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Abstract

In application of part I this paper presents (a) 4- and 5-dimensi-
onal permutomers and symmetry itemized isomers count vectors
(PCVy and IICV;). (b) the collection of these vectors in the form
of permutomers count matrices (PCMs) and itemized isomers count
matrices (IICM;) (c) the structure of the V4 and V5 multidimen-
sional vector spaces of isomers numbers of substituted Ca,-based
cuneane derivatives and cuneane heteroanalogues.

1 Introduction

The chemistry of cage shaped eight carbon hydrocarbons and their deriva-
tives has been developed since the successful synthesis of cubane [1,2].
Cuneane or Pentacyclo [3.3.0.024.0%7.0%%] octane, a saturated CgHg hy-

drocarbon belongs to this group of chemical compounds. It is obtined
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from cubane by metal-ion catalyzed o- bond rearrangement [3,5]. Some
cuneane derivatives more stable than the corresponding cubanes manifest
liquid crystal properties [6]. NMR studies [7] have shown that the geome-
try of cuneane molecule is a hexahedron of Cyy symmetry which displays
one pair of edge fused 5-gonal faces, one pair of edge-fused 4-gonal faces

and 2 3-gonal faces at eclipsed position.

2 Classification of coisomeric substituted cu-
neane derivatives and cuneane heteroana-

logues

Let us consider the substitutions replacing hydrogen atoms by achiral sub-
stituents or the replacements of C'"Hgroups by trivalent heteroatoms as
arrangements in distinct ways of objects of the same kind or different
kinds among 8 positions of cuneane molecule submitted to permutations
induced by the Cyy group. Substituted cuneane derivatives and cuneane
heteroanalogues derived from such arrangements may be classified into 4
groups as follows:

1- Homosubstituted cuneane derivatives with the molecular formula
CsHg_¢ X, (or CgHgyX,,) issued from homogeneous arrangements of g
achiral substituents of the same kind X among 8 substitution positions
occupied by hydrogen atoms submitted to permutations induced by dis-
tinct symmetry operations of Coy .

2- Cuneane homo-heteroanalogues (CH)s_4X, (or (CH)q,X,, ) issued
from homogeneous arrangements putting in accord with the obligatory
minimum valency (OMV) restriction (OMV=3), gX trivalent heteroatoms
of the same kind among 8 CH positions permuted by distinct symmetry
operations of Cay .

3- Heteropolysubstituted cuneane derivatives CgHy, Xy, ...Yy, ... Zg, is-
sued from heterogeneous arrangements of qoH and ¢1 X, ...q;Y, ..., qx Z and
achiral substituents of different kinds among 8 substitution sites permuted
by distinct symmetry operations of Cay .

4- cuneane hetero-heteroanalogues (CH)g, Xy, ...Yy, ...Z,, are obtained
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from heterogeneous arrangements putting in accord with the obligatory
minimum valency restriction (OMV=3)goHand ¢ X,...q;Y,...,qiZ triva-
lent heteroatoms of different kinds among 8CH positions permuted by dis-
tinct symmetry operations of Cyy,. We recall that throughout this study
the indices of the molecular formula have the following significance:

I-qp is the number of unsubstituted hydrogen atoms while the indices
(q1,---Qis .-, qr) are partial degrees of substitution i.e. numbers of non
hydrogen achiral substituents of different kinds X, Y,.....,Z.

II-The sub-indices 1 < 7 < k indicate the substitution order ¢ which is
the number of distinct types of non H substituents.

ITI-The set of indices (qo, q1, ---Qi, ---, G ) satisfy the restriction

Z%‘ZS (1)

The mathematical properties presented in part I are applied in this paper
to derive 4- and 5-dimensional permutomers and symmetry itemized iso-
mers count vectors (PCVs and IICVs) and construct the structure of Vj
and V5 multidimensional vector spaces of isomers numbers of substituted

Cyy-based cuneane derivatives and cuneane heteroanalogues.

3 Formulation of the denumerants of C,, gro-
up for symmetry itemized enumeration of

cuneane derivatives and heteroanalogues

3.1 1 Permutations of carbon and hydrogen atoms of

cuneane under the Cs, group action

Let us represent the structure of cuneane by a tridimensional hydrogen
depleted graph given in fig.1 where 8 black vertices of degree 3 sym-
bolize carbon atoms indicated by alphabetical labels of the set Cg =
(a,b,e,d,a’, b, c/;d"). These 8 interconnected carbon atoms are attached
to 8 hydrogen atoms (not indicated in the graph) which compose the set

Hg. These attachments form a cluster of 8CH groups which gives rise to a
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Figure 1. 3D-hydrogen depleted graph of cuneane

unicage shaped hydrocarbon of Cs, symmetry with 4 symmetry operations

given in eq.2.

OQV = Ea 027 UU1 7 UUQ (2)

The C5, group action on cuneane skeleton consisting to apply the
abovementioned symmetry operations g; € Co, to the cluster of 8 CH
groups generates the permutations representations P¢?* Hg and P%2*Cy

given in egs.1 and 4, respectively.

Cy, _ ,E C oy Oy,

PoHy =P H POH, P H, PT H, 3)
Cohp — pE G Oy O,
P™?"Cy =P Cg,P?Cq,P "Cg,P *Cyg (4)

The right hand side terms of eqs.3 and 4 are permutations induced

by 4 distinct conjugacy classes of symmetry operations of Cs,. These
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permutations are written in cycle structure notation[8] as follows :

PPHg =1, POH, =2, P H, =2 P72 H =172 (5)

PPeg=1°, Pcy=2*, PPy =pP"cy =172 (6)

One may notice that the right-hand side terms in eqs.5-6 are equivalent.

Therefore P¢2» Hg and P¢?*Cg have the same cycle structure notations as

o=, =[] [2], [r2 ][] -

Hence, cuneane substituted derivatives and cuneane heteroanalogues

follows:

issued from equivalent sets of arrangements regulated by the permutations

given in eq.7 are coisomeric structures [9].

3.2 Permutational isomers numbers of homo-and he-
te-ropolysubstituted cuneane derivatives and cu-

neane heteroanalogues

Let (Ng, Ne,, N,

Ouy )

., ) denote permutomers numbers of cuneane sub-
stituted derivatives or corresponding cuneane heteroanalogues issued from
arrangements regulated by the terms given in eq.7. Such numbers are
calculated as follows :

Rule 1 : Permutational isomers numbers Ng, N¢,, Ny, , No,, for a ho-
mopolysubstituted Cs,-based cuneane derivative Cs Hg_,X, or its cuneane
homo hetero-analogue (CH)s_,X, are numbers of distinct ways of putting
q achiral substituents of the same kind X among 8 positions submitted to
permutations of classes 18,24, 1223 and1223. They are derived from bino-

mial theorem as follows :

1% = Np = (2) (8)

2 Nea = (qj2> ®)
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1.2 - N, =N, = 22: (i) ( " _?’a) /2> (10)

a=0
Rule 2 : Permutational isomers numbers (Ng, Nc¢,, N, , No,, ) for a
heteropolysubstituted cuneane derivative Cg Hy, X, ... Yy, ... Zg, OF its cune-
ane hetero hetero-analogues (CH)q,Xg, ... Yy, .--Zq, are numbers of place-
ments in distinct ways of gqoHand 1 X, ...q0Y, ..., qx Z achiral substituents
of diffe-rent kinds among 8 positions submitted to permutations of classes
18,24,1223 and 1223. These numbers are derived from multinomial theo-

rem as follows:

18 5 Np = < 8 ) (11)

qoy -5 4iy -5 4k

21 5 Ng, = < 4 ) (12)
C: = | @ i ax
oy oy o

2 3
122 % N,, =N, = ( ) ( ) (13)
V1 2 2}\: pé)aup;?ap;g q677q277q;¢

with the restrictions

ko, ko, ,_ 4P
Ypi=2 Yg=3 g=——
i=0 =0 2 (14)

The numbers Ng, N¢,, N,

UUl

y No,, derived from eqs.8-10 or egs.11-13
are collected to form a 4 entries permutomers count vector (PCV) for a

substituted cuneane which is expressed as follows :

PCV(MX) = (NE,NCQ,N%,NU,Q) (15)

where = CsHg_ (X, , (CH)s_q Xy , (CH)yyXg, .Yy, -2y, or CsHyy X, ...
Yo Zay -
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3.3 The Sylvester’s denumerants of Csy group applied

to cuneane

The Sylvester’s denumerants [10,11]of Cs, group (see eq.16 part I) applied
for deriving symmetry itemized isomers numbers a, , dc,, dc,, @, Ac,, are
given as follows:

-For a homopolysubstituted cuneane derivative and its cuneane homo-
hetero-analogue (CH)g_qX,

8
Ng = (4ac, + 2ac, + 2a., + 2a0 + Gey, ) = (q) (16)
4
NC2 = (2a52 + aCQv) = q/2 (17)

2 3
NU'Ul = Navz = 2acs + ey, = 2ac/s + ey, = Z <a> ((q - Ol)/2> (18)

For a heteropolysubstituted cuneane derivative CsHg X, ...Yy, ... 2,
and its cuneane hetero heteroanalogue (CH )4 Xy, .Yy, ... Zg, ¢

8
Ng = (4a., + 2a., + 2a., + 2a0 + Acy,) = < > (19)

q05 ---4i5 ---qk
N, (2ac2 + ) ( 1 ) (20)
e = (20c2 + ac,,) =
2 ¢ 2 40/2, Qi /2, ...qi /2
2 3
No-v1 = NO-’UQ = 2ac, + Qcy,, = ZG,C/S + ey, = ZA: (po7 . ,.,7pk> (qé’ ,._7q;7 m’q;c)
(21)

q§=%;pi72pi=2,andzqé=3 (22)
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4 Applications to symmetry itemized enu-

meration and construction of the linear
spaces of Cy,-based isomers numbers for
coisomeric series of substituted cuneane

derivatives and heteroanalogues

Example 1 : Symmetry itemized enumeration and determination of lin-
ear spaces of isomers numbers of homopolysubstituted Cs,-based cuneane
derivatives CgHg_qX, and cuneane homo heteroanalogues (CH)s_¢X,
where 1 < ¢ < 8 . By applying eqs.8-10 and 16-18 to these series one
derives the PCV; and the denumerants generating the linear mapping be-
tween PCV; and IICV; (PCVs — IICVs) calculated for each degree of
substitution q. These vectors are collected to form the PCM and the IICM
representing the V,; and Vj linear spaces of permutomers and symmetry
itemized isomers numbers for these coisomeric series. The calculations are
as follows : For q=1 in the series Cs H7 X and (CH)7X,

Ng = 4ac¢, + 2a¢, + 2ac, + 2a¢ + ac,, = (f)

Nc, = 2a¢, + ¢y, =0

No, = 2ac, + ac,, = (f) (3) =2

No,, =2a¢ +ac,, = ()(5) =2

ac, =1,a., =0,a., =1,a¢, =0,a,, =1,

IICV(CsH7X) = (1,0,1,1,0) —» PCV(CsH7X) = (8,0,2,2)

For q=2 in the series Cs H; X and (CH )g X2 ,

Ng = dac, + 2ac, + 2ac, + ac,, = (5) =28

N, = 2ac, +ac,, = () =4

Noy = 2acs + ac,, = (3) (zlg) + (3) (3) =4

No,, =205 + ac,, = ((2)) (?) + (5) (g) =4

ae; = 5,0, = 1,ac, = 1,00 = 1,0, =2,

PCV(CsHgXs) = (28,4,4,4) - IICV(CsH7X) = (5,1,1,1,2)

For q=3 in the series CsH5 X3 and (CH)5X3

Ng = dac, + 2ac, + 2a¢, + ac,, = (3) = 56

Ne¢, = 2ac, + ac,, =0
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No, =2ac, + ac,, = (?) (:1))) =6
No,, =202 +a22, = () (7) = 6

ey = 2,0¢, = 0,0, = 3,00 = 3,0, =0,

PCV(CsHsX3) = (56,0,6,6) — IICV(CsHsX3) = (2,0,1,1,0)
For q=4 in the series Cs H4 X4 and (CH)4 Xy

Ng = dae, + 2ac, + 2acs + ey, = (3) = 70

Nec, = 2ac, + ac,, = (3) =6

Noy = 2ac, +ac,, = (5) (7) + (3) (7)) =6

Noyo = 200 + ac,, = () (1) + (5) (7) = 6

Gy = 14,00, = 2,005 = 2,005 = 2, 0cy, = 2,

PCV(CsHyX4) = (70,6,6,6) — [ICV(CsHy X4) = (14,2,2,2,2)
For q=8 in the series Cs Xy ,

NE = (2)’NO2 = Naul = (i) = 1’N<7u2 = (;) (;) =1

Ng = 4ac, + 2ac, + 2a¢ + Ay, =1

Neo, = 2ac, + ¢y, =1

Ng, =2ac, + ac,, =1

N,

Ouvy — 2ac’s + Aey,, = 1

Uey = Qey = Qes = A, = 0,0a¢,, =1

PCV(CsXs or Xg)=(1,1, 1, 1)— IICV(Cs Xg or Xg)=(0, 0, 0, 0, 1),

We collect 4-dimensional PC'V; and 5-dimensional IICVs to form the
PCM and the IICM that construct the V4 and V5 associated vector spaces
of permutomers numbers and symmetry itemized isomers numbers for

these coisomeric series as follows:

g9, Ve N -'\"a—,‘ ‘\'-n_: q.q, |[ay g @ @y 4

cHx, 8.0 1 1 1 1 ol Xy, 50 o o 0 0 1

o ~ 7.1 8 0 2 2 s HOM o _| 7 1 0 1 1 0
(culy, X 62 28 4 4 4 (CH)y, X, S S
153 Bse 0 6 6 ! 53 o0 3 3 0

44 A70 0 6 [ 44 Jlia 2 2 2 2

The row vectors entries of the PCM and IICM are interpreted as follows
: for coisomeric series CsHy,X,,) and (CH)q4 X, where (go,q1)=(8,0),
(7,1), (6,2), (5,3), (4,4) the linear mappings between 4 entries PCVs and
5 entries I1C'V; are :

(1,1, 1, 1)—(0,0,0,0,1) ; (8, 0, 2, 2)—(1,0,1,1,0) ;
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(28, 4, 4, 4)—(5,1,1,1,2); (56, 0, 6, 6)—(11,0,3,3,0);
(70, 6, 6, 6)—(14,2,2,2,2).

These transformations of 4-tuples of permutomers numbers Ng, N¢,,

Ny,,, Ny, into 5-tuples of symmetry itemized isomers numbers acs, Gc,,
Ges, Gc's, ey, Predict the occurrences of :
(0,0,0,0,C2) ; (C1,0,Cs, O, 0) 5 (5C1, C2, Cs, O, 2C2,) 5
(11C1,0,3Cs,3C%,0) 5 (14Cy,2Cs,2C, 2C%,2C5,) isomers for coiso-
meric series CsHs/CsXs, (CsH7X)/(CH)7X,CsHgX2/(CH )sXa,
CsH5X3/(CH)5X3,(CsHy X4)/(CH)4Xy)), respectively.

The illustration of these results is given in fig.2.

CeHaX

| K| D O

® = trivalent atom X or C-X

Figure 2. Graphs of C1 + Cs + CL, 5C1 + C2 + Cs + C% + 2Cay
3Cs + 3CL 2Cs + 2C% + 2C3, isomers of homopolysub-
stituted cuneanes and cuneane homo-heteroanalogues for
coisomeric series (CsH7X)/(CH)7X,CsHeX2/(CH)sX2 ,
CsH5X3/(CH)5X3,(CsHy1X4)/(CH)4X4)).

Example 2: Symmetry itemized enumeration and vector spaces of

isomers numbers of coisomeric series of heteropolysubstituted Cs,-based
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cuneane derivatives and their cuneane hetero-heteroanalogues symbolized
by the molecular formulas given in table 1 hereafter and where Zf:o q; = 8.
Table 1. Molecular formulas of coisomeric series of heteropolysub-

stituted Cg,-based cuneane derivatives and their cuneane
hetero-heteroanalogues .

CSququ Yqz/(CH)qum Yqz) Cquo Va1 Was Xq1 Ygu qu/
(CH)qo VaiWa3 Xq1 Yau Z a5
CsHQOX(Il Y, qu/(CH)quq1 Yy, qu C8Hq0 Uqy Ve, quXq4Yq5 Z%‘/

(CH)qoUqy Vs Wa3 Xq4 Yas Zgs
Csg Hga Wy Xq2 Y32, /(CH)qo W1 Xq2 Y32, CSqu Tq1Uqy Vas Way X5 Yqg Zq7/
(CH)qo T1Uqs Vas Was X5 Ya6 Zar

By applying eqs.16-18 and 19-21 to these series one obtains the PCVj
and the denumerants calculated for each sequence of substitution indices
(90,41, -, qx) - The resolution of these denumerants generates the ITCV;
and the linear mappings PCV,—IICV; for distinct heteropolysubstitu-
tions. The calculations are as follows :

In the series CsHgy Xq, Yy, /(CH) 4y Xq, Yy, ) where (qo,q1,¢2) = (6,1,1),
(5,2,1),(4,3,1),(4,2,2),(3,3,2), the denumerants solved are:

For qo,q1,q92 = (6,1,1) in CsHg XY

Np = dac, +2ac, +2a¢, + ey, = (g7,) = 56

Ne, = 2a¢, + ¢y, =0

Ng, = 2ac, + aey, = (0,?,1) (3,3,0) =2

No,, = 2a¢, + acy, = (03,1) (3,8,0) =2

ey = 2,0¢, =0,acs = 1,00 = 1,0, =0,

PCV(CsHgXY) = (56,0,2,2) —» [ICV(CsHs XY ) = (13,0,1,1,0)

For qo,q1,92 = (5,2,1) in CgH5 XY

Np = 4ac, + 20cs + 2a¢, + ey, = (55,) = 168

N¢, =2a¢, + ¢y, =0

Noy = 2ac, + Ay, = (1,3,1) (2,?,0) =6

No,, = 20c, + ey, = (1,(2),1) (2,:;’,0) =6

G, = 39,0¢, = 0,005 = aers = 3,0, =0,

PCV(CsHsX2Y) = (168,0,6,6) — IICV (CsH;X2Y) = (39,0,3,3,0)

For qo,q1,92 = (4,3,1) in Cs H4 X3Y

Np = 4dac, +2acs + 2005 + Ay, = (45,) = 280

N, =2a¢, + ¢y, =0
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Noy = 2ac, + aey, = (0,?,1) (23,0) 6

No,, = 20c;, + ey, = (0,?,1) (2,?,0) =6

Gc, = 67,00, = 0,005 = aers = 3,0, =0,

POV (CsHyX3Y) = (280,0,6,6) — IICV(CsHsX3Y) = (67,0,3,3,0)

For qo,q1,q92 = (4,2,2) in CsH4 X5Y5

Ng = 4dac, + 2ac, + 2ac + ac,, = (422) =420

Ne, = 20, + ey, = (57,) = 12

Noy = 2ac, + aey, = (0 (2) 0) (13,1) + (0,3 0)( ,3,1) +
_l’_

Noyp = 2a¢; + ac,, = (2 0, 0) (17?,1) (0;,0)
Qc; = 97, Qcy = Qc, = Qe = 9, Gy, = 2,

POV (CsHiyX2Y) = (420,12,12,12) — IICV (Cs H4X2Y2) = (97,5,5,5,2)
For qo,q1,92 = (3,3,2) in CsH3X3Y>

Np = 4ac, +2ac, +2a¢, + ey, = (4 5,) = 420

Ne, = 20, + ey, = (57,) = 12

Noy = 2ac, + aey, = (2,(2),0) (4 i) )+ (0,3,0)(

No,, =20, + acy, = (2,(2),0) (1 1 1) (0,3,0)
Qey = 134,0@2 = 07 Ges = Qs = 6; Aey,, = 07

PCV(CsHsX3Ys) = (560,0,12,12) — IICV (CsH3X3Y2) = (134,0,6,6,0)
We collect 4-dimensional PCV; and 5-dimensional I1CV; to form the
PCM and the IICM composing the V; and V5 associated vector spaces of

01) +(002)(

22 g 1) + ( )?2,?,0) =12

Yy

permutomers and symmetry itemized isomers numbers for these coisomeric

series as follows:

9,9,49, Ne Ne, N,,.v1 i\"{,.v2

CyH, X, ¥ 611 [[s6 0 2 2
rert| o _| 521 ||168 0 6 6
431 [[280 0 6 6

(CH), X, X, 422 [|420 12 12 12
332 )ls60 0 12 12
e —

q,4,4, |[¢C, @c, ac, dc; ac,

v

Cyl, X, Y, 6,11 30 1 1 0

l | os21 |39 0 3 3 0
M o 431 |67 0 3 3 0
)y Xaa, 422 |97 5 5 5 2

332 J\I134 0 6 6 0




313

For coisomeric series CsHyy X4, Yy, and (CH)q, X4, Yy,) where go, ¢1,¢2
= (6,1,1), (5,2,1), (4,3,1), ((4,2,2) (3,3,2) the data of linear mappings
between 4 entries PCV, and 5 entries IICVs are as follows : (56, 0,
2, 2)—(13,0,1,1,0); (168, 0, 6, 6)—(39,0,3,3,0); (280,0,6,6)—(67,0,3,3,0);
(420,12,12,12)—(97,5,5,5,2) ;(560,0,12,12)—(134,0,6,6,0). These transfor-
mations of 4-tuples of permutomers numbers Ng, NCZ,Nle , N(,,U2 into 5-
tuples of symmetry itemized isomers numbers ac,, ac, , Gc, , e , Ac,, Predict
the occurrences of (13C4,0,Cs, C%,0) ; (39C4,0,3Cs,3C%,0) ; (67C4,0,
3C,,3C%,0) 5 (97C1,5C,,5C,,5C,2Cy,) ; (134C1,0,6Cs, 6C%,0) isomers
for CsHgXY,CsHs XY, Cs Hy X3Y, Cs Hy X5Y5, Cs H3 X3Y5 and their cor-
responding hetero-heteroanalogues (CH)sXY, (CH);X,Y,(CH)4X3Y,
(CH)4 XY, (CH)3X35Y2. The graphs depicting 13C; + Cs + C%, 3C, +
3C%, 3Cs + 3C%, 5Cy + 5C5 + 5C% 4+ 2C5, skeletons of coisomeric series
CsHsXY/(CH)sXY,CsHs XY /(CH)5 XY, Cs Hy X5Y/(CH)4 X3Y and
CsH,X5Ys/(CH)4X2Y5 are given in Fig. 3.

In the series CsHyy Xy, Yq, Zqs/(CH) g X ¢, Yy, Zq3) where (qo, 1, ¢2,¢3)
= (5,1,1,1),(4,2,1,1),(3,3,1,1),(3,2,2,1),(2,2,2,2), the denumerants
are as follows:

For qo,q1,92,93 = (5,1,1,1) in CsHs XY Z

Np = 4ac, +2ac, +2ac, + ac,, = (5,1?1,1) =336

N, =2a¢, + ¢y, =0

Ny, =2acs + Gc,, =0

Nr,.u2 =20¢s + Gey, =0

ac, = 84,0c, = Ucs = A¢r = Aey, =0,

PCV(CsHs XY Z) = (336,0,0,0) — IICV(CsH; XY Z) = (84,0,0,0,0)

For qo,q1, 92,93 = (4,2,1,1) in Cs H4 XY Z

Np = 4ac, +20ac, + 20, + 200 + ac,, = (457,) = 840

N, =2a¢, + ¢y, =0

No, = 2ac, + ac,, = (0,0?1@) (2,1?0,0) =6

No,, = 2ac; + ey, = (0,0?1,1) (2,1?0,0) =6

ac, =207, ac, =0, acs = ae;, = 3, ac,, =0,

PCV(CsH4X2Y Z) = (840,0,6,6) — IICV (CsHsX2Y Z) = (207,0,3,3,0)

For qo,q1,92,93 = (3,3,1,1) in CsH3X3Y Z

Ng = 4ac, + 2acs + 20, + acy, = (55 ,) = 1120
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CeHXYH(CH) XY  13C+ G+ C

@@@@@‘@@@

G,
cleoleleoloRe i Ae
CeHsXoY ACH)X,Y 3C, +3CY,

3C, 3C,
CygHyX3Y HCH)X3Y 3C,+3C,

3C, 3C,
CyH XY ICH) XY, 5Cy+ 5C, + 5C'4+2C,,

oo &G
SO
SO D O

e =CX X o=C-Y,Y

Figure 3. Graphs 13C1 + Cs + Cl, 3Cs + 3CL, 3Cs + 3C.,
5C2 + 5Cs + 5CY + 2C5, isomers of heteropolysubstituted
cuneanes and cuneane hetero-heteroanalogues of coiso-
meric  seriesCs He XY /(CH)s XY,CsHsX2Y/(CH)5X2Y,
CsHyX3Y/(CH)4X3Y and CsHyX2Ya/(CH)4X2Ys
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N, = 2a¢, + ¢y, =0

Ny, =2a¢s + Gc,, =0

.N(-;v2 = 2acg + a¢,, =0

ac, = 280,ac, =0, ac5 = aer, = 3, ¢y, =0,

PCV(CsH XY Z) = (1120,0,0,0) — IICV(CsH4 X2Y Z) = (280,0,0,0,0)

For qo,q1,92,95 = (3,2,2,1) in CsH3X2Y2Z

Ng = dac, + 2acs + 2a0 + ac,, = (37;732,1) = 1680

Nec, = 2a¢, + ¢y, =0

No,, = 20cs + Gy, = (1,0?0,1) (1,1:,31,0) =12

No,, = 2005 + ac,, = (1,0%0,1) (1,1?1,0) =12

ac, =414,a., =0,a., = ags = 6,a.,, =0,

PCV(CsH3X2Y>2Z) = (1680,0,12,12) —» IICV (CsH3X2Y2Z) = (414,0,6,6,0)

For qo,q1, 92,935 = (2,2,2,2) in CsH2X2Y275

Np = 4ac, 4+ 20cs +2a¢, + ey, = (5595) = 2520

Ney = 2ac, + ey, = (1,14,11,1) =24

No,, = No,, = 2ac, + e, = 2ac; + Gey, = [(2,0?0,0) (0,1?1,1) + (0,2?0,0) (1,0?1,1) +
(0,0?2,0) (1,1?0,1) + (0,0?0,2) (1,1?1,0)} =24

Gc, = 612,a., = acs = aprs = 6,a,,, =0,

PCV(CsHyX2Y2Z5) = (2520,24,24,24) — IICV (CsHo XY 27Z5) =
(612,12,12,12,0)

The PCM and the IICM composing the V,; and V5 associated vector
spaces of permutomers and symmetry itemized isomers numbers for these

coisomeric series are as follows:

quqlqz qi NE NC_’ N N, v2

gy (=53
CNH#,J Xq, quZ[]S 5LL1 336 0
840 0 6
PCM or _| 4211
3311 1120 0 1]

(CHYy Xo Y0, 2, 3221 |[1680 0 12 12

2,222 2520 24 24 24

q[) ql q} q]
CsHy Xq Y, 24, siLl |84 0 o0 o0 0
4,211 207 0 3 3
3301 |[280 0 0 o
a 3220 |l414 0 6 6

2222 J\612 12 12 12
L

aC.’ aCJ aC\ 4 C: aCZ‘

1ICM or =

(CH)"’O qu Y"z z

© o o ©
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The data of linear mappings between 4 entries PC'Vsand 5 entries
IICV; for coisomeric series Cs Hy, X, Yy, Zg, and (CH) 4, X, Yy, Z4, ) Where
q0,q1,42,q3 = (5,1,1,1), (4,2,1,1), (3,3,1,1), (3,2,2,1), (2,2,2,2) are : (336, 0,
0,0)—(84,0,0,0,0); (840, 0, 6, 6)—(207,0,3,3,0); (1120,0,0,0)—(280,0,0,0,0);
(1680,0,12,12)—(414,0,6,6,0) ;(2520,24,24,24)—(612,12,12,12,0), respecti-
vely. These transformations of 4-tuples of permutomers numbers Ng, N¢,,
Ny, No,, into 5-tuples of symmetry itemized isomers numbers a,, a,,
es, Qs Gy, Predict the occurrences of : (84C1,0,0,0,0) ; (207C,0,3C,,
3C%,0) ; (280C1,0,0,0,0); (414C1,0,6C,6C%,0) ; (612Cy,12C5,12C,,
12C7,0) isomers for CsHsXY Z,CsHyXoY Z,CsH3X3Y Z,Cs H3 XY 7,
CsHyX2Y5Z5 and their corresponding heteroanalogues respectively. The
graphs depicting reduced numbers of isomers of these series are given in
Fig. 4.

In the series CsHg Wy, X4, Ye,Zg, and (CH)g Wy, X4, Yy, Z,,) where
(90,41, 92, 43,94) =(4,1,1,1,1), (3,2,1,1,1), (2,2,2,1,1) the denumerants are:

For (qo,q1,92,43,94) =(4,1,1,1,1), in CsHW XY Z

Np = dac, +2ac, +2a¢, + ey, = (1 1) = 1680

N, =2a¢, + ¢y, =0

Nc,ﬂ1 = NU712 = Nc, = 2ac, + ¢y, = 20c, + gy, = 200, + ey, =0

Gcey = 420,00, = Ges = s = Gey, =0,

PCV(CsHWXY Z) = (1680,0,0,0) — IICV(Cs HiW XY Z) = (420,0,0,0,0)

For (qo, q1, 42, 43,94) = (3,2,1,1,1)

NE = 4dac, +20ac, + 2ac;, + ac,, = (3,2,?,1,1) = 3360

N¢, = 2a¢, + ac,, =0

No, = Nc, = Ng,,, = 20c, + ey, = 20c, + Qcy, = 200, + ey, =0

ac, = 420, ac, = Qe, = At = gy, = 0,

PCV(CsHsWa XY Z) = (3360,0,0,0) — IICV(CsHsW2 XY Z) = (840,0,0,0,0)

For (qo,q1,92,93,q4) = (2,2,2,1,1) in Cs HoW XY Z

Np = 4ac, +20c, +2a¢, + ey, = (555 ,) = 5040

N¢, = 2ac, + ac,, =0

No,, = No,, =2ac, +acy, = 20, + Oc,, = (0,0,3,1,1) (1,1,:;’,0,0) =12

Gey = 1204, 00, = 0,05 = aers = 6,0ac,, =0,

PCV(Cs HoWaXoY Z) = (5040, 0, 12,12) — ITCV (Cs Ha W2 X2Y Z) = (1260, 0,6, 6, 0)

The PCM and the IICM composing the V,; and V5 associated vector
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CyH XY Z

i @ CF P CF F
T3 K & D

\CACACACACAS

OO HOBS

®-X.CX O-v.CY O-ZCZ

Figure 4. Graphs of 3Cs + 3C%,6Cs + 6C%,12Cy + 12Cs + 12C°
coisomeric  series of heteropolysubstituted cuneanes
and  their  hetero-heteroanalogues of the  series
CsHyX2YZ/(CH)4 XY Z,CsH3X2Y2Z/(CH)3X2Y2Z
,CgHQXQYQZQ/(CH)QXzYQZz.

spaces of permutomers and symmetry itemized isomers numbers for these

coisomeric series are as follows:
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C‘?H‘qu‘ﬂX@zY%Z% 1,9,4,9,9, Ne Ney N”vl N"vz
PCM or _| 41111 1680 0 0 0

32111 3360 0 O 0
22211 5040 0 12 12

Vi

CH WXLZ,

CKHquW;Jqug Yﬁth q0q1q243q4 aci acz acs aC; ac_h-
20 0 0 0 0
1ICM or | 411nl
32111 (/80 0 0 0 o0
22211 Jli2sa 0 6 6 0
L
2

(CHH WX YZ

The data of linear mappings between 4 entries PC'Vy and 5 entries

IICV; for coisomeric series Cs Hy, Xy, Yy, Zq3 and (CH) 4, Xy, Yq, Zq3) whe-
e (90,q1,92,93,q4) =(4,1,1,1,1),(3,2,1,1,1), (2,2,2,1.1) are as follows:

(1680, 0, 0, 0)—(420, 0, 0, 0, 0), (3360, 0, 0, 0) —(840, 0, 0, 0, 0) ;
(5040,0, 12, 12) — (1254,0, 6, 6,0) These transformations of 4-tuples of per-
mutomers numbers into 5-tuples of symmetry itemized isomers numbers
predict the occurrences of 420 C1, and 840C} isomers for CsH{W XY Z/
(CH)AWXYZ and CsHsWoXY Z/(CH)sWsXY Zthen (1254C4, 0, 6C,,
6C?,0) isomers for Cs HoWo XY Z/(CH)oW5XoY Z. The graphs depict-
ing 6Csand 6C”, isomers of the series Cs HoWo XoY Z/(CH)oWo XoY Z are
given in Fig. 5.

CyHW,X,YZ

5 K5 D K3 € &

6C;  @-WCew ®=X.CX 0=Y,CY O-ZCZ

Figure 5. Graphs of 6Cs + 6C’ isomers of heteropolysubstituted
cuneanes derivatives and their hetero-heteroanalogues of the
series Cgs HoW2 X2Y Z and (CH)2WaX2Y Z.

In the series CsHy Vo Wy X4, Ye. Zqs and (CH )y Vi W X, Ye. Zq5)
where (qo,q1, g2, 93,494, 95) =(3,1,1,1,1,1), (2,2,1,1,1,1), the denumerants
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are:
For (qo,41, 92,93, 44,95) =(3,1,1,1,1,1), in Cs HsVW XY Z
Np = dac, +2ac, +2a¢, + ey, = (5,1,,) = 6720
N¢, = 2a¢, + ac,, =0
No,, =2ac, + ac,, =0
Nav2 = 2a¢, + ac,, =0
ae, = 6720,ac, = e, = Aer = Gy, =0,
PCV(CsHsVW XY Z) = (6720,0,0,0) — ITCV(Cs HsSVW XY Z) = (1680, 0,0, 0, 0)
For (qo, 91,92, 43,94, 5) =(2,2,1,1,1,1), in Cs HaVoW XY Z
Np = 4ac, +2ac, + 2ac, + 2ac; + ey, = (5551 1) = 10080
Nc, = Nyy = Nopy = 20¢, + Qcy, = 200 + Ay, =0
ac, = 2420, ac, = ¢, = Qe = Aey, = 0,
PCV(CsHaVaW XY Z) = (10080, 0, 0,0) — IICV(Cs Hy VoW XY Z) = (1680, 0,0, 0, 0)
The collection of PC'V, and IICV; for these series gives rise to:

N N- N, N
C H,V,WXYZ 799,9,9, 9, || 7F T2 Tem Tom
PCM civaxyz || 2l LLT (16720 0 0 0
or (CH,hy 221111 Jllooso 0 0 0
L
¥

ﬂ{_ ﬂ{' a ﬂ'{.

a
{r 2 £ (1 .
C H,V,WXYZ 9,9,9,9,9, 95
ncM =l311LL11 [|1680 0 0 0 0
or C'H,i: l’lll'm R
ZZLLLY Nag20 0 0 0 0

The linear mappings between 4 entries PC'V, and 5 entries I1C'V; are
: (6720, 0, 0, 0)—(1680, 0, 0, 0, 0) and (10080, 0, 0, 0) —(2420, 0, 0, 0, 0).
These data predict the occurrences of 1680C; and 2420C"; isomers for coiso-
meric series Cs HsVW XY Z/(CH)sVW XY Z and Cs Ho VoW XY Z/(CH )9
VoW XY Z respectively. In the series CgHy Uq, Vg, Wy, X, Y4, Z4, and
(CH) g Uqy Vgu Wy X, Yys Z g their heteroanalogues where (qo, ¢1, 92, 43, 94,
g5,96) =(2,1,1,1,1,1,1)the denumerants are:

Ng = dac, + 2ac, +2ac +acy, = (5145 144) = 20180
Nc

by dydydyds

2 = Na'ul = No"u2 = 20’62 + Ay, = 2aC; + Gy, = 0
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Aey = 5040, Aey = Qc, = a,cg = Q¢,, = O,

Ng Ng, N, N,
pev (cyuvwxyz) =| JoN1929:9:959 || e e Tan e,
- 2,111 Jl2ot60 0 0 0
L

V4
1

ﬂ(_" ﬂ(_" ﬂ(_" ﬂ(_"' ﬂ'f_"
HCV{CHHEL-'mm)=(‘i‘n‘?:‘i’:?3‘i’4‘i’s‘i‘ﬁ )[ f . O, 3,]
L

0 T T T T 50 0 0 0O O
Vs

In the series CSHQO Tlh UQ2 VQS WQ4 qu YQG ZQ7 and (CH)QU TQ1 UQ2 Vl]a WQ4
Xy, Yoo Z4, their heteroanalogues where (qo, g1, 42, 43, 44, g5, 46, 97) =(1,1,1

b A

1,1,1,1,1)the denumerants are :
Np =4dac, + 20, + 200 + ac,y = (11 1011.1.1.1) = 40320
N¢, = No,, = No,, = 2ac, + ac,, = 2a¢;, + ac,, =0

e, = 10080, ac, = ac, = Ge; = Gc,, =0,

LLLLLLLIL 40320 0 0O 0

Ng Ne, N, N,
PCI"[C#HTUVH':H'Z]=(qﬂqlq!q3q4q5qnq?][ 2 T vz]

'Lh

— q.9.49,9.9,9.9,.4, || %c, Yc, 49c, 9c, 9o,
eV (C HTUVIWEYZ )= | "ot 27354 s %e % ! S
& ) { LLLLLLLI J[muau 0 0 0 o0
L

(]

Vs

The linear mappings : PCV(Cs HoUVW XY Z)— TICV (Cs HaUVIW X
Y Z) =(20160, 0, 0, 0)—(5040, 0, 0, 0, 0) and PCV (Cs HTUVW XY Z)—
IICV (CsHTUVW XY Z) =(40320, 0, 0, 0)—(10080,0,0,0,0) predict the
occurrences of 5040C; and 10080C isomers for coisomeric series Cs HoUV
WXYZ/(CH);UVWXYZ and CsHTUVWXYZ/(CH)TUVWXY Z.
Table 3 presents J; x 4 entries PCMs and J; x 5 entries IIC My com-
posing the associated V; and V5 mutidimensional vector spaces of per-
mutomers and symmetry itemized isomers numbers for homo- and hetero-

polysubstituted cuneane derivatives and cuneane heteroanalogues. For the
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sake of comparison columns 6 and 7 of table 4 present the numbers of chi-
ral and achiral isomers skeletons A. = a¢, + acy, Aae = Ae, + Aer, + Aey,
obtained from bipartite enumeration [12] and the numbers of diastereo

isomers N, = A; + Ag. derived from Polya cycle indices. [13]

5 Concluding remarks

The enumeration leading to the construction of the linear spaces of per-
mutomers and symmetry itemized isomers numbers of Csy,-based cuneane
derivatives and heteroanalogues presented in this paper includes the fol-
lowing steps:

(1)-the determination of-4-dimensional permutomers count vectors
PCV (Ng,N¢,,N,,,, Ns,,) whose entries are obtained from multinomial
or binomial theorems applied in accordance with 4 classes of permutations
regulating the arrangements of substituents among 8 substitution sites.

(2)-the determination of 5-dimensional itemized isomers count vector
MICV acs, e, , Acs, acr , ey, Whose entries are derived from the resolution of
the denumerants of type Ny, = ch ag,;wa;, g1 mapping the permutomers
numbers Ng, N¢,, Ny, , N,

Ovl) Ov2

as a sum of symmetry adapted isomers num-
bers ag; scaled by the weights wg;, g1 of the subgroups of Cs,.

(3)-The construction of the V4 and V5 vector spaces of isomers num-
bers by collecting 4-dimensional PCVs and 5-dimensional IICVs to form
the permutomers count matrix (PCM) and the itemized isomers count ma-
trix (IICM) for each series of cuneane derivatives CsHy Xy, ...Yy, ... Zg, Or
(CH)gyXq,...Yy,...Zg, cuneane heteroanalogues where Zle g; = 8 Permu-
tomers and symmetry itemized isomers numbers of substituted Cs,-based
compounds form 2 associated linear spaces containing 4- and 5-dimensional
vectors respectively. Such distribution of isomers populations may open

new perspectives of research and teaching in stereochemistry.
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Table 2. (J;x4)—PCM; and (J; x5)—IIC M, composing the structure
of the V4 and Vs vector spaces of permutomers and symmetry
itemized isomers numbers for substituted cuneane derivatives
and heteroanalogues. Note for the sake of comparison that
Ae = Qcq +a627 Age = Qcg +CLC{S +a62v and Np = Ac+ Aqc.

1<i<k | ji | Cuneane PCMs of the Vs vector space IICMs of the Vs vector space Bipartite Polya
derivatives E jon | Numbers
1 5 | CsHao Xqr a0, (Ve Ney Noy Mo, ac, ac, ac. ac ac, A Age Np
(CH)qo X1 8o f[1 1 1 1 0 0 0 0 1 o1 1
71 s 0o 2 2 1o 1 1 o0 o2 3
62 |28 4 4 4 5001 1 1 2 6 4 10
53 |ls6 0 6 6 mn o 3 3 0 i1 6 17
44 N0 6 6 6 “ 2 2 2 2 6 6 22 |
2 5 | CiHao Xq:Yo: a,9,9, |[Ne Ney Nop No, 0,99, |(ac, ac, ac ag ac, ) |[4 Aac] [[Np]
(CH)qo Xq1 Vg 611 6 0 2 2 611 B 0o 1 1 0 13 2 15
521 168 0 6 6 521 39 0 3 3 0 39 6 45
431 280 0 6 6 431 67 0 3 3 0 67 6 73
422 {420 12 12 12 422 (|97 0 5 5 2 102 12 114
332 )(s60 0 12 12 332 )\134 0 6 6 0 134 12 146
Table 2 continued.
i |ji | Cuneane substituted derivatives | PCMs of the Vs vector space 1ICMs of the Vs vector space Bipartite Polya
" | and hetero-heteroanaogues Enumeration Number
s
315 en, X,y 2, 9,9,9,9, [ Ve Ney Nop Mo, ac, ac, ac, Aac, dc, e Age Ny
(), X v 2 si 1336 0 0 0 8 0 0o 0 0 840 84
home 4211 |[s40 0o 6 6 2070 3 3 0 207 6 213
3311 11200 0 0 20 0 0 0 0 280 0 280
3221 |[1680 0 12 12 44 0 6 6 0 414 12 426
2222 J\2520 24 24 24 612 12 12 12 0 24 648
MM ECAARAS 4,9,9,0,9, |(¥e  Ne, Noy Mo || [9C, 9, dc, dc; Ac,, Aac Np
(CH), W, X, 7, 7, 41111 |[1680 0 0 0 420 0 0 0 0 "2“ g 420
32111 |[3%60 0 0 0 840 0 0 0 0 840
1254 12 1266
22211 5040 0 12 12 124 0 6 6 0
|2 CHV WXL 9,9,9,9,9, 95 | [Ne Ney Noy N ac, ac, dac, dc, dc, Age Np
(cu) vwxvyz 3LL111 6720 0 0 1680 0 0 0 0 1680 Y 1680
A 2,25, 1,1 J{10080 0 o 0 2500 0 0 0 2520 0 2520
o1t cauywxyz, 9,4,9,9,9,9.9, (Ve Ve, N, ac, ac, ac, dc, dc, (A ) N,
() UV WYz 2,1LL1LL1L1 (20060 0 0 0 5040 0 0 0 0 504 5040
7\t C¢H, LUV, W, XY,Z, ( qqquq445q5q7)(“r Ne, N, N%] [ac/ ac, ac, ac a(-)“) ( J {N,, )
(cm), U v, w,x, vz, [\ BEEELLLE 4052000000 10080 0 0 0 0 10080 0 10080
S|1|cs, Uy, W XY, Z, 4,9,9,9,4,9,9,9, Ne, Noy No, ac, ac, ac, ac, dc, N,
STUVWXYZ LLLLLLLL Jl40320 0 0 O 10080 0 0O 0 0 10080 0 10080
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