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Abstract

Building differential dynamical systems to describe the changing
relationship among chemical components is a vital aspect in chem-
istry. In this present manuscript, we put forward a new fractional-
order delayed Brusselator chemical reaction model. By virtue of con-
traction mapping principle, we investigate the existence and unique-
ness of the solution of fractional-order delayed Brusselator chemical
reaction model. With the aid of mathematical analysis technique,
we consider the non-negativeness of the solution of the fractional-
order delayed Brusselator chemical reaction model. Making use
of the theory of fractional-order dynamical system, we explore the
stability and Hopf bifurcation issue of the fractional-order delayed
Brusselator chemical reaction model. By designing a reasonable
PD* controller, we have availably controlled the time of emergence
of Hopf bifurcation of the fractional-order delayed Brusselator chem-
ical reaction model. A sufficient criterion guaranteeing the stability
and the onset of Hopf bifurcation of the fractional-order controlled
delayed Brusselator chemical reaction model is set up. Computer
simulations are implemented to validate the theoretical findings.
The derived fruits of this manuscript have great theoretical signifi-
cance in controlling the concentrations of chemical substances.

1 Introduction

Differential equation has displayed a great application power in various ar-
eas such as physics, bioengineering, electronic technique, control technol-
ogy, neural networks, chemistry, security cryptography and so on. Chemi-
cally, building a suitable differential equation to explore the changing law of
different chemical components has become a central issue. During the past
decades, a great deal of chemical models have been established and rich
achievements have been achieved. For example, Zhabotinsky [1,2] consid-
ered the periodic dynamical behavior of the classical Belousov-Zhabotinsky
reaction model(BZ reaction model). Kapral [3] discussed the complex dy-
namical phenomena of a discrete chemical reaction model. Xu et al. [4]
explored the limit cycle of a fractional-order delayed Oregonator model.
Xu et al. [5] revealed the effect of delay on the bifurcation of a fractional-
order coupled Oregonator model. Din [6] studied the peculiarity of solution
and bifurcation phenomenon of a chaotic chemical reaction system. For

more related publications, one can see [7-10].
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In 1968, Prigogine and Lefever [11] firstly explored the instability of a
Brusselator chemical reaction model. Generally speaking, the Brusselator

chemical reaction obeys the following steps:
A= X, B+X —Y+D,

2XY +)Y = 3X, X = €&,

where A, B, X,), D, £ represent different chemical reactants. If the con-
centrations of A and B keep unchange and reversible reactions will not

happen, then the concentrations of X and ) obey the following rule:

d[X] = H1[.A]0 — HQ[B]O[X] + K3[X]2D}] - K4[X]’

L (1)
dé’] = ka[Bo[X] — k3[X]?]V],

where [A], [B], [X], [V] stand for the concentrations of the chemical re-
actants A, B, X, ), respectively. ki, ka, ks, k4 are real constants. By as-
suming that [A] and [B] are constants and equal to the initial values [A]g

and [B]y of A and B, respectively. Making use of the following variable

substitution:
B
[X] = v1,[Y] = vo,t — tkg,a = [Ah)m?b = [ ]Oﬁz,ng = Ky,
K3 K3

then we get the following system:
d
itlza—(1+b)v1+vag, )
&2 _ bvy — vag ®
dt ’

where @ > 0 and b > 0 are proportional to the concentrations of A and
B, respectively; The state variables v; and v, are proportional to X,),
respectively. In details, we refer the readers to [12-14].

Time delay is a very important component in describing the dynami-
cal behavior of lots of chemical reaction models. Generally speaking, the
variation of the concentrations of the chemical reactants not only rely on

the current time, but also rely on the past time. Thus time delay often
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exists in chemical reaction models. Based on this viewpoint, we assume
that the concentrations of A and B are affected by the chemical reactant
Y in the past period of time, then we can establish the following delayed

Brusselator chemical reaction model:

d
M (1 +b)vy + vivg(t —09),

! (3)
v
d—; = buy — vivg(t — 1),

where ¥ > 0 is a time delay.

In addition, we would like to point out that fractional-order dynami-
cal model is a more effective tool to describe the authentic natural law
in objective world than the integer-order dynamical model due to the
great advantage of fractional-order dynamical equation in the memory and
hereditary function of various materials and development process [15,16].
Nowadays, the exploration on fractional-order dynamical model has at-
tracted great interest from lots of scholars in natural science and social
science due to its potential application value in many subjects such as
viscoelasticity, biological medical treatment, economics, control engineer-
ing, chemical engineering, neural networks and so on [17-20]. Recently,
rich research results on fractional-order dynamical models have been pub-
lished. For example, Xu et al. [21] revealed the impact of two different
delays on the Hopf bifurcation of a fractional order bank data model.
Xiao et al. [22] explored the Hopf bifurcation of a fractional-order small-
world networks with time delays via fractional-order PD controller. Yousef
et al. [23] dealt with the existence, uniqueness, non-negativity, bounded-
ness of the solutions, global stability, Hopf bifurcation and persistence of
a fractional-order prey-predator model. Shafiya and Nagamani [24] set up
a finite-time passivity criteria of fractional-order delayed neural networks
via Lyapunov function approach. In details, one can see [25-28]. Espe-
cially, delay-driven Hopf bifurcation plays a vital role in fractional-order
dynamical systems. How to reveal the impact of delay on the Hopf bifur-
cation of fractional-order dynamical systems has become a hot issue. In
addition, how to design a suitable controller to control the stability region

and the onset of Hop bifurcation for fractional-order dynamical systems is
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an interesting issue. In recent years, there are some publications on this
aspect(see [29-31]). However, only very few papers on Hopf bifurcation of
fractional-order chemical reaction models. What is the impact of delay on
the stability and bifurcation of fractional-order chemical reaction models?
How to control the stability and Hopf bifurcation? This is a problem that
we must try to solve. In order to explore the effect of delay on the concen-
trations of the different chemical reactants, design suitable controllers to
control the concentrations of the different chemical reactants, based on the
analysis above, we propose the following fractional-order delayed Brusse-
lator chemical reaction model and explore its Hopf bifurcation and Hopf

bifurcation control aspect:

dc
:gl =a— (1+b)1)1 +va2(t—19), (4)
Sv

dtf =buy — Vvt — V),

where 0 < ¢ < 1.

The primary objective of this manuscript are expressed as follows: (@)
Probe into the stability and emergence of Hopf bifurcation of the fractional-
order delayed Brusselator chemical reaction model (4); (B) Design a suit-
able PD* controller to control the stability region and the time of emer-
gence of Hopf bifurcation of the fractional-order delayed Brusselator chem-

ical reaction model (4).
The key contributions of this manuscript are expressed as follows:

(D Based on the previous publications, a novel fractional-order delayed
Brusselator chemical reaction model is proposed to better describe the
memory and hereditary trait of the concentrations of the chemical reac-

tants.

@) A delay-independent stability and bifurcation condition of the fractio-
nal-order delayed Brusselator chemical reaction model (4) is built. The
influence of delay on the stability and bifurcation of the fractional-order

delayed Brusselator chemical reaction model (4) is clearly displayed.

®) An accurate PD* controller is designed to control the stability region

and the time of emergence of Hopf bifurcation of the fractional-order de-
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layed Brusselator chemical reaction model (4).

(@ So far, the exploration on Hopf bifurcation and Hopf bifurcation of
fractional-order delayed Brusselator chemical reaction model is very scarce.

This manuscript is arranged as follows. Part 2 give some basic principle
about fractional-order dynamical system. Part 3 explores the existence and
uniqueness and non-negativeness of the solution to model (4). Part 4 sets
up a stability and Hopf bifurcation condition of model (4). Part 5 probes
into the bifurcation control issue via PD* controller. Part 6 presents the
computer simulation plots to support the established key conclusions. Part

7 finishes this manuscript.

2 Preliminaries

In this part, several essential definitions and lemmas on fractional-order

differential equation are prepared.

Definition 2.1. [32] Define the fractional integral of order ¢ of the func-

tion h(v) as follows

I°h(v) = % /V:(V —5)""h(s)ds,

where v > vg,¢ > 0, and T(s) = [

oo s

v le7Vdy denotes the Gamma

function.
Definition 2.2. [32] Assume that h(v) € C([vy,0), R). The Caputo

fractional-order derivative of order ¢ of h(v) is given by

oy 1 v hm(s)
Dh(v) = N /VO (€ — 5)s—m+1 ds,

where v > vy and m denotes a positive integer satisfying m —1 < ¢ < m.
Especially, if 0 < ¢ < 1, then

. 1 YK (s)
Dh(v) = T —o) /DO (V_S)gds.
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Definition 2.3. [33] Consider the following fractional-order system:
ngi(t) :gl(vl(t))alz 172a"' 7ka (5)

where ¢ € (0,1],vi(t) = (v1(t),v2(t), -+, vn(t)), 9i(t) = (91(t), g2(t),- -,
gi(t)). Then (vi,v3,---,v}) is said to be the equilibrium point of system
(5) if gi(vf) = 0.

Lemma 2.1. [34] Let s € (0,1] and g(t) € Clai, 2] and Dog(t) €
Clag,az]. If Dog(t) > 0,t € (a1, a2), then g(t) is a non-decreasing func-
tion for t € (a1,a0). If Dog(t) < 0,t € (a1, 9), then g(t) is a non-
increasing function for t € (a1, as).

Lemma 2.2. [35] Consider the fractional-order system Dw = Pw,w(0)
= wo where 0 < ¢ < 1,w € R", P € RV Let x;(i = 1,2,--- ,h) be the
root of the characteristic equation of D°w = Pw. Then system D w = Pw
is asymptotically stable < |arg(x1)| > 5 (I = 1,2,--- ,h). Furthermore,
this system is stable < |arg(x;)| > (I = 1,2,---,h) and every criti-
cal eigenvalue obeying |arg(x1)| = 5-(1 = 1,2,--- ,h) possesses geomelric
multiplicity one.

Lemma 2.3. [36] For the fractional-order system Du(t) = Prw(t) +
Pow(t — 19), where w(t) = w(t),t € [-0,0],¢s € (0,1),w € R",P1,Ps €
R"™*™. Then the characteristic equation of the system is det |s°T — Py —
Poe3?| = 0. Then the zero solution of the model is asymptotically stable
if every root of the equation det |sST — Py — Pae™%Y| = 0 possesses negative

real roots.

3 Existence and uniqueness,

non-negativeness of solution

In this section, we will study the existence and uniqueness, non-negative-
ness of the solution of model (4).

Theorem 3.1. Set II = {vy,v3) € R? : max{|vi|,|v2|} < V}, where
V > 0 is a constant. V (v1g,v20) € II, the model (4) with the initial value

(v10,v20) has a unique solution V = (v1,v9) € II.
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Proof. Define the following mapping:

fV) = (AV), f2(V)), (6)

where
f1(V) =a— (1+b)vy + viva(t — ), -
Ffo(V)) = buy — v3va(t —9).

N V7‘7 € II, we get
IF V) = F(V)|

= |a— (1 +b)vy +viva(t —9) — [a — (1 + )by + D702(t — 9)]]
+ [boy — viva(t — V) — [by — BT2(t — V)]

< X+ b) (1 () — 51(t)) + [vTv2(t — ) — 5702(t — V)]
+ [b(ur (t) — 01(t)) — [V3va(t — 9) — B20a(t — V)|

< (L +b)or(t) = T ()] + VP vz (t) — B2(t)] + V|ua(t) — 02(2))]
+2V3 v (t) — D1 ()] + blur (t) — D1 (£)] + V2 |va(t) — Da(t)]
+V2|va(t) — o (t)] + 4V o1 (t) — T1(2)]

= (14264 4V%) |1 (t) — D1 ()] + 4V?|va(t) — Da(t)]

<AV -V, (8)

where

A = max{1 + 2b + 4V 4V?}. (9)
Then f(V) obeys Lipschitz condition with respect to V (refer to [37]).
Thus Theorem 3.1 holds. |

Theorem 3.2.  Every solution of model (4) beginning with Rf_ s non-
negative.

Proof. Assume that V(tg) = (v1(to),v2(fo)) is the initial value of model
(1.4). Suppose that there exists a constant ¢, satisfying ¢ty < t < ¢, such
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that
’Ul(t) =0ty <t <4,
Ul(t*) = 07 (10)
U1 (tj—) < 0.

According to model (4), we have
Dv1 ()], (¢,)=0 = @ > 0. (11)

Applying Lemma 2.1, we know that v (¢}) > 0, which is a contradiction
(see [38]). Thus vy(t) > 0 for t > tp. In a similar way, we can easily prove
that vy (t) > 0 for ¢t > tg. [ |

4 Bifurcation exploration of model (4)

In this section, we will investigate the stability and Hopf bifurcation of

model (4). Obviously, model (4) has unique positive equilibrium points
E(a,2). Let

ﬁg(t) = Vs If) — g, (12)
then

V1 (t) =1 (t) + al;, (13)

'UQ(t) = 172(75) + E

Substituting (13) into (4), we have

d;fgl =a— (L+b)(01(t) +a) + (v1(t) + a)? <v2(t —9) + b) ) 10

d;ZQ = b(01(t) +a) — (01(t) + a)? (vg(t—ﬂ) N 2) .

The linear system of Eq. (14) around (0,0) can be expressed as

d°vq
ts

)
dts

= (b— 1) (t) + a2ia(t — V),

= —bui(t) — a’va(t — ).

(15)
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The characteristic equation of system (15) is

S b —1 _2,—s0
e G L (16)
b sS + age"?
which leads to
s — (b—1)s* +a?(s* +1)e™* =0, (17)

Now we give the following hypothesis:
(Hy) a*>—b+1>0.

Lemma 4.1. If (Hy) holds, then the positive equilibrium point E(a, 3) of
model (4) is locally asymptotically stable.

Proof. When ¢ = 0, then (17) becomes
M4 (a®> —b+ 1A +a®>=0. (18)

According to (Hj ), one derives that the two roots A; of (18) satisfy |arg(A1)]
> <F, Jarg(A2)| > <. By Lemma 2.2, one can conclude that the positive
equilibrium point E(a, 2) of model (4) is locally asymptotically stable.
The proof ends. u

Suppose that s =iy = pu (cos  + isin Z) is a root of (17). Then

p (cosem +isingm) — (b — 1)ps (cos % + isin %)

+a? [;ﬁ (cos % + isin %) + 1} (cos p¥ — isin pud) = 0, (19)

which leads to

a1 cos p + aig sin pud = ag, (20)
Qg cos p — aq sin pd = ay,
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where o
ag = a? (ugcos?Jrl),
2 ¢ . ST
a = a”p’ sin —,
o 2 o (21)
az = —p** cossm + (b — 1)u cos —,

oy = —p* sinem + (b — 1)p sin =

2
By (20), one gets
A+ ai=ai+al (22)
which leads to
e 4 cap® + e3ps + ey =0, (23)
where o or
ca=-20b-1) (cos ST cos + sin¢msin ?) ,
co=(b—1)?2—a
. om (24)
c3 = —a” cos —,
2
Cqg = —a4.
Let
U(p) = pu* + 1 p® + cop® + cap® + cq. (25)

Notice that ¢4 < 0, dq:lff)

positive real root. Thus Eq.(17) owns at least one pair of purely roots.

> 0, for all g > 0, then Eq.(23) owns at least one

Assume that Eq.(23) has four real roots labeled by p; > 0(5 = 1,2, 3,4).
By (20), we derive

1
P {amos <w;3+a234> N 2;4 , (26)
R a — a3

where h =0,1,2,--- ;i =1,2,3,4. Let

p— 1 (.) = — .
o=, min {07} o = plo=v, (27)

Now we give the following hypothesis:
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(Ha) UVy 4+ UsVs > 0, where

2¢—1
Uy = 255" cos % —(b—1)sug™* cos
1 (c—Dr

+ a*sug ™! cos g cos oo

1. (=D

+ a*cugy ™! sin - sin poWo,

26—1
Uy = 2515 " sin % —(b—1)suy™ ' sin
—a%spg™! cos (C_T sin p199
1. (c—=Dm

+ a*eug ™! sin ~——— cos oo,

(c—Dm
2

(c—Dm
2 (28)

YV, = a? (,ug cos % + 1§ Lo Sin podg — az,ugJrl sin % cos oo,

Vs = a2 (MS cos %r + 1) 1o €os o + a2u6+1 sin %T sin pgdg.

Lemma 4.2. Suppose that s(9) = 11 (9) +i2(9) is the root of (17) around

¥ =g such that 11 (%) = 0,72(%9) = uo, then Re [%]ﬁ:% o 0.

Proof. Applying (17), we derive

d d
[2§52§_1 - (- 1)§8<_1] @ a2gs<_16_379—8

dy do
(L) a1 =0 29)
dv :
By (29), one gets
ds\ ' u v
<cw> YV (30)
where
U=25""1—(b—1)¢s" "+ aes e, "
V=e*sa®(s* +1).
Then ) 1
ds\ U\~
a9 = 5 2
Re (dﬁ) Re (v) (32)
Thus )
ds\ ™ - z/{1Vl +Z/{2V2
e <dﬁ) ] =Ty (33)
Y=o ,p=Ho
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(3;) _1] > 0. (34)

9=00,u=p0

By (Hs), ones has

Re

The proof of Lemma 4.2 ends. |

By virtue of the exploration above, the following result can be easily

derived.

Theorem 4.1. Under the hypotheses (H1) and (Hs), the positive equilib-
rium point E(a, 3) of model (4) is locally asymptotically stable if 9 lies in
the range [0,%9) and a Hopf bifurcation will happen around E(a, g) if

exceeds the critical value Ug.

5 Bifurcation control of model (4) via PD*

controller

In this section, we are to apply PD® controller to control the Hopf bifur-

cation of model (4). The PD® controller is designed as follows:

b dg (U2 (t) — Q)

t) = t—19)—— —_— e/ 35
) = oy (vat—0) - 2) + o2 as)
where g, and g4 # 1 represent the proportional control parameter and the
derivative control parameter, respectively, ¢ stands for a delay. Adding

(35) to the second equation of model (4), one gets

S
ddZil =a—(1+b)v + ’U%’Ug(t —9),
d°v b ds ’Ug(t) — g



86

System (36) is equivalent to

<

ddtil =a— (1+b)vy +vivg(t — ),

d*v 1 b (37)
2 = buy — v20a(t — 9) + 0, (02t —9) — —

dtg 11— 04 U1 V1V2 Qp 2 a .

Clearly, system (37) has the same equilibrium point as that in model (4).
Namely, system (37) has the unique positive equilibrium point E(a, g)

The linear system of Eq. (37) around E(a, 2) can be expressed as

dsv
Ugl = d101(t) + da¥2(t — V),
i (38)
= d3v1(t) + daa(t — 9),

dts
where
dy=(b-1)
dQ = a2,
dy = — b , (39)
1— 04
dy— -
‘ 1—o04°

The characteristic equation of system (38) is

S—d —dyes?
det | © T =0, (40)
—ds3 s —dye”*
which leads to
s +ess + (eas® + 63)67519 =0, (41)
where
€ = 7d1
€9 = —d4, (42)

€3 = d1d4 — d2d3

Now we give the following hypothesis:

(H3) e1+ex >0,e3 >0
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Lemma 5.1. If (H3) holds, then the positive equilibrium point E(a, 2) of
model (87) is locally asymptotically stable.

Proof. When 9 = 0, then (41) becomes
)\2+(61+62)A+63 :O (43)

According to (Hs), one derives that the two roots A; of (41) satisfy |arg(Ay)|
> <%, |arg(A2)| > 5. By Lemma 2.2, one can conclude that the positive
equilibrium point E(a, 3) of model (37) is locally asymptotically stable.
The proof ends. |

Suppose that s = io = o (cos  + isin %) is a root of (41). Then

. Smo .. Sm
0% (cos s + isingm) + e1o° (cos > + isin 7)

+eg [M (cos %r + isin %) + 63] (cosod —isinod) =0, (44)

which leads to
B1 cos o) + B sinad = f3,

45
B2 cos o) — By sino) = [y, (45)
where o
ﬁl = €2 (O’§ COS; + 63) s
_ S i 2
B = eq0° sin 5 o (46)
B3 = —02 cos¢T — e10° cos —,
B4 = —0* sinem — €,0° sin %
By (5.11), one gets
BY + B3 = B3 + Bi. (47)

which leads to

O'4<+610'3§+€20'2g+630'<+64ZO, (48)
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where
ST . . QT
g1 = 2e; (cos ST COS 5 + sin ¢ sin ?) ,
2 2
62 - 61 - 627
- (49)
€3 = 2e5e3 oS 5
Eq = —6%6%.
Let
B(0) = 0% +£10% + £20% +e30° + &4 (50)

Notice that e4 < 0, dq;ga) > 0, for all o > 0, then Eq.(48) owns at least one

positive real root. Thus Eq.(41) owns at least one pair of purely roots.

Assume that Eq.(48) has four real roots labeled by o; > 0(i = 1,2, 3,4).
By (45), we derive

I = U% [arccos (W) + 2hﬂ':| , (51)

where h =0,1,2,--- ,1=1,2,3,4. Let

O— 1 0 = _ .
07 =, min {0;},00 = plo—po (52)

Now we give the following hypothesis:
(Hy) S121 + 8225 > 0, where

) 2 — )m ) —
S = 2qcr(2f_1 cos (gi) + 61§05_1 cos %
-1
+ egc08 "t cos =br cos g’
— )
+ eggagfl sin u sin g9°,

2¢—1
Sy = 2(08“1 sin M

- c—Dm .
— 9505t cos (T sin og1°

I OOl O

+ eag0y” " sin ~———— cos ooV,

+ e150;  sin - (53)

T . qm
Z = (6206 cos — + 63?> oo sinog® — eQJSH cos 5 cos oo,

T (/o
Zy = (6206 co8 - + 63> o cos og?® + 620’6+1 cos - sin oo0°.
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Lemma 5.2. Suppose that s(¥) = €1(9) +iea(9) is the root of (41) around

¥ = 9° such that €1(90) = 0, e2(Jo) = po, then Re [%}19:190 o—oo > 0.
Proof. Applying (41), we derive
_ 17 ds Z1 _gpds
[2992S L4 oeqcs® 1] pr] +eacss e 0
—e~* ﬁﬁ + 5 ) (e2s" +e3) =0. (54)
dy
By (54), one gets
ds\~' S 0
(®) -2+ (58)
where
S= 2<_52;‘1 + @cs“l + ea6s " te ™Y, (56)
Z=e""s(eas" +e3).
Then . )
ds\ S\
Thus )
ds\ "~ _Si1Z21+ 82
9=">0,u=p0
By (Hy), ones has
ds\ !
Re (dﬁ) ] > 0. (59)
P=190,=po
The proof of Lemma 5.2 ends. |

By virtue of the exploration above, the following result can be easily
derived.
Theorem 5.1. Under the hypotheses (Hs) and (Hy), the positive equilib-
rium point E(a, %) of model (36) is locally asymptotically stable if ¥ lies
in the range [0,9°) and a Hopf bifurcation will happen around E(a, g) if

9 exceeds the critical value 9°.
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6 MATLAB simulation figures

In this section, we will carry out MATLAB simulation to check the cor-

rectness of Theorem 4.1 and Theorem 5.1. We give two examples.

Example 6.1. Consider the following fractional-order delayed Brusselator

chemical reaction model:

d0'97’U1 )

W = 06 — (]. -+ 1)?}1 + ’l)l’l]g(t — 19),

Mo ) (60)
W = V1 — Ul’Ug(t — 79),

Clearly, model (60) has the unique positive equilibrium point F(0.6,1.67).
Making use of MATLAB software, we can determine that pg = 3.0092 and
Y9 = 0.82. The conditions (H;) and (Hz) in Theorem 4.1 are satisfied.
In order to check the correctness of Theorem 4.1, we select two different
delay values. Select ¥ = 0.75 < ¥9 = 0.82, then the MATLAB simula-
tion figures are presented in Figures 1-4. In terms of Figures 1-4, we can
distinctly see that the positive equilibrium point £(0.6,1.67) remains lo-
cally asymptotically stable situation. Figure 1 shows the variable v; — 0.6
as the time ¢ — oo; Figure 2 shows the variable va — 1.67 as the time
t — oo; Figure 3 shows the relation between variables v; and as vy the
time t — oo; Figure 4 shows the relation of variables v; and as vy the time
t. Select ¥ = 0.9 > ¥y = 0.82, then the MATLAB simulation figures are
presented in Figures 5-8. In terms of Figures 5-8, we can distinctly see
that model (60) will undergo a limit cycle (Hopf bifuracation) near the
positive equilibrium point £(0.6,1.67). Figure 5 shows the variable vy will
keep periodic vibration around the value 0.6 as the time ¢ — oco; Figure 6
shows the variable vy will keep periodic vibration around the value 1.67 as
the time ¢ — oo; Figure 7 shows the relation between variables vy and as
vg the time ¢t — oo; Figure 8 shows the relation of variables v; and as vg
the time ¢. Additionally, the bifurcation plots (see Figures 9-10) are given
to manifest that the bifurcation point of model (60) is roughly equal to
0.82.

Example 6.2. Consider the following fractional-order controlled delayed
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Brusselator chemical reaction model:

d0'971)1
09T
d0-97, , )b
W-WQ =v1 = viva(t =) + o <vz(t — ) — > + gd%.

=0.6 — (14 1wy + vivg(t — ),

a

(61)
Clearly, model (61) has the unique positive equilibrium point F(0.6,1.67).
Let g, = 0.2, 04 = 0.3. Making use of MATLAB software, we can deter-
mine that op = 1.8874 and ¥° = 0.76. The conditions (H3) and (Hy) in
Theorem 5.1 are satisfied. In order to check the correctness of Theorem
5.1, we select two different delay values. Select ¥ = 0.7 < ¥° = 0.76,
then the MATLAB simulation figures are presented in Figures 11-14. In
terms of Figures 11-14, we can distinctly see that the positive equilibrium
point E(0.6,1.67) remains locally asymptotically stable situation. Figure
11 shows the variable v; — 0.6 as the time ¢ — oo; Figure 12 shows the
variable vy — 1.67 as the time ¢ — oco; Figure 13 shows the relation be-
tween variables v; and as vy the time ¢t — oo; Figure 14 shows the relation
of variables v; and as v the time . Select ¥ = 0.85 > 9 = 0.76, then the
MATLAB simulation figures are presented in Figures 15-18. In terms of
Figures 15-18, we can distinctly see that model (61) will undergo a limit
cycle (Hopf bifuracation) near the positive equilibrium point £(0.6,1.67).
Figure 15 shows the variable v; will keep periodic vibration around the
value 0.6 as the time t — oo; Figure 16 shows the variable vy will keep
periodic vibration around the value 1.67 as the time ¢t — oo; Figure 17
shows the relation between variables v; and as v the time t — oo; Figure
18 shows the relation of variables v; and as vs the time ¢. Additionally,
the bifurcation plots (see Figures 19-20) are given to manifest that the
bifurcation point of model (61) is roughly equal to 0.76.
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Figure 1.

Figure 2.
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The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.75 < ¥9 = 0.82. The horizontal axis
shows the time ¢ and the longitudinal axis shows the variable
v1. The variable v1 — 0.6 as t — oco.

100 200 300 400 500

The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.75 < 99 = 0.82. The horizontal axis
shows the time t and the longitudinal axis shows the variable
v2. The variable vo — 1.67 as t — oo.
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Figure 3.

Figure 4.
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0.45 0.5 0.55 0.6 0.65 0.7 0.75

v

The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.75 < Y9 = 0.82. The horizontal axis
shows the variable v; and the longitudinal axis shows the
variable vo. The variables v1 — 0.6 and vo — 1.67 ast — oo.

The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.75 < 99 = 0.82. The horizontal axis
shows the time ¢, the longitudinal axis shows the variable vy
and the vertical axis shows the variable vo. The variables
v — 0.6 and v2 — 1.67 as t — oco. It shows the relation of
t, v1 and va.
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Figure 5.

Figure 6.
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The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.9 > 99 = 0.82. The horizontal axis
shows the time t and the vertical axis shows the variable v1.
The variable v will keep periodic vibration around the value
0.6 as t — oo.

100 200 300 400 500

The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.9 > 99 = 0.82. The horizontal axis
shows the time ¢t and the vertical axis shows the variable va.
The variable v will keep periodic vibration around the value
1.67 as t — oo.
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Figure 7.

Figure 8.

1.35 L L L L L
0.45 0.5 0.55 0.6 0.65 0.7 0.75

v

The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.9 > 99 = 0.82. The horizontal axis
shows the variable v; and the longitudinal axis shows the
variable va. The variables vy, v2 will keep periodic vibration
near (0.6,1.67) as t — oo.

The MATLAB simulation result of model (60) under the
delay condition ¥ = 0.9 > 99 = 0.82. The horizontal axis
shows the time ¢, the longitudinal axis shows the variable
v1 and the vertical axis shows the variables v1,vs will keep
periodic vibration near (0.6,1.67) as ¢ — oo. It shows the
relation of ¢, v1 and wva.
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Figure 9. The bifurcation diagram of model (60). The horizontal axis
shows the delay 1, the longitudinal axis shows the variable
v1. The bifurcation value of model (60) is roughly equal to
0.82.
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Figure 10. The bifurcation diagram of model (60). The horizontal axis
shows the delay 9, the longitudinal axis shows the variable
v2. The bifurcation value of model (60) is roughly equal to
0.82.
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Figure 11. The MATLAB simulation result of model (61) under the
delay condition ¥ = 0.7 < 99 = 0.76. The horizontal
axis shows the time ¢ and the longitudinal axis shows the
variable v1. The variable v1 — 0.6 as t — oco.

50 100 150 200 250 300
t

Figure 12. The MATLAB simulation result of model (61) under the
delay condition ¥ = 0.7 < 99 = 0.76. The horizontal
axis shows the time ¢ and the longitudinal axis shows the
variable v2. The variable vo — 1.67 as t — oco.
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1
Figure 13. The MATLAB simulation result of model (61) under the
delay condition ¥ = 0.7 < 99 = 0.76. The horizontal axis
shows the variable v; and the longitudinal axis shows the
variable vo. The variables v1 — 0.6 and vo — 1.67 as

t — oo.
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Figure 14. The MATLAB simulation result of model (61) under the
delay condition ¥ = 0.7 < 99 = 0.76. The horizontal axis
shows the time ¢, the longitudinal axis shows the variable vy
and the vertical axis shows the variable va. The variables
v1 — 0.6 and vo — 1.67 as t — oco. It shows the relation of
t, v1 and va.



99

50 100 150 200 250 300
t

Figure 15. The MATLAB simulation result of model (61) under the
delay condition ¢ = 0.85 > ¥° = 0.76. The horizontal axis
shows the time t and the vertical axis shows the variable
v1. The variable v1 will keep periodic vibration around the
value 0.6 as t — oco.
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Figure 16. The MATLAB simulation result of model (61) under the
delay condition ¢ = 0.85 > ¥° = 0.76. The horizontal axis
shows the time t and the vertical axis shows the variable
va. The variable vo will keep periodic vibration around the
value 1.67 as t — oo.
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Figure 17. The MATLAB simulation result of model (61) under the
delay condition ¢ = 0.85 > ¥° = 0.76. The horizontal axis
shows the variable v; and the longitudinal axis shows the
variable va. The variables vy, v2 will keep periodic vibra-
tion near (0.6,1.67) as t — oo.
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Figure 18. The MATLAB simulation result of model (61) under the
delay condition ¢ = 0.85 > ¥° = 0.76. The horizontal axis
shows the time ¢, the longitudinal axis shows the variable
v1 and the vertical axis shows the variables v1, v will keep
periodic vibration near (0.6,1.67) as t — co. It shows the
relation of ¢, v and wva.
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Figure 19. The bifurcation diagram of model (61). The horizontal axis
shows the delay 1, the longitudinal axis shows the variable
v1. The bifurcation value of model (61) is roughly equal to
0.76.
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Figure 20. The bifurcation diagram of model (61). The horizontal axis
shows the delay ¥, the longitudinal axis shows the variable
v. The bifurcation value of model (61) is roughly equal to
0.76.

7 Conclusions

In order to inquire into the concentrations of the chemical reactants in
chemistry, we set up a novel fractional-order delayed Brusselator chemical

reaction model. The properties (include existence and uniqueness, non-
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negativeness)of the solution of fractional-order delayed Brusselator chemi-
cal reaction model have been analyzed in detail. By virtue of Laplace trans-
form and the characteristic equation of the fractional-order delayed Brus-
selator chemical reaction model, we have built a new delay-independent
stability and bifurcation condition for the fractional-order delayed Brusse-
lator chemical reaction model. The influence of delay on Hopf bifurcation
of the fractional-order delayed Brusselator chemical reaction model are ex-
plored. Taking advantage of a proper PD¢ controller, we can effectively
control the stability and the time of occurrence of Hopf bifurcation of the
fractional-order delayed Brusselator chemical reaction model. The explo-
ration results play a vital role in dominating the concentrations of different
chemical substances. The research methods have important theoretical

guiding significance in many control areas.
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