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Abstract

In application of part I this paper presents (a) 4- and 5-dimensi-
onal permutomers and symmetry itemized isomers count vectors
(PCVs and IICVs). (b) the collection of these vectors in the form
of permutomers count matrices (PCMs) and itemized isomers count
matrices (IICMs) (c) the structure of the V4 and V5 multidimen-
sional vector spaces of isomers numbers of substituted C2v-based
cuneane derivatives and cuneane heteroanalogues.

1 Introduction

The chemistry of cage shaped eight carbon hydrocarbons and their deriva-

tives has been developed since the successful synthesis of cubane [1, 2].

Cuneane or Pentacyclo [3.3.0.02,4.03,7.06,8] octane, a saturated C8H8 hy-

drocarbon belongs to this group of chemical compounds. It is obtined
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from cubane by metal-ion catalyzed σ- bond rearrangement [3, 5]. Some

cuneane derivatives more stable than the corresponding cubanes manifest

liquid crystal properties [6]. NMR studies [7] have shown that the geome-

try of cuneane molecule is a hexahedron of C2V symmetry which displays

one pair of edge fused 5-gonal faces, one pair of edge-fused 4-gonal faces

and 2 3-gonal faces at eclipsed position.

2 Classification of coisomeric substituted cu-

neane derivatives and cuneane heteroana-

logues

Let us consider the substitutions replacing hydrogen atoms by achiral sub-

stituents or the replacements of CHgroups by trivalent heteroatoms as

arrangements in distinct ways of objects of the same kind or different

kinds among 8 positions of cuneane molecule submitted to permutations

induced by the C2V group. Substituted cuneane derivatives and cuneane

heteroanalogues derived from such arrangements may be classified into 4

groups as follows:

1- Homosubstituted cuneane derivatives with the molecular formula

C8H8−qXq (or C8Hq0Xq1) issued from homogeneous arrangements of q

achiral substituents of the same kind X among 8 substitution positions

occupied by hydrogen atoms submitted to permutations induced by dis-

tinct symmetry operations of C2V .

2- Cuneane homo-heteroanalogues (CH)8−qXq (or (CH)q0Xq1) issued

from homogeneous arrangements putting in accord with the obligatory

minimum valency (OMV) restriction (OMV=3), qX trivalent heteroatoms

of the same kind among 8 CH positions permuted by distinct symmetry

operations of C2V .

3- Heteropolysubstituted cuneane derivatives C8Hq0Xq1 ...Yqi ...Zqk is-

sued from heterogeneous arrangements of q0H and q1X, ...qiY, ..., qkZ and

achiral substituents of different kinds among 8 substitution sites permuted

by distinct symmetry operations of C2V .

4- cuneane hetero-heteroanalogues (CH)q0Xq1 ...Yqi ...Zqk are obtained
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from heterogeneous arrangements putting in accord with the obligatory

minimum valency restriction (OMV=3)q0Hand q1X, ...qiY, ..., qkZ triva-

lent heteroatoms of different kinds among 8CH positions permuted by dis-

tinct symmetry operations of C2V . We recall that throughout this study

the indices of the molecular formula have the following significance:

I-q0 is the number of unsubstituted hydrogen atoms while the indices

(q1, ...qi, ..., qk) are partial degrees of substitution i.e. numbers of non

hydrogen achiral substituents of different kinds X, Y,.....,Z.

II-The sub-indices 1 ≤ i ≤ k indicate the substitution order i which is

the number of distinct types of non H substituents.

III-The set of indices (q0, q1, ...qi, ..., qk) satisfy the restriction

k∑
i=0

qi = 8 (1)

The mathematical properties presented in part I are applied in this paper

to derive 4- and 5-dimensional permutomers and symmetry itemized iso-

mers count vectors (PCVs and IICVs) and construct the structure of V4

and V5 multidimensional vector spaces of isomers numbers of substituted

C2V -based cuneane derivatives and cuneane heteroanalogues.

3 Formulation of the denumerants of C2v gro-

up for symmetry itemized enumeration of

cuneane derivatives and heteroanalogues

3.1 1 Permutations of carbon and hydrogen atoms of

cuneane under the C2v group action

Let us represent the structure of cuneane by a tridimensional hydrogen

depleted graph given in fig.1 where 8 black vertices of degree 3 sym-

bolize carbon atoms indicated by alphabetical labels of the set C8 =

(a, b, c, d, a′, b′, c′, d′). These 8 interconnected carbon atoms are attached

to 8 hydrogen atoms (not indicated in the graph) which compose the set

H8. These attachments form a cluster of 8CH groups which gives rise to a
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Figure 1. 3D-hydrogen depleted graph of cuneane

unicage shaped hydrocarbon of C2v symmetry with 4 symmetry operations

given in eq.2.

C2V = E,C2, σv1 ;σv2 (2)

The C2v group action on cuneane skeleton consisting to apply the

abovementioned symmetry operations gi ϵ C2v to the cluster of 8 CH

groups generates the permutations representations PC2vH8 and PC2vC8

given in eqs.1 and 4, respectively.

P P P P P
C

8

E

8

C

8 8 8
2v 2

H H H H H
v v

= , , , .
σ σ

1 2

(3)

P P P P P
C

8

E

8

C

8 8 8
2v 2

C C C C C
v v

= , , , .
σ σ

1 2

(4)

The right hand side terms of eqs.3 and 4 are permutations induced

by 4 distinct conjugacy classes of symmetry operations of C2v. These
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permutations are written in cycle structure notation[8] as follows :

P P P P
E

8

C

8 8 8
2 v1 v2

H H H H= = = =1 2 2 1 2
8 4 4 2 3
, , ,    

σ σ

(5)

P P P P
E

8

C

8 8 8
2 v1 v2

C C C C= = = =1 2 1 2
8 4 2 3
, ,    

σ σ

(6)

One may notice that the right-hand side terms in eqs.5-6 are equivalent.

Therefore PC2vH8 and PC2vC8 have the same cycle structure notations as

follows:
P P

C

8

C

8
2v 2vH C = 1 , 2 ,  1 2 , 1 2

8 4 2 3 2 3≡         (7)

Hence, cuneane substituted derivatives and cuneane heteroanalogues

issued from equivalent sets of arrangements regulated by the permutations

given in eq.7 are coisomeric structures [9].

3.2 Permutational isomers numbers of homo-and he-

te-ropolysubstituted cuneane derivatives and cu-

neane heteroanalogues

Let (NE , NC2
, Nσv1

, Nσv2
) denote permutomers numbers of cuneane sub-

stituted derivatives or corresponding cuneane heteroanalogues issued from

arrangements regulated by the terms given in eq.7. Such numbers are

calculated as follows :

Rule 1 : Permutational isomers numbers NE , NC2
, Nσv1

, Nσv2
for a ho-

mopolysubstituted C2v-based cuneane derivative C8H8−qXq or its cuneane

homo hetero-analogue (CH)8−qXq are numbers of distinct ways of putting

q achiral substituents of the same kind X among 8 positions submitted to

permutations of classes 18, 24, 1223 and1223. They are derived from bino-

mial theorem as follows :

18 → NE =

(
8

q

)
(8)

24 → NC2 =

(
4

q/2

)
(9)
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12.23 → Nσv1
= Nσv2

=

2∑
α=0

(
2

α

)(
3

4q − α)/2

)
(10)

Rule 2 : Permutational isomers numbers (NE , NC2
, Nσv1

, Nσv2
) for a

heteropolysubstituted cuneane derivative C8Hq0Xq1 ...Yqi ...Zqk or its cune-

ane hetero hetero-analogues (CH)q0Xq1 ...Yqi ...Zqk are numbers of place-

ments in distinct ways of q0Hand q1X, ...q0Y, ..., qkZ achiral substituents

of diffe-rent kinds among 8 positions submitted to permutations of classes

18, 24, 1223 and 1223. These numbers are derived from multinomial theo-

rem as follows:

18 → NE =

(
8

q0, ..., qi, ..., qk

)
(11)

24 → NC2
=

(
4

q0
2 , ...,

qi
2 , ...,

qk
2

)
(12)

12.24 → NσV1
= NσV2

=
∑
λ

(
2

p′0, ..., p
′
i, ..., p

′
k

)(
3

q′0, ..., q
′
i, ..., q

′
k

)
(13)

with the restrictions

′∑ ′∑ ′

′

pi
i=0

k
= 2,   qi

i=0

k
= 3,    qi =

qi - p
i

2
 

(14)

The numbers NE , NC2
, Nσv1

, Nσv2
derived from eqs.8-10 or eqs.11-13

are collected to form a 4 entries permutomers count vector (PCV) for a

substituted cuneane which is expressed as follows :

PCV (MX) = (NE , NC2 , Nσv1
, Nσv2

) (15)

where = C8H8−qXq , (CH)8−qXq , (CH)q0Xq1 ...Yqi ...Zqk or C8Hq0Xq1 ...

Yqi ...Zqk .
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3.3 The Sylvester’s denumerants of C2V group applied

to cuneane

The Sylvester’s denumerants [10,11]of C2v group (see eq.16 part I) applied

for deriving symmetry itemized isomers numbers ac1 , ac2 , acs , ac′s , ac2v are

given as follows:

-For a homopolysubstituted cuneane derivative and its cuneane homo-

hetero-analogue (CH)8−qXq

NE = (4ac1 + 2ac2 + 2acs + 2ac′s + ac2v ) =

(
8

q

)
(16)

NC2
= (2ac2 + ac2v ) =

(
4

q/2

)
(17)

Nσv1
= Nσv2

= 2acs + ac2v = 2ac′s + ac2v =
∑(

2

α

)(
3

(q − α)/2

)
(18)

For a heteropolysubstituted cuneane derivative C8Hq0Xq1 ...Yqi ...Zqk

and its cuneane hetero heteroanalogue (CH)q0Xq1 ...Yqi ...Zqk :

NE = (4ac1 + 2ac2 + 2acs + 2ac′s + ac2v ) =

(
8

q0, ...qi, ...qk

)
(19)

NC2
= (2ac2 + ac2v ) =

(
4

q0/2, ...qi/2, ...qk/2

)
(20)

Nσv1
= Nσv2

= 2acs + ac2v = 2ac′s + ac2v =
∑
λ

( 2

p0, ..., pi, ..., pk

)( 3

q′0, ..., q
′
i, ..., q

′
k

)
(21)

q′i =
qi − pi

2
,
∑
i

pi = 2, and
∑
i

q′i = 3 (22)
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4 Applications to symmetry itemized enu-

meration and construction of the linear

spaces of C2v-based isomers numbers for

coisomeric series of substituted cuneane

derivatives and heteroanalogues

Example 1 : Symmetry itemized enumeration and determination of lin-

ear spaces of isomers numbers of homopolysubstituted C2v-based cuneane

derivatives C8H8−qXq and cuneane homo heteroanalogues (CH)8−qXq

where 1 ≤ q ≤ 8 . By applying eqs.8-10 and 16-18 to these series one

derives the PCVs and the denumerants generating the linear mapping be-

tween PCVs and IICVs (PCV s → IICV s) calculated for each degree of

substitution q. These vectors are collected to form the PCM and the IICM

representing the V4 and V5 linear spaces of permutomers and symmetry

itemized isomers numbers for these coisomeric series. The calculations are

as follows : For q=1 in the series C8H7X and (CH)7X,

NE = 4ac1 + 2ac2 + 2acs + 2ac′s + ac2v =
(
8
1

)
NC2 = 2ac2 + ac2v = 0

Nσ1 = 2acs + ac2v =
(
2
1

)(
3
0

)
= 2

Nσv2
= 2ac′s + ac2v =

(
2
1

)(
3
0

)
= 2

ac1 = 1, ac2 = 0, acs = 1, ac2v = 0, ac′s = 1,

IICV (C8H7X) = (1, 0, 1, 1, 0) → PCV (C8H7X) = (8, 0, 2, 2)

For q=2 in the series C8H7X and (CH)6X2 ,

NE = 4ac1 + 2ac2 + 2ac′s + ac2v =
(
8
2

)
= 28

NC2 = 2ac2 + ac2v =
(
4
1

)
= 4

Nσ1 = 2acs + ac2v =
(
2
0

)(
3
1

)
+
(
2
2

)(
3
0

)
= 4

Nσv2 = 2ac′s + ac2v =
(
2
0

)(
3
1

)
+
(
2
2

)(
3
0

)
= 4

ac1 = 5, ac2 = 1, acs = 1, ac′s = 1, ac2v = 2,

PCV (C8H6X2) = (28, 4, 4, 4) → IICV (C8H7X) = (5, 1, 1, 1, 2)

For q=3 in the series C8H5X3 and (CH)5X3

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(
8
3

)
= 56

NC2 = 2ac2 + ac2v = 0
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Nσ1 = 2acs + ac2v =
(
2
1

)(
3
1

)
= 6

Nσv2
= 2aγ1

cs + aγ2
c2v =

(
2
1

)(
3
1

)
= 6

ac1 = 2, ac2 = 0, acs = 3, ac′s = 3, ac2v = 0,

PCV (C8H5X3) = (56, 0, 6, 6) → IICV (C8H5X3) = (2, 0, 1, 1, 0)

For q=4 in the series C8H4X4 and (CH)4X4

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(
8
4

)
= 70

NC2 = 2ac2 + ac2v =
(
4
2

)
= 6

Nσ1 = 2acs + ac2v =
(
2
0

)(
3
1

)
+
(
2
2

)(
3
1

)
= 6

Nσv2 = 2ac′s + ac2v =
(
2
0

)(
3
1

)
+
(
2
2

)(
3
1

)
= 6

ac1 = 14, ac2 = 2, acs = 2, ac′s = 2, ac2v = 2,

PCV (C8H4X4) = (70, 6, 6, 6) → IICV (C8H4X4) = (14, 2, 2, 2, 2)

For q=8 in the series C8X8 ,

NE =
(
8
8

)
, NC2 = Nσv1 =

(
4
4

)
= 1, Nσv2 =

(
2
2

)(
3
3

)
= 1

NE = 4ac1 + 2acs + 2ac′s + ac2v = 1

NC2 = 2ac2 + ac2v = 1

Nσ1 = 2acs + ac2v = 1

Nσv2
= 2ac′s + ac2v = 1

ac1 = ac2 = acs = ac′s = 0, ac2v = 1

PCV(C8X8 or X8)=(1, 1, 1, 1)→ IICV(C8X8 or X8)=(0, 0, 0, 0, 1),

We collect 4-dimensional PCVs and 5-dimensional IICVs to form the

PCM and the IICM that construct the V4 and V5 associated vector spaces

of permutomers numbers and symmetry itemized isomers numbers for

these coisomeric series as follows:

The row vectors entries of the PCM and IICM are interpreted as follows

: for coisomeric series C8Hq0Xq1) and (CH)q0Xq1 where (q0, q1)=(8,0),

(7,1), (6,2), (5,3), (4,4) the linear mappings between 4 entries PCVs and

5 entries IICVs are :

(1, 1, 1, 1)→(0,0,0,0,1) ; (8, 0, 2, 2)→(1,0,1,1,0) ;
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(28, 4, 4, 4)→(5,1,1,1,2); (56, 0, 6, 6)→(11,0,3,3,0);

(70, 6, 6, 6)→(14,2,2,2,2).

These transformations of 4-tuples of permutomers numbers NE , NC2 ,

Nσv1 , Nσv2 into 5-tuples of symmetry itemized isomers numbers acs, ac2 ,

acs, ac′s, ac2v predict the occurrences of :

(0, 0, 0, 0, C2v) ; (C1, 0, Cs, C
′
s, 0) ; (5C1, C2, Cs, C

′
s, 2C2v) ;

(11C1, 0, 3Cs, 3C
′
s, 0) ; (14C1, 2C2, 2Cs, 2C

′
s, 2C2v) isomers for coiso-

meric series C8H8/C8X8, (C8H7X)/(CH)7X,C8H6X2/(CH)6X2,

C8H5X3/(CH)5X3, (C8H4X4)/(CH)4X4)), respectively.

The illustration of these results is given in fig.2.

Figure 2. Graphs of C1 + Cs + C′
s, 5C1 + C2 + Cs + C′

s + 2C2v ,
3Cs + 3C′

s ,2Cs + 2C′
s + 2C2v isomers of homopolysub-

stituted cuneanes and cuneane homo-heteroanalogues for
coisomeric series (C8H7X)/(CH)7X,C8H6X2/(CH)6X2 ,
C8H5X3/(CH)5X3, (C8H4X4)/(CH)4X4)).

Example 2: Symmetry itemized enumeration and vector spaces of

isomers numbers of coisomeric series of heteropolysubstituted C2v-based
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cuneane derivatives and their cuneane hetero-heteroanalogues symbolized

by the molecular formulas given in table 1 hereafter and where
∑k

i=0 qi = 8.

Table 1. Molecular formulas of coisomeric series of heteropolysub-
stituted C2v-based cuneane derivatives and their cuneane
hetero-heteroanalogues .

C8Hq0Xq1Yq2/(CH)q0Xq1Yq2 ) C8Hq0Vq1Wq3Xq1Yq4Zq5/
(CH)q0Vq1Wq3Xq1Yq4Zq5

C8Hq0Xq1Y2Zq3/(CH)q0Xq1Yq2Zq3 C8Hq0Uq1Vq2Wq3Xq4Yq5Zq6/
(CH)q0Uq1Vq2Wq3Xq4Yq5Zq6

C8Hq0Wq1Xq2Yq3Zq4/(CH)q0Wq1Xq2Yq3Zq4 C8Hq0Tq1Uq2Vq3Wq4Xq5Yq6Zq7/
(CH)q0Tq1Uq2Vq3Wq4Xq5Yq6Zq7

By applying eqs.16-18 and 19-21 to these series one obtains the PCVs

and the denumerants calculated for each sequence of substitution indices

(q0, q1, ..., qK) . The resolution of these denumerants generates the IICVs

and the linear mappings PCVs→IICVs for distinct heteropolysubstitu-

tions. The calculations are as follows :

In the series C8Hq0Xq1Yq2/(CH)q0Xq1Yq2) where (q0, q1, q2) = (6, 1, 1),

(5, 2, 1), (4, 3, 1), (4, 2, 2), (3, 3, 2), the denumerants solved are:

For q0, q1, q2 = (6, 1, 1) in C8H6XY

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
6,1,1

)
= 56

NC2
= 2ac2 + ac2v = 0

Nγ
σ1

= 2acs + ac2v =
(

2
0,1,1

)(
3

3,0,0

)
= 2

Nσv2
= 2ac′s + ac2v =

(
2

0,1,1

)(
3

3,0,0

)
= 2

ac1 = 2, ac2 = 0, acs = 1, ac′s = 1, ac2v = 0,

PCV (C8H6XY ) = (56, 0, 2, 2) → IICV (C8H6XY ) = (13, 0, 1, 1, 0)

For q0, q1, q2 = (5, 2, 1) in C8H5X2Y

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
5,2,1

)
= 168

NC2
= 2ac2 + ac2v = 0

Nσ1
= 2acs + ac2v =

(
2

1,0,1

)(
3

2,1,0

)
= 6

Nσv2
= 2ac′s + ac2v =

(
2

1,0,1

)(
3

2,1,0

)
= 6

ac1 = 39, ac2 = 0, acs = ac′s = 3, ac2v = 0,

PCV (C8H5X2Y ) = (168, 0, 6, 6) → IICV (C8H5X2Y ) = (39, 0, 3, 3, 0)

For q0, q1, q2 = (4, 3, 1) in C8H4X3Y

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
4,3,1

)
= 280

NC2 = 2ac2 + ac2v = 0
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Nσ1 = 2acs + ac2v =
(

2
0,1,1

)(
3

2,1,0

)
= 6

Nσv2
= 2ac′s + ac2v =

(
2

0,1,1

)(
3

2,1,0

)
= 6

ac1 = 67, ac2 = 0, acs = ac′s = 3, ac2v = 0,

PCV (C8H4X3Y ) = (280, 0, 6, 6) → IICV (C8H4X3Y ) = (67, 0, 3, 3, 0)

For q0, q1, q2 = (4, 2, 2) in C8H4X2Y2

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
4,2,2

)
= 420

NC2 = 2ac2 + ac2v =
(

4
2,1,1

)
= 12

Nσ1 = 2acs + ac2v =
(

2
0,0,0

)(
3

1,1,1

)
+
(

2
0,2,0

)(
3

2,0,1

)
+

(
2

0,0,2

)(
3

2,1,0

)
= 12

Nσv2 = 2ac′s + ac2v =
(

2
2,0,0

)(
3

1,1,1

)
+
(

2
0,2,0

)(
3

2,0,1

)
+
(

2
0,0,2

)(
3

2,1,0

)
= 12

ac1 = 97, ac2 = acs = ac′s = 5, ac2v = 2,

PCV (C8H4X2Y2) = (420, 12, 12, 12) → IICV (C8H4X2Y 2) = (97, 5, 5, 5, 2)

For q0, q1, q2 = (3, 3, 2) in C8H3X3Y2

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
4,2,2

)
= 420

NC2 = 2ac2 + ac2v =
(

4
2,1,1

)
= 12

Nσ1 = 2acs + ac2v =
(

2
2,0,0

)(
3

1,1,1

)
+
(

2
0,2,0

)(
3

2,0,1

)
+
(

2
0,0,2

)(
3

2,1,0

)
= 12

Nσv2
= 2ac′s + ac2v =

(
2

2,0,0

)(
3

1,1,1

)
+
(

2
0,2,0

)(
3

2,0,1

)
+

(
2

0,0,2

)(
3

2,1,0

)
= 12

ac1 = 134, ac2 = 0, acs = ac′s = 6, ac2v = 0,

PCV (C8H3X3Y2) = (560, 0, 12, 12) → IICV (C8H3X3Y 2) = (134, 0, 6, 6, 0)

We collect 4-dimensional PCVs and 5-dimensional IICVs to form the

PCM and the IICM composing the V4 and V5 associated vector spaces of

permutomers and symmetry itemized isomers numbers for these coisomeric

series as follows:
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For coisomeric series C8Hq0Xq1Yq2 and (CH)q0Xq1Yq2) where q0, q1, q2

= (6,1,1), (5,2,1), (4,3,1), ((4,2,2) (3,3,2) the data of linear mappings

between 4 entries PCVs and 5 entries IICVs are as follows : (56, 0,

2, 2)→(13,0,1,1,0); (168, 0, 6, 6)→(39,0,3,3,0); (280,0,6,6)→(67,0,3,3,0);

(420,12,12,12)→(97,5,5,5,2) ;(560,0,12,12)→(134,0,6,6,0). These transfor-

mations of 4-tuples of permutomers numbers NE , NC2 , Nσv1
, Nσv2

into 5-

tuples of symmetry itemized isomers numbers acs , ac2 , acs , ac′s , ac2v predict

the occurrences of (13C1, 0, Cs, C
′
s, 0) ; (39C1, 0, 3Cs, 3C

′
s, 0) ; (67C1, 0,

3Cs, 3C
′
s, 0) ; (97C1, 5C2, 5Cs, 5C

′
s, 2C2v) ; (134C1, 0, 6Cs, 6C

′
s, 0) isomers

for C8H6XY,C8H5X2Y,C8H4X3Y,C8H4X2Y2, C8H3X3Y2 and their cor-

responding hetero-heteroanalogues (CH)6XY, (CH)5X2Y, (CH)4X3Y,

(CH)4X2Y2, (CH)3X3Y2. The graphs depicting 13C1 + Cs + C ′
s, 3Cs +

3C ′
s, 3Cs + 3C ′

s, 5C2 + 5Cs + 5C ′
s + 2C2v skeletons of coisomeric series

C8H6XY/(CH)6XY,C8H5X2Y/(CH)5X2Y,C8H4X3Y/(CH)4X3Y and

C8H4X2Y2/(CH)4X2Y2 are given in Fig. 3.

In the series C8Hq0Xq1Yq2Zq3/(CH)q0Xq1Yq2Zq3) where (q0, q1, q2, q3)

= (5, 1, 1, 1), (4, 2, 1, 1), (3, 3, 1, 1), (3, 2, 2, 1), (2, 2, 2, 2), the denumerants

are as follows:

For q0, q1, q2, q3 = (5, 1, 1, 1) in C8H5XY Z

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
5,1,1,1

)
= 336

NC2 = 2ac2 + ac2v = 0

Nσ1 = 2acs + ac2v = 0

Nσv2
= 2ac′s + ac2v = 0

ac1 = 84, ac2 = acs = ac′s = ac2v = 0,

PCV (C8H5XY Z) = (336, 0, 0, 0) → IICV (C8H5XY Z) = (84, 0, 0, 0, 0)

For q0, q1, q2, q3 = (4, 2, 1, 1) in C8H4X2Y Z

NE = 4ac1 + 2ac2 + 2acs + 2ac′s + ac2v =
(

8
4,2,1,1

)
= 840

NC2 = 2ac2 + ac2v = 0

Nσ1 = 2acs + ac2v =
(

2
0,0,1,1

)(
3

2,1,0,0

)
= 6

Nσv2
= 2ac′s + ac2v =

(
2

0,0,1,1

)(
3

2,1,0,0

)
= 6

ac1 = 207, ac2 = 0, acs = ac′s = 3, ac2v = 0,

PCV (C8H4X2Y Z) = (840, 0, 6, 6) → IICV (C8H4X2Y Z) = (207, 0, 3, 3, 0)

For q0, q1, q2, q3 = (3, 3, 1, 1) in C8H3X3Y Z

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
3,3,1,1

)
= 1120
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Figure 3. Graphs 13C1 + Cs + C′
s, 3Cs + 3C′

s, 3Cs + 3C′
s,

5C2 + 5Cs + 5C′
s + 2C2v isomers of heteropolysubstituted

cuneanes and cuneane hetero-heteroanalogues of coiso-
meric seriesC8H6XY/(CH)6XY,C8H5X2Y/(CH)5X2Y,
C8H4X3Y/(CH)4X3Y and C8H4X2Y2/(CH)4X2Y2
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NC2 = 2ac2 + ac2v = 0

Nσ1 = 2acs + ac2v = 0

Nσv2 = 2ac′s + ac2v = 0

ac1 = 280, ac2 = 0, acs = ac′s = 3, ac2v = 0,

PCV (C8H4X2Y Z) = (1120, 0, 0, 0) → IICV (C8H4X2Y Z) = (280, 0, 0, 0, 0)

For q0, q1, q2, q3 = (3, 2, 2, 1) in C8H3X2Y2Z

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
3,2,2,1

)
= 1680

NC2 = 2ac2 + ac2v = 0

Nσv1
= 2acs + ac2v =

(
2

1,0,0,1

)(
3

1,1,1,0

)
= 12

Nσv2 = 2ac′s + ac2v =
(

2
1,0,0,1

)(
3

1,1,1,0

)
= 12

ac1 = 414, ac2 = 0, acs = ac′s = 6, ac2v = 0,

PCV (C8H3X2Y2Z) = (1680, 0, 12, 12) → IICV (C8H3X2Y 2Z) = (414, 0, 6, 6, 0)

For q0, q1, q2, q3 = (2, 2, 2, 2) in C8H2X2Y2Z2

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
2,2,2,2

)
= 2520

NC2 = 2ac2 + ac2v =
(

4
1,1,1,1

)
= 24

Nσv1
= Nσv2

= 2acs + ac2v = 2ac′s + ac2v = [
( 2
2,0,0,0

)( 3
0,1,1,1

)
+

( 2
0,2,0,0

)( 3
1,0,1,1

)
+( 2

0,0,2,0

)( 3
1,1,0,1

)
+

( 2
0,0,0,2

)( 3
1,1,1,0

)
] = 24

ac1 = 612, ac2 = acs = ac′s = 6, ac2v = 0,

PCV (C8H2X2Y2Z2) = (2520, 24, 24, 24) → IICV (C8H2X2Y 2Z2) =

(612, 12, 12, 12, 0)

The PCM and the IICM composing the V4 and V5 associated vector

spaces of permutomers and symmetry itemized isomers numbers for these

coisomeric series are as follows:
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The data of linear mappings between 4 entries PCVsand 5 entries

IICVs for coisomeric series C8Hq0Xq1Yq2Zq3 and (CH)q0Xq1Yq2Zq3) where

q0, q1, q2, q3 = (5,1,1,1), (4,2,1,1), (3,3,1,1), (3,2,2,1), (2,2,2,2) are : (336, 0,

0,0)→(84,0,0,0,0); (840, 0, 6, 6)→(207,0,3,3,0); (1120,0,0,0)→(280,0,0,0,0);

(1680,0,12,12)→(414,0,6,6,0) ;(2520,24,24,24)→(612,12,12,12,0), respecti-

vely. These transformations of 4-tuples of permutomers numbers NE , NC2 ,

Nσv1 , Nσv2 into 5-tuples of symmetry itemized isomers numbers ac1 , ac2 ,

acs, ac′s, ac2v predict the occurrences of : (84C1, 0, 0, 0, 0) ; (207C1, 0, 3Cs,

3C ′
s, 0) ; (280C1, 0, 0, 0, 0); (414C1, 0, 6Cs, 6C

′
s, 0) ; (612C1, 12C2, 12Cs,

12C ′
s, 0) isomers for C8H5XY Z,C8H4X2Y Z,C8H3X3Y Z,C8H3X2Y2Z,

C8H2X2Y2Z2 and their corresponding heteroanalogues respectively. The

graphs depicting reduced numbers of isomers of these series are given in

Fig. 4.

In the series C8Hq0Wq1Xq2Yq3Zq4 and (CH)q0Wq1Xq2Yq3Zq4) where

(q0, q1, q2, q3, q4) =(4,1,1,1,1), (3,2,1,1,1), (2,2,2,1,1) the denumerants are:

For (q0, q1, q2, q3, q4) =(4,1,1,1,1), in C8H4WXY Z

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
4,1,1,1

)
= 1680

NC2 = 2ac2 + ac2v = 0

Nσv1
= Nσv2

= NC2 = 2ac2 + ac2v = 2acs + ac2v = 2ac′s + ac2v = 0

ac1 = 420, ac2 = acs = ac′s = ac2v = 0,

PCV (C8H4WXY Z) = (1680, 0, 0, 0) → IICV (C8H4WXY Z) = (420, 0, 0, 0, 0)

For (q0, q1, q2, q3, q4) = (3, 2, 1, 1, 1)

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
3,2,1,1,1

)
= 3360

NC2 = 2ac2 + ac2v = 0

Nσv1
= NC2 = Nσv2

= 2ac2 + ac2v = 2acs + ac2v = 2ac′s + ac2v = 0

ac1 = 420, ac2 = acs = ac′s = ac2v = 0,

PCV (C8H3W2XY Z) = (3360, 0, 0, 0) → IICV (C8H3W2XY Z) = (840, 0, 0, 0, 0)

For (q0, q1, q2, q3, q4) = (2, 2, 2, 1, 1) in C8H2W2X2Y Z

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
2,2,2,1,1

)
= 5040

NC2 = 2ac2 + ac2v = 0

Nσv1
= Nσv2

= 2acs + ac2v = 2ac′s + ac2v =
(

2
0,0,0,1,1

)(
3

1,1,1,0,0

)
= 12

ac1 = 1254, ac2 = 0, acs = ac′s = 6, ac2v = 0,

PCV (C8H2W2X2Y Z) = (5040, 0, 12, 12) → IICV (C8H2W2X2Y Z) = (1260, 0, 6, 6, 0)

The PCM and the IICM composing the V4 and V5 associated vector
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Figure 4. Graphs of 3Cs + 3C′
s, 6Cs + 6C′

s, 12C2 + 12Cs + 12C′
s

coisomeric series of heteropolysubstituted cuneanes
and their hetero-heteroanalogues of the series
C8H4X2Y Z/(CH)4X2Y Z,C8H3X2Y2Z/(CH)3X2Y2Z
,C8H2X2Y2Z2/(CH)2X2Y2Z2.

spaces of permutomers and symmetry itemized isomers numbers for these

coisomeric series are as follows:
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The data of linear mappings between 4 entries PCVs and 5 entries

IICVs for coisomeric series C8Hq0Xq1Yq2Zq3 and (CH)q0Xq1Yq2Zq3) whe-

re (q0, q1, q2, q3, q4) =(4,1,1,1,1),(3,2,1,1,1), (2,2,2,1.1) are as follows::

(1680, 0, 0, 0)→(420, 0, 0, 0, 0), (3360, 0, 0, 0) →(840, 0, 0, 0, 0) ;

(5040,0, 12, 12)→ (1254,0, 6, 6,0) These transformations of 4-tuples of per-

mutomers numbers into 5-tuples of symmetry itemized isomers numbers

predict the occurrences of 420 C1, and 840C1 isomers for C8H4WXY Z/

(CH)4WXY Z and C8H3W2XY Z/(CH)3W2XY Zthen (1254C1, 0, 6Cs,

6C ′
s, 0) isomers for C8H2W2X2Y Z/(CH)2W2X2Y Z. The graphs depict-

ing 6Csand 6C ′
s isomers of the series C8H2W2X2Y Z/(CH)2W2X2Y Z are

given in Fig. 5.

Figure 5. Graphs of 6Cs + 6C′
s isomers of heteropolysubstituted

cuneanes derivatives and their hetero-heteroanalogues of the
series C8H2W2X2Y Z and (CH)2W2X2Y Z.

In the series C8Hq0Vq1Wq2Xq3Yq4Zq5 and (CH)q0Vq1Wq2Xq3Yq4Zq5)

where (q0, q1, q2, q3, q4, q5) =(3,1,1,1,1,1), (2,2,1,1,1,1), the denumerants
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are:

For (q0, q1, q2, q3, q4, q5) =(3,1,1,1,1,1), in C8H3VWXY Z

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
3,1,1,1,1

)
= 6720

NC2 = 2ac2 + ac2v = 0

Nσv1
= 2acs + ac2v = 0

Nσv2
= 2ac′s + ac2v = 0

ac1 = 6720, ac2 = acs = ac′s = ac2v = 0,

PCV (C8H3VWXY Z) = (6720, 0, 0, 0) → IICV (C8H3VWXY Z) = (1680, 0, 0, 0, 0)

For (q0, q1, q2, q3, q4, q5) =(2,2,1,1,1,1), in C8H2V2WXY Z

NE = 4ac1 + 2ac2 + 2acs + 2ac′s + ac2v =
(

8
2,2,1,1,1

)
= 10080

NC2 = Nσ1 = Nσv2 = 2ac2 + ac2v = 2ac′s + ac2v = 0

ac1 = 2420, ac2 = acs = ac′s = ac2v = 0,

PCV (C8H2V2WXY Z) = (10080, 0, 0, 0) → IICV (C8H2V2WXY Z) = (1680, 0, 0, 0, 0)

The collection of PCVs and IICVs for these series gives rise to:

The linear mappings between 4 entries PCVs and 5 entries IICVs are

: (6720, 0, 0, 0)→(1680, 0, 0, 0, 0) and (10080, 0, 0, 0) →(2420, 0, 0, 0, 0).

These data predict the occurrences of 1680C1 and 2420C1 isomers for coiso-

meric series C8H3VWXY Z/(CH)3VWXY Z and C8H2V2WXY Z/(CH)2

V2WXY Z respectively. In the series C8Hq0Uq1Vq2Wq3Xq4Yq5Zq6 and

(CH)q0Uq1Vq2Wq3Xq4Yq5Zq6 their heteroanalogues where (q0, q1, q2, q3, q4,

q5, q6) =(2,1,1,1,1,1,1)the denumerants are:

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
2,1,1,1,1,1,1

)
= 20180

NC2
= Nσv1

= Nσv2
= 2ac2 + ac2v = 2ac′s + ac2v = 0
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ac1 = 5040, ac2 = acs = ac′s = ac2v = 0,

In the series C8Hq0Tq1Uq2Vq3Wq4Xq5Yq6Zq7 and (CH)q0Tq1Uq2Vq3Wq4

Xq5Yq6Zq7 their heteroanalogues where (q0, q1, q2, q3, q4, q5, q6, q7) =(1,1,1,

1,1,1,1,1)the denumerants are :

NE = 4ac1 + 2acs + 2ac′s + ac2v =
(

8
1,1,1n1,1,1,1,1

)
= 40320

NC2 = Nσv1 = Nσv2
= 2ac2 + ac2v = 2ac′s + ac2v = 0

ac1 = 10080, ac2 = acs = ac′s = ac2v = 0,

The linear mappings : PCV(C8H2UVWXY Z)→ IICV (C8H2UVWX

Y Z) =(20160, 0, 0, 0)→(5040, 0, 0, 0, 0) and PCV (C8HTUVWXY Z)→
IICV (C8HTUVWXY Z) =(40320, 0, 0, 0)→(10080,0,0,0,0) predict the

occurrences of 5040C1 and 10080C1 isomers for coisomeric series C8H2UV

WXY Z/(CH)2UVWXY Z and C8HTUVWXY Z/(CH)TUVWXY Z.

Table 3 presents Ji × 4 entries PCMs and Ji × 5 entries IICMs com-

posing the associated V4 and V5 mutidimensional vector spaces of per-

mutomers and symmetry itemized isomers numbers for homo- and hetero-

polysubstituted cuneane derivatives and cuneane heteroanalogues. For the
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sake of comparison columns 6 and 7 of table 4 present the numbers of chi-

ral and achiral isomers skeletons Ac = ac1 + ac2 , Aac = acs + ac′s + ac2v

obtained from bipartite enumeration [12] and the numbers of diastereo

isomers Np = Ac +Aac derived from Polya cycle indices. [13]

5 Concluding remarks

The enumeration leading to the construction of the linear spaces of per-

mutomers and symmetry itemized isomers numbers of C2v-based cuneane

derivatives and heteroanalogues presented in this paper includes the fol-

lowing steps:

(1)-the determination of-4-dimensional permutomers count vectors

PCV (NE , NC2
, Nσv1

, Nσv2
) whose entries are obtained from multinomial

or binomial theorems applied in accordance with 4 classes of permutations

regulating the arrangements of substituents among 8 substitution sites.

(2)-the determination of 5-dimensional itemized isomers count vector

IICV acs, ac2 , acs, ac′s , ac2v whose entries are derived from the resolution of

the denumerants of type Ngl =
∑

Gj
aGj

wGj
, gl mapping the permutomers

numbers NE , NC2
, Nσv1

, Nσv2
as a sum of symmetry adapted isomers num-

bers aGj
scaled by the weights wGj

, gl of the subgroups of C2v.

(3)-The construction of the V4 and V5 vector spaces of isomers num-

bers by collecting 4-dimensional PCVs and 5-dimensional IICVs to form

the permutomers count matrix (PCM) and the itemized isomers count ma-

trix (IICM) for each series of cuneane derivatives C8Hq0Xq1 ...Yqi ...Zqk or

(CH)q0Xq1 ...Yqi ...Zqk cuneane heteroanalogues where
∑k

i=1 qi = 8 Permu-

tomers and symmetry itemized isomers numbers of substituted C2v-based

compounds form 2 associated linear spaces containing 4- and 5-dimensional

vectors respectively. Such distribution of isomers populations may open

new perspectives of research and teaching in stereochemistry.
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Table 2. (Ji×4)−PCMs and (Ji×5)−IICMs composing the structure
of the V4 and V5 vector spaces of permutomers and symmetry
itemized isomers numbers for substituted cuneane derivatives
and heteroanalogues. Note for the sake of comparison that
Ac = ac1 + ac2 , Aac = acs + ac′s + ac2v and Np = Ac +Aac.
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