . , a4. On the

other hand, we have ri = 0 for i = max{t2, s2} + 1, . . . , α, and α < a4, a

contradiction. Thus, we may assume that T ′ has two branching vertices

u′ and v′ connecting with a path P ′
u′v′ . Then T ′ = T ′

u′ + P ′
u′v′ + T ′

v′ with

ai1+ai2+1 = |T ′
u′ | < |T ′

v′ | = ai3+ai4+1, where {i1, i2, i3, i4} = {1, 2, 3, 4}.
Clearly, t = max{s2, t2} ≥ a4 since rt ̸= 0 and rt+1 = 0. If t > a4 then

r′a4+1 = ra4+1 ̸= 0. Therefore, |T ′
u′ | = ai1 +ai2 +1 = a4+1 ≤ t < s1+s2 <

n
2 . This is impossible since r′i ̸= 0 for i ∈ [a4 + 1, s1 + s2] but rt+1 = 0.

Thus t = a4. Now by deleting Pt from T and T ′, respectively, we get

r̃i = ri − 1 = r′i − 1 = r̃′i for i = 1, 2, . . . , c = min{s2, t2}. It is easy to

see that r(T3) = (r̃1, . . . , r̃c, 0, . . . , 0) and r(T ′
3) = (r̃′1, . . . , r̃

′
c, 0, . . . , 0) are

the edge division vectors of T3 = Tc1,c2,c3 and T ′
3 = Ta1,a2,a3 , respectively,
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where {c1, c2, c3} = {s1, s2, t1, t2} \ t. By Proposition 4.1, {c1, c2, c3} =

{a1, a2, a3} and so {s1, s2, t1, t2} = {a1, a2, a3, a4}. It implies that T ′
u′ =

Ps1 •u′ Ps2 and T ′
v′ = Pt1 •v′ Pt2 . It follows that T

∼= T ′.

Suppose (iii) holds, i.e., s1 + s2 + k = t2 and s1 + s2 > t1. Since

s1 + s2 + k = t2 < ⌊n
2 ⌋, we have r′t2 = rt2 = 2 and r′t2+1 = rt2+1 = 0.

Then T ′ has two pendent subtrees T ′
x′
1
and T ′

x′
2
of order t2 and no any of

order t2 + 1. Thus the root x′
i of T ′

x′
i
appends with branching vertex xi,

i.e., T ′
xi

= T ′
x′
i
+ x′

ixi where i = 1, 2. First of all, both of T ′
x′
1
and T ′

x′
2

can not be path since otherwise r′s1+s2 ≥ 2 but rs1+s2 = 1. Moreover,

x1 = x2 = v′ and one of T ′
x′
1
and T ′

x′
2
must be a path since otherwise T ′

has at least five leaves. Thus we may assume that T ′
x′
2
= Pt2 . By deleting

the Pt2 from T and T ′, similar as the arguments in the proof of (ii) we get

{a1, a2, a3, a4} = {s1, s2, t1, t2}. Let Pa3
be the path, its root appends at

v′. Then a3 = n − 2t2 − 1 = t1. It follows that T ′ = T ′
u′ + P ′

u′v′ + T ′
v′ ,

where T ′
u′ = Ps1 •u′ Ps2 and T ′

v′ = Pt1 •v′ Pt2 , and thus T ∼= T ′.

Suppose (iv) holds. Let s = s1 + s2 + k = t2 = t1, we have r′s = rs = 3

and r′i = ri = 0 for i > s. Then T ′ has three pendent subtrees T ′
x′
i
of

order s, its root x′
i appends with branching vertex xi for i = 1, 2, 3, and

no any of order s + 1. Since T ′ has four leaves, xi can not distinct from

each other. Thus we may assume that x1 = x2 = x3 or x1 = x2 ̸=
x3. Whichever happens, T ′ contains the maximal pendent path Ps. By

deleting the Ps from T and T ′, similar as the arguments in the proof of

(ii) we get {a1, a2, a3, a4} = {s1, s2, t1, t2}. It is clear that T ′ ̸= Ta1,a2,a3,a4

because r′i = ri = 3 for i ∈ [s1+ s2+1, t2]. Thus T
′ = Ps1 •u′ Ps2 +P ′

u′v′ +

Pt1 •v′ Pt2
∼= T .

We complete this proof.

At the last of this section, we will give a method to construct DEDV-

trees from some known DEDV-trees. We begin with some notions and

symbols. Given a graph G with vertex set V = {v1, v2, . . . , vn} and a

graph H with root vertex u, the rooted product graph G ⋄u H is defined

as the graph obtained from G and n copies of H by identifying vertex vi

in G with u in the i-th copy of H. Let Ps be the path of order s with

one end point u as its root vertex, the rooted product graph Ḡs = G ⋄u Ps

is shown in Figure 5. The corona product graph G ◦ H is defined as
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the graph obtained from G and n copies of H by joining the vertex vi

of G to every vertex in the i-th copy of H. If we take H = sK1 (s ≥
1), then the corona product graph G̃s = G ◦ sK1 is shown in Figure 5.

Particularly, if G is taken as a tree T ∈ Tn, we denote T̄s = T ⋄u Ps and

T̃s = T ◦ sK1. Let r(T ) = (r1, r2, . . . , r⌊n
2 ⌋) and r(T̄s) = (r̄1, r̄2, . . . , r̄⌊ns

2 ⌋),

r(T̃s) = (r̃1, r̃2, . . . , r̃⌊n(s+1)
2 ⌋). According to definition, one can simply

verify that

r̄i =


n if i ≤ s− 1

rk if i = ks, where k = 1, 2, . . . , ⌊n
2 ⌋

0 if s < i ̸= ks,

(3)

r̃i =


ns if i = 1

rk if i = k(s+ 1), where k = 1, 2, . . . , ⌊n
2 ⌋

0 if 1 < i ̸= k(s+ 1).

(4)

It is clear that r(T̄s) and r(T̃s) are determined by r(T ). Using the above

symbols, we can state the following result.�
�
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Ḡs = G ⋄u Ps
G̃s = G ◦ sK1

Figure 5. The rooted product graph G⋄uPs and corona product graph
G ◦ sK1

Theorem 4.5. Let T be a DEDV-tree of order n. Then we have

(a) T̄s = T ⋄u Ps (s ≥ 1) is DEDV-tree.

(b) T̃s = T ◦ sK1 (s ≥ 1) is DEDV-tree.

Proof. First we prove (a). Suppose that there is a tree H with H ≈ T̄s and

Hx is any pendent subtree of H with root x. By Lemma 4.2, we see that H

has exactly n pendent paths Ps−1 due to r̄i = n for i = 1, 2, . . . , s−1, thus

Hx
∼= Pi for i = |Hx| < s and is included in Ps−1. Now by deleting these

n pendent paths Ps−1 from H, we get a subtree T ′ from H. Suppose that
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r(T ′) = (r′1, r
′
2, . . . , r

′
⌊n

2 ⌋). In what follows we only need to show that each

vertex of T ′ joins one end point of path Ps−1 in H and thus r(T ′) = r(T )

according to (3). Consequently, T ′ ∼= T due to T is a DEDV-tree.

From (3) we know that any pendent subtree of H with order less than

s is a path by Lemma 4.2. Note that r̄s = r1 ̸= 0, H has pendent subtree

Hx with |Hx| = s. Again by Lemma 4.2, the root x is pendent vertex

of T ′ and so Hx = Ps. Let Hy be any pendent subtree of H with order

|Hy| = ks ≥ s, where k ≥ 1, and assume that each vertex of V (T ′)∩V (Hy)

joins one end point of Ps−1. Now if i = |Hz| > ks then i = k′s for

some k′ > k because r̄i = 0 if s ∤ i. Let z1, . . . , zt be adjacent vertices

of z in Hz and Hzi be the component of Hz − ziz containing zi where

1 ≤ i ≤ t. By induction hypothesis, each vertex of V (T ′) ∩ V (Hzi) joins

one end point of Ps−1 and hence |Hzi | = s|V (T ′) ∩ V (Hzi)|. Note that

|V (T ′) ∩ V (Hz)| = |V (T ′) ∩ V (Hz1)| + · · · + |V (T ′) ∩ V (Hzt)| + 1, where

z ∈ V (T ′) contributes 1, and we have s|V (T ′) ∩ V (Hz)| = s|V (T ′) ∩
V (Hz1)| + · · · + s|V (T ′) ∩ V (Hzt)| + s = |Hz1 | + · · · + |Hzt | + s. Since

|Hz| = k′s has the form of s|V (T ′)∩V (Hz)|, we claim that z joins exactly

one end point of Ps−1. Therefore, each vertex of T ′ joins one end point of

Ps−1 by induction. By considering the edge division vector of H we have

r̄i =


n if i ≤ s− 1

r′k if i = ks

0 if s < i ̸= ks.

(5)

From (3) and (5) we see that rk = r′k for k ≥ 1, and so r(T ) = r(T ′).

As similar as (a), one can verify (b).

Example 4.1. According to Theorem 4.5, ¯(Pn)s = Pn ⋄u Ps and ˜(Pn)s =

Pn ◦ sK1 are DEDV-trees since Pn is DEDV-tree.
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5 Construction for EDV-equivalent trees

and DEDV-trees

In this section, we will use the branch-exchange transformation to con-

struct EDV-equivalent trees, especially we give all the EDV-equivalent

trees of vertices no more than 10 and consequently the corresponding

DEDV-trees are also determined.

First of all, note that a tree of order less than 7 has at most two branch-

ing vertices, we get the following result by Theorem 4.2 and Proposition

4.4.

Proposition 5.1. There is no any non-isomorphic EDV-equivalent trees

of order less than 7, and equivalently any tree T of order n < 7 is a

DEDV-tree.

Except for the individual tree, all the trees of order 7 ≤ n ≤ 8 have at

most two branching vertices, select all trees that do not satisfy Theorem

4.2 and Proposition 4.4, which are listed in the Figure 6. Fortunately,

we can verify that they are all families of non-isomorphic EDV-equivalent

trees of order 7 ≤ n ≤ 8.

q q q q qq
q T7,1

q q q q qq q T ′
7,1

r(T7,1) = r(T ′
7,1) = (4, 1, 1)

q q q q q q q qqT8,3 T ′
8,3

r(T8,3) = r(T ′
8,3) = (5, 1, 1, 0)

qq
q

q qq
q

q q q q q
T8,1

q q q q q
T ′
8,1

r(T8,1) = r(T ′
8,1) = (4, 1, 1, 1)

q q
qq

q
q

q q q q q
T8,2

q q q q qq T ′
8,2

r(T8,2) = r(T ′
8,2) = (4, 2, 1, 0)

qq
q

q q
Figure 6. All the EDV-equivalent trees on 7, 8 vertices

Proposition 5.2. There is exactly one pair of non-isomorphic EDV-

equivalent trees on 7 vertices, which are labelled as T7,1 and T ′
7,1 shown

in Figure 6, where r(T7,1) = r(T ′
7,1) = (4, 1, 1).
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Proposition 5.2 can also restate as that except of T7,1 and T ′
7,1 all the

trees on 7 vertices are DEDV-trees.

Proposition 5.3. There are exactly three pairs of non-isomorphic EDV-

equivalent trees on 8 vertices, which are labelled as (T8,1, T
′
8,1), (T8,2, T

′
8,2)

and (T8,3, T
′
8,3) shown in Figure 6, where r(T8,1) = r(T ′

8,1) = (4, 1, 1, 1),

r(T8,2) = r(T ′
8,2) = (4, 2, 1, 0) and r(T8,3) = r(T ′

8,3) = (5, 1, 1, 0).

Proposition 5.3 can also restate as that except of (T8,1, T
′
8,1), (T8,2, T

′
8,2)

and (T8,3, T
′
8,3) all the trees on 8 vertices are DEDV-trees.

The pairs of non-isomorphic EDV-equivalent trees on 7 and 8 ver-

tices are described in Proposition 5.2 and Proposition 5.3. Similarly, we

can exhaust all the non-isomorphic EDV-equivalent trees on 9 vertices,

which correspond to 11 distinct edge division vectors: (4, 1, 1, 2), (4, 1, 2, 1),

(4, 2, 1, 1), (4, 2, 2, 0), (5, 1, 1, 1), (5, 1, 2, 0), (5, 2, 0, 1), (5, 2, 1, 0), (6, 1, 1,

0), (6, 1, 0, 1), (6, 0, 1, 1).

Proposition 5.4. There are exactly 11 classes of non-isomorphic EDV-

equivalent trees on 9 vertices, which are listed in Figure 7.

From Figure 7 we see that there are four non-isomorphic trees corre-

sponding to one edge division vectors (5, 1, 1, 1). Additionally, we mention

that except of the 11 classes trees list in Figure 7 all the trees on 9 vertices

are DEDV-trees.

Remark 5.1. There are 106 connected trees on 10 vertices, 59 of which

can be divided into 25 classes based on edge division vector that are EDV-

equivalent trees, and the remaining 47 trees are DEDV-trees (see Appendix

A).

Let u and v be two vertices of T . Recall that u and v are said to be

similar if there is an automorphism α of T that contains the transposition

(u v) (i.e., α(u) = v and α(v) = u), and not similar otherwise. In the

following result, we give a simple method of constructing non-isomorphic

EDV-equivalent trees that is a special case of the branch-exchange.

Theorem 5.5. Let T and T ′ = T − ux+ vx be assumed as in Lemma 2.2

and nu(uv)−nv(uv) = |Tx(ux)|. Let T̂ = T −ux−Tx(ux). If u and v are

not similar vertices of T̂ , then T ≈ T ′ but T ̸∼= T ′.
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Figure 7. All the EDV-equivalent trees on 9 vertices

Proof. Since nu(uv) − nv(uv) = |Tx(ux)|, we have T ≈ T ′ from Lemma

2.2(2). Also note that T = T̂ +xu+Tx(ux) and T ′ = T̂ +xv+Tx(ux), we

see that the two components T̂u(uv) and T̂v(uv) have the same number of

vertices, i.e., |T̂u(uv)| = nu(uv)− |Tx(ux)| = nv(uv) = |T̂v(uv)|. If T ∼= T ′

then there exists an isomorphism α such that α(T ) = T ′. It implies that

α must fix the edge uv (i.e., α maps the edge uv of T to the edge uv

of T ′). Therefore, α(Tu(uv)) = T ′
v(uv) and α(Tv(uv)) = T ′

u(uv) because

of |Tu(uv)| = |Tv(uv)| + |Tx(ux)| = |T ′
v(uv)| > |Tv(uv)| = |Tu(uv)| −

|Tx(ux)| = |T ′
u(uv)|. Since Tv(uv) = T̂v(uv) and T ′

u(uv) = T̂u(uv), we

have α(T̂v(uv)) = T̂u(uv). This proves that u and v are similar vertices of

T̂ , a contradiction. Therefore, T ̸∼= T ′.

According to Theorem 5.5, we can give a method of constructing non-

isomorphic EDV-equivalent trees. Given any tree T̂ with one specified

edge uv, we construct the trees T and T ′ shown in Figure 1. If T̂ satisfies

the following conditions:

(a) u is not similar with v in T̂ ,
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(b) |T̂u(uv)| = |T̂v(uv)|,
we have T ≈ T ′ but T ̸∼= T ′. It leads the following conclusion.

Proposition 5.6. There exist infinite pairs of EDV-equivalent trees that

are not isomorphic such that they contain any given tree T̂ as their subtree.

Remark 5.2. It is an interesting problem to find the necessary and sufficient

condition of the transformation for a tree T such that it can produce all

the trees from T that are EDV-equivalent with T but not isomorphic to

it.

We examine trees having the same edge division vector in Figure 6 and

Figure 7 and find that each one can be obtained from another by using

the branch-exchange transformation. We now propose a problem.

Problem 5.1. Let T be a tree and B(T ), the set of trees that can be

obtained from T by using branch-exchange transformation. Then T is

DEDV-tree if and only if B(T ) does not contain any tree except of T itself.

6 Topological indices on trees

The first topological index, named Wiener index, was introduced in [22]

and is defined as W (G) =
∑

{u,v}∈V (G) d(u, v). It was already known to

Wiener that on the class of trees Wiener index can be represented by a

function of µ(e) as follows:

W (T ) =
∑

e=xy∈E(T ) nx(e)ny(e) =
∑

e=xy∈E(T ) nx(e)(n− nx(e))

=
∑

e∈E(T ) µ(e)(n− µ(e)).

Let r = (r1, r2, . . . , r⌊n
2 ⌋) be the edge division vector of T and f(x) =

x(n − x). As in the proof of Theorem 8 in [20], W (T ) can be further

simplified as

W (T ) =
∑

e∈E(T )

µ(e)(n− µ(e)) =
∑

1≤i≤⌊n
2 ⌋

rif(i). (6)

The authors in [20] introduced the notions bellow.



365

Definition 6.1. Let F : Tn → R be a topological index and let f :

N → R be a real function defined for positive integers. The topological

index F is an edge additive eccentric topological index if it holds that

F (T ) =
∑

e∈E(T ) f(µ(e)) =
∑

1≤i≤⌊n
2 ⌋ rif(i). Function f is called the

edge contribution function of index F .

In [20], the authors showed that several well known topological indices

on the class of trees can be also represented by some functions of µ(e)

described as Eq. (6), and they are edge additive eccentric topological

indices. They are Wiener index [22], modified Wiener indices [10], variable

Wiener indices [21] and Steiner k-Wiener index [14]. Recently, the authors

of [18] extended the above conclusions to the more topological indices:

hyper-Wiener index [15], Wiener-Hosoya index [16], degree distance [11],

Gutman index [9] and second atom-bond connectivity index [7]. All these

topological indices and their edge contribution functions are summarized

in the Table 1.

Table 1. Some edge additive eccentric topological indices

Indices Definition Edge contribution function

Wiener
index

W (T ) =
∑

{u,v}∈V (T )
d(u, v) f(x) = x(n − x)

Modified
Wiener
indices

λW (T ) =
∑

{u,v}∈V (T )
dλ(u, v) f(x) = xλ(n − x)λ

Variable
Wiener
indices

λW (T ) = 1
2

∑
e=uv∈E(T )

(nλ − nu(e)λ − nv(e)λ) f(x) = nλ − xλ − (n − x)λ

Steiner
k-Wiener

index

SWk(T ) =
∑

e=uv∈E(T )

∑k−1
i=1

(
nu(e)

i

)(
nv(e)
k−i

)
f(x) =

(
n
k

)
−

(
x
k

)
−

(
n−x
k

)

hyper-
Wiener
index

WW (T ) =
∑

e=uv∈E(T )
( 1
2
nu(e)nv(e)+

1
2
nu(e)2nv(e)2)

f(x) = 1
2
x(n − x)

+ 1
2
x2(n − x)2

Wiener-
Hosoya
index

h(T ) =
∑

e=uv∈E(T )
[nu(e)nv(e)+

(nu(e) − 1)(nv(e) − 1)]

f(x) = x(n − x)
+(x − 1)(n − x − 1)

degree
distance

D′(T ) =
∑

e=uv∈E(T )
(4nu(e)nv(e) − n) f(x) = 4x(n − x) − n

Gutman
index

Gut(T ) =
∑

e=uv∈E(T )
[4nu(e)nv(e) − (2n − 1)] f(x) = 4x(n − x) − (2n − 1)

second
atom-bond
connectivity

index

ABC2(T ) =
∑

e=uv∈E(T )

√
n−2

nu(e)(n−nu(e))
f(x) =

√
n − 2x

− 1
2 (n − x)

− 1
2

Instead of dealing with the extremal problem for individual topological
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index one by one, we can use the concept of edge additive eccentric topo-

logical index to unify the problem of determining the extreme topological

index in certain classes of trees. In the literature [18] the authors gave and

summarized some results for the extremal topological indices involved in

Table 1. Here, at last of the paper, we turn to consider whether trees with

different structures can have the same topological indices? Based on the

relation of ⟨Tn,⪯⟩ and the notion of edge additive eccentric topological

index, the following results give us a way to solve this problem.

Theorem 6.1. Let F : Tn −→ R be an edge additive eccentric topological

index and let T, T ′ ∈ Tn. If T ≈ T ′, then F (T ) = F (T ′).

Proof. Since F is an edge additive eccentric topological index, we know

that it is defined by

F (T ) =
∑

e∈E(T )

f(µ(e)),

where f is its edge contribution function. Let r = (r1, r2, . . . , r⌊n
2 ⌋) and

r′ = (r′1, r
′
2, . . . , r

′
⌊n

2 ⌋) be the edge division vectors of T and T ′, respectively.

Hence we have {
F (T ) =

∑
1≤i≤⌊n

2 ⌋ rif(i),

F (T ′) =
∑

1≤i≤⌊n
2 ⌋ r

′
if(i).

Note that r = r′ since T ≈ T ′. Therefore, we have F (T ) = F (T ′).

Theorem 6.1 shows that non-isomorphic EDV-equivalent trees have

the same edge additive eccentric topological index value, which does not

depend on individual form of topological index.

Notice that the pairs of non-isomorphic EDV-equivalent trees on 7, 8

and 9 vertices along with their edge division vectors are described in Figure

6 and Figure 7 (other trees that are not depicted are DEDV-trees). We

give Table 2 as an example of application that list the values of various

topological indices of these non-isomorphic EDV-equivalent trees. From

Table 2 we see that pairs of these non-isomorphic EDV-equivalent trees

have the same value of topological index although the value depending on

individual form of topological index would be varied.

To determine the all EDV-equivalent trees of a given order we first of

all had to generate the all connected trees by computer and then deter-
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Table 2. The values of topological indices of all EDV-equivalent trees
of order 7, 8, and 9

n trees edge division vector W (·) h(·) Gut(·)
7 T7,1, T ′

7,1 (4, 1, 1) 46 56 106

8 T8,1, T ′
8,1 (4, 1, 1, 1) 71 93 179

8 T8,2, T ′
8,2 (4, 2, 1, 0) 67 85 163

8 T8,3, T ′
8,3 (5, 1, 1, 0) 62 75 143

9 T9,1, T ′
9,1 (4, 1, 1, 2) 104 144 280

9 T9,2, T ′
9,2 (4, 1, 2, 1) 102 140 272

9 T9,3, T ′
9,3, T

′′
9,3 (4, 2, 1, 1) 98 132 256

9 T9,4, T ′
9,4 (4, 2, 2, 0) 96 128 248

9 T9,5, T ′
9,5, T

′′
9,5, T

′′′
9,5 (5, 1, 1, 1) 92 120 232

9 T9,6, T ′
9,6 (5, 1, 2, 0) 90 116 224

9 T9,7, T ′
9,7 (5, 2, 0, 1) 88 112 216

9 T9,8, T ′
9,8 (5, 2, 1, 0) 86 108 208

9 T9,9, T ′
9,9 (6, 0, 1, 1) 86 108 208

9 T9,10, T ′
9,10 (6, 1, 0, 1) 82 100 192

9 T9,11, T ′
9,11 (6, 1, 1, 0) 80 96 184

Table 3. Fractions of DEDV trees and EDV-equivalent trees

n #
trees

# DEDV
trees

# EDV-equivalent
trees

DEDV trees EDV-equivalent
trees

2 1 1 0 1 0
3 1 1 0 1 0
4 2 2 0 1 0
5 3 3 0 1 0
6 6 6 0 1 0
7 11 9 2 0.8181 0.1818
8 23 17 6 0.7391 0.2609
9 47 22 25 0.4681 0.5319
10 106 47 59 0.4434 0.5566

mine their edge division vectors. These would have to be stored and then

compared. For example, the trees of order no more than 10 are described

in Section 5. The results are in Table 3, where we give the fractions of

EDV-equivalent trees and DEDV-trees. Notice that for n ≤ 6 there are

no EDV-equivalent trees, all of them are DEDV-trees. An interesting

result from the table is that the fraction of EDV-equivalent trees is non-

decreasing for small n. If this tendency continues, almost all trees will

be the EDV-equivalent pairs in the table. Indeed, the fraction of trees

that are DEDV-trees tends to zero as n tends to infinity. The conclusion

may be that the present data give some indication that, the fraction of

non-isomorphic EDV-equivalent pairs tends to one as n tends to infinity.
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A All DEDV-trees on 10 vertices
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