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Abstract

Establishing suitable differential dynamical models to describe
the real natural phenomenon in chemistry and physics has become a
very hot topic in nowadays society. In this present research, we deal
with a fractional-order chemical reaction system. Taking advantage
of the fixed point theorem, we prove the existence and uniqueness of
the fractional-order chemical reaction system. Using the inequality
skill, we prove the non-negativeness of the fractional-order chemi-
cal reaction system. By applying a suitable function, we prove the
uniform boundedness of the solution to the fractional-order chemi-
cal reaction system. With the aid of a hybrid controller including
state feedback and parameter perturbation, we discuss the Hopf bi-
furcation anti-control issue of the fractional-order stable chemical
reaction system. A novel delay-independent condition ensuring the
stability and the onset of Hopf bifurcation of the involved fractional-
order stable chemical reaction system is set up. The study manifests
that the delay in the hybrid controller plays a vital role in stabiliz-
ing the system and controlling the occurrence of Hopf bifurcation
of the fractional-order stable chemical reaction system. In order to
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validate the derived key conclusions, MATLAB simulations are ex-
ecuted and bifurcation plots are given. The obtained results of this
article have momentous theoretical guiding value in controlling the
chemical compositions. The exploration idea can also be utilized
to investigate the bifurcation control and bifurcation anti-control
problems in lots of other fractional-order differential systems in nu-
merous disciplines.

1 Introduction

Many nonlinear phenomena (for example, periodic oscillation, stability,
boundedness, chaos, etc.) occurring in chemical reaction models have at-
tracted much attention from numerous scholars [45]. Making use of some
suitable mathematical tools, we can effectively explore the various dy-
namics of chemical reaction models and reveal the relation of different
chemical variables. Then we can better grasp the inherent law among dif-
ferent chemical variables and serve humanity. In particular, a differential
equation is a very vital tool to probe into the dynamical behavior of chem-
ical reaction models. During the past decades, many interesting works on
chemical reaction models have been carried out and many valuable achieve-
ments are constantly presented. For example, Wang and Li [27] dealt with
the microscopic dynamical behavior of a chaotic chemical reaction model.
Geysermans and Nicolis [12] explored the thermodynamic fluctuations and
chaotic behavior of a chemical reaction system. Zhu and Li [45] revealed
the influence of intrinsic fluctuations on bistable behavior in a chemical
reaction system. Voorsluijs and Decker [26] discussed the emergence of
chaos in a spatially confined reactive model. Huang and Yang [17] ana-
lyzed the chaoticity issue of some chemical attractors. In detail, one can
see [7,8,14,25].

In 1996, Geysermans and Baras [11] explored a homogeneous chaotic
Willamowshi-Rossler system. The balance equations of this system own

a well-defined microscopic counterpart and all the reaction obey the “ele-



145

mentary” steps as follows:

A+ x Box A +x ' ax,

X+Y 5oy,

A5+37’3A2, (1)
X+ 25 A,

A+ 282z A+ 25 22,

which includes both autocatalytic steps with the constituents X and Z,
coupled via three other steps with the three constituents X, Z and ).
The initial (A;,. A4, As) and final (As, A3) product concentrations keep
fixed. The distance from thermodynamic equilibrium is controlled by the
values of Ay, A, A3, A4, As. p+;(j =1,2,3,4,5) denote the rate constant.
In system (1.1), there are 15 free parameters. To reduce the number of
free parameters, Geysermans and Baras [11] chose the rate coefficients
f—o =0,u_3 =0and pu_q = 0. Note that the last two relations mean that
Ay and Ajg are continuously removed from the reactor [11,12].

Suppose that there exists an ideal mixture and a well-stirred reactor,

then the macroscopic rate equations of system (1) takes the following form:

WO — proy(t) — po1v3 () — v (E)oa(t) — vi()vs(),

D2 — vy (E)va(t) — bsva(t), 2)
28t — byus(t) — v1 (t)vs(t) — p_sv3 (L),

where v1(t),v2(t) and vs(¢t) represent the mole fractions of X', and Z
at the time ¢, The rate constants w1, u3 and ps are incorporated in the
parameters by, bs and by (e.g., by = p1[A1],---) and by > 0,b4 > 0,05 >
0,01 > 0,u_5 > 0 represent constants. For more relation information
on system (2), one can see [11,12]. In 2015, Xu and Wu [36] explored the

control of chaos of system (2) by using delayed feedback control approach,
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i.e., they investigated the controlled chemical system as follows:

d’Ul (t)

o = bion(t) = poavi(t) — v (Bea(t) — vi(Hvs(t)

+ nfvi(t) — vt —p)l,
= (t)’l)g(t) — b51}2(t) + 1y [’Ug(t) — Ug(t — p)],

= b4113(t) — VU1 (t)’Ug(t) — k_5’U§(t) + 1/3[’03(t) — Ug(t — p)],

where v;(i = 1,2,3) represents a real constant and p represents a time
delay.

Here we would like to point out that all the works mentioned above
(see, [11,12,36]) focused on integer-order chemical systems. Studies in
recent decades manifest that the fractional-order dynamical model has
been regarded as a more efficient implementation to characterize practical
phenomena than the conventional integer-order ones since the fractional-
order dynamical model can display immense advantages in keeping mem-
ory and hereditary properties of a lot of materials and change process
[15, 19,22, 32,34, 37,39]. Nowadays, fractional-order dynamical models
have been widely applied in many fields such as neural networks, con-
trol engineering, physical waves, biology, chemistry, economics and so
forth [20,32,41]. A great deal of valuable results have been reported. For
instance, Ghanbari and Djilali [13] carried out a Hopf bifurcation analysis
for a fractional-order predator-prey system. Sekerci [23] reveled the climate
change effects on the dynamics of a fractional-order predator-prey model.
Wang et al. [28] probed into the stability and Hopf bifurcation for a gen-
eralized fractional-order delayed prey-predator system. Huang et al. [16]
explored the Hopf bifurcation issue of fractional-order neural networks with
leakage delays. For more related studies, one can see [1,2,15,24,33,35,38|.

Inspired by the exploration above and on the basis of system (2), in
order to describe the continuous change process of the mole fractions of
X,Y and Z and characterize the memory trait and hereditary property of
the variables X, ) and Z, we modify system (2) as the following fractional-



147

order form:
dc;]tlg(t) = b1 (t) — p_1vi(t) — vi(t)va(t) — v (t)vs(t),
dc;;;(t) = vy (t)va(t) — bswa(t), ()
dgzl}i;;(t) = b4’l)3(t) — U1 (t)v3(t) — /~L—5U§(t),

where ¢ € (0,1]. The investigation shows that when ¢ = 0.94,b; =
25,1 = 0.3,b5 = 1.3,by = 3.2,u_5 = 2.65, then system (4) displays
a stable state which means that the three constituents X', Z and Y will
tend to three different fixed real numbers with the increase of time ¢. The

MATLAB simulation plots are given in Figure 1.
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Figure 1. Software simulation figures of system (4) with ¢ = 0.94,b; =
2.5, 41 = 0.3,bs = 1.3,bs = 3.2, u_5 = 2.65.

In many cases, we expect to make the three constituents X, Z and ) of
model (4) produce the periodic cycle state in chemical reaction. Mathe-
matically, it involves the Hopf bifurcation anti-control. Hopf bifurcation
anti-control is to design an appropriate controller to make the differen-
tial systems produce a family of periodic solutions around the equilib-
rium point. During the past decades, Hopf bifurcation anti-control has
aroused much interest from numerous researchers due to the great ap-
plication prospect in maintaining the balanced state of all variables of
differential systems. There is some literature on the Hopf bifurcation anti-
control issue of some differential models(e.g. [3-6,29, 30,40, 42]).

It is a pity that all the works above (see [3-6,29, 30,40, 42]) are only
concerned with the Hopf bifurcation anti-control of integer-order differ-
ential models. Up to now, only very few works on the Hopf bifurcation
anti-control of fractional-order differential models. This motivates us to
explore this aspect.

In the present research, we shall focus on Hopf bifurcation anti-control
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of the fractional-order stable chemical reaction system (4) via a hybrid
controller including state feedback and parameter perturbation. The chief

highlights of this research lie in the following points:

e Based on the previous publications, a novel fractional-order stable chem-

ical reaction system is proposed.

e The fractional-order stable chemical reaction system displays the Hopf
bifurcation via a suitable hybrid controller including state feedback and

parameter perturbation.

e The research method can be applied to control or anti-control Hopf
bifurcation for many fractional-order differential systems in lots of areas.

This work is planned as follows. Some pre-requisite knowledge about
fractional-order dynamical system is present in Section 2. In Section 3,
we analyze the existence and uniqueness, non-negativeness and uniformly
boundedness of the solution to model (4). In Section 4, a suitable hybrid
controller including state feedback and parameter perturbation is effec-
tively designed to make the fractional-order stable chemical reaction sys-
tem (4) generate Hopf bifurcation. In Section 5, software simulation results
are presented to sustain the established conclusions. Section 6 completes

this article.

2 Basic theory

In this section, we present some related definitions and lemmas on fractional-

order differential system.

Definition 2.1. [22] The fractional integral of order s of the function h(p)

is defined as follows:

o) = o [ "o ) h(s)ds,

%QO

where 9 > 00,5 > 0, and T'(s) = fooo 0°"te~2dp denotes the Gamma func-

tion.

Definition 2.2. [3] The Caputo fractional order derivative of order ¢ of
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the function h(o) € ([00,0), R) is given by:

1 e g
PO = g, T

where o > g and k stands for a positive integer (s € [k—1,k)). Especially,
when s € (0,1), then

Dh(p) = L /Q h(5) ds.

) )= 120k, )

where ¢ € (0,1],v(t) = (v1(t),v2(¢),- -+ ,vi(t)), hi(t) = (h1(t), ha(t), -,
hi(t)). Then (vi,v3,--- ,v}) is the equilibrium point of system (5) if hy(v}’) =
0.

Lemma 2.1. [19] Consider the fractional-order system Dv = Qu,v(0) =
vo where 0 < ¢ < 1,v € R* Q € RF**. Denote xi(l = 1,2,--- k) the
root of the characteristic equation of D°v = Qu. Then system Dv =
Qu is asymptotically stable if and only if |arg(x:)| > (1 = 1,2,--- k).
Besides, this system is stable if and only if |arg(x;)| > (1 =1,2,--- k)
and all critical eigenvalues satisfying |arg(x;)| = 5 (1 = 1,2,--- k) have

geometric multiplicity one.

Lemma 2.2. [10] Consider the fractional-order system Dv(t) = Qiv(t)+
Qov(t — p), where v(t) = w(t),t € [—p,0],¢ € (0,1],v € R™,07,Q2 €
R™*m ¢ ¢ RYmXm) - Then the characteristic equation of the system is
det|sZ — Q1 — Qe %] = 0. Then the zero solution of the system is
asymptotically stable if all roots of the equation det |sST— Q1 — Qge | =0
possess negative real part.

Lemma 2.3. [21] Let s € (0,1],9(¢t) € C[&1,&2] and D2g(t) € Claq, aq].
If Dh(t) > 0,t € (&1,&2), then g(t) is a non-decreasing function for t €
[€1,&]. If Dog(t) < 0,t € (&1,&2), then g(t) is a non-increasing function
fort € [&1,8&).
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Lemma 2.4. [18] Suppose that ¢(t) € C[tg,00) and satisfies

{ D(t) < —k19(t) + Ko,
¢(t0) = ¢t07

where ¢ € (0,1), K1, k2 € R, k1 # 0,19 > 0, then

ot0) < (6000~ 2) Bt 10 + 2.

1

3 Existence and uniqueness, non-negativeness

and uniformly boundedness

In this section, we will prove the existence and uniqueness, non-negativeness,
boundedness of the solution of system (4) by virtue of fixed point theorem,

mathematical inequity skill and an appropriate function.

Theorem 3.1. Denote © = {v1,v2,v3) € R : max{|v1], |val, Jvs|} < H},
where H > 0 represents a constant. For every (v1g, v20,v30) € O, model (4)

with the initial value (v1g, Va0, v30) has a unique solution V = (v, vg,v3) €

O.
Proof Define the mapping as follows:

g(V) = (gl(v)ng(V)ag?)(V))’ (6)
where

91(V) = byo1 (t) — po1v7 (t) — vi(H)va(t) — vi (t)vs(t),
92(V) = vi(t)v2(t) — bsva(?),
93(V) = byvs(t) — v1(t)vs(t) — p_svi(t).

vV V,V € O, one derives
lg(V) = g(V)|

= [brvi(t) — p1vi(t) — o1 (H)va(t) — va(t)vs(t)
= [b1o1(t) = pa @3 (1) — 01(8)02(t) — 01(£)T3 (1)
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+ [v1(E)va(t) — bsva(t) — [01()02(t) — bsva(1)]]
+ [bavs(t) — w1 (t)vs(t) — p—sv3(t)
— [bav3(t) — 01(t)v3(t) — p-503(1)]|
< by|vr(t) — v1(t)| + 2u— 17-l|v1() 01 ()| + Hlvi (t) — v1()]
+ Hlva(t) — v2()] + H|v1 () — v1(8)] + Hlvs(t) — v3(t)]
+ H|vi(t) — v1(t)] + Hlva(t) — D2(t)| + bs|va(t) — v2(2)]
+ balvz(t) — v3(t)| + H|vi(t) — v1(t)] + Hvs(t) — v3(t)]
+ 2p—s5H[vs(t) — v3(t)]
= [b1 + (2u—1 + ) H|v1(t) — 01(2)]
+ (bs 4+ 2H)H|va(t) — v2(1)]
+ (ba + 2H)|v3(t) — v3(t)],

then
lg(V) —g(V)I| <G|V =V, (8)

where
G = max{by + (2u_1 +4)H,bs + 2H, by + 2H}. (9)

Then g(V') obeys Lipschitz condition with respect to V' (see [18]). In view

of fixed point theorem, we can conclude that Theorem 3.1 is true. |
Theorem 3.2. (1) All solutions of model (4) beginning with R3. are non-
negative; (2) If p_y > 1,u_5 > 1 hold, then all solutions of system (4)
starting with Ri are uniformly bounded.

Proof Let the initial condition of system (4) be V' (to) = (v1 (o), v2(to), v3(to))-
Assume that there exists a constant t, satisfying t € (o, t) such that

’Ul(t) =0,t e (to,t*),
U1 (t*) = 07 (10)
U1 (ti—) < 0.
By system (4), we get
Dg’l}l(t)‘vl(t*):o =0. (11)

By Lemma 1 of [9], one has vi(t}) = 0, which contradicts (10). Thus
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vi(t) > 0, V t > ty. In a same way, we can also prove that va(t) >
0,vs3(t) >0, V t>ty. The proof of (1) finishes. [ |
Let

W(t) = v1(t) + va(t) + vs(t). (12)
Then

DSW () + bs W (t)

then

By Lemma 2.4, we get

W(t) —

IN

Doy (t) + Dova(t) + Dovs(t)
+b5v1(t) + bsva(t) + bsvs(t)
broi(t) — p-1v7 (t) — v1(t)va(t) — o1 (t)vs(t)
1 (t)va(t) — bsva(t) + bavs(t) — v1(t)vs(t)
— 53 (t) + bsv1 (t) + bsva(t) + bsvs(t)
(b1 + bs)or(t) — 107 (t) — 2v1(t)vs(t)
+(bs + bs)vs(t) — p—sv5(t)
(b1 + bs)vr(t) — po1v? (1) + v (t) + 03 (t)
+(ba + bs)vs(t) — p_sv3(t)
(b1 + bs)or(t) = (n—1 — 1)vi(t)

+(ba + bs)v(t) — (-5 — 1)v3(t),

by + bs n by + bs

DWH+6WE < o——5+ o (13)
b1 + b5 by + bs

, ast — oo. 14

4bs (-1 — 1) 4bs(p—5 — 1) 14

The proof Theorem 3.2 completes. |
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4 Bifurcation anti-control via hybrid

controller

In this section, we will study the Hopf bifurcation anti-control issue of
the fractional-order chemical reaction system (4). Let (vix,v2x,v34) be
the equilibrium point of the fractional-order chemical reaction system (4),

then
2
b1V — H—1VT, — V1xV2x — V1,V3« = 0,

V1xV2s — b5v2y = 0, (15)

2
bavsy — V1, V3, — H—5V3, = 0.

If the following condition
(A1) by > bs, (b — p—1)p—5 > by — bs

holds, then system (4) has the unique positive equilibrium point E(v1, vox, U34),

where
V1, = bs,
s — (b1 — pr—1bs5)p—5 — by + bs
2% = s ) (16)
by — b5
U3x =
H—5

Following the idea of [51,52], we get the following fractional-order con-

trolled chemical reaction system:

dcs;(t) = albyvy (t) — p_103(t) — v (t)va(t) — vi(t)vs(t)]
. + Blur(t) — vi(t — p)],
d ;’jg(t) = afvy (t)va(t) — bsva(t)] + Blvz(t) — va(t — p)], (17)
d ;:g(t) = afbsvs(t) — vi(t)vs(t) — p_sv3(t)]
T Blus(t) — vt — P,

where «, 8 are feedback gain parameters. System (17) has the same

equilibrium points as those in system (4). Namely, the equilibrium point
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is E(U1*, V2xy Ug*). Let

U1 (t) = (t) — VUlx,
V2 (t) = va(t) — vox, (18)

U3 (t) = V3 (t) — U3k,

then system (17) can be rewritten as

dc;};(t) = afby(v1(t) + vix) — p—1(01(t)
+01,)% = (01(t) + v12) (T2(t) + v22)
- — (01(t) + v14) (U3(t) + v3.)] + Blo1(t) — 01t — p)],
T af(oa(t) + 01.) )+ v00) — bo(ia®) + 0] (19
i + Boa(t) = v2(t = p)];
dc;};(t) = alby(U3(t) + v3s) — (U1(t) + v1x)(U3(t) + v3)
— p_5(03(t) + v3.)?] + Blos(t) — v3(t — p)].

The linear system of (19) around (0,0, 0) is given by

d°v
d;‘( ) = 101 (t) + c202(t) + c203(t) + c301(t — p),
d°v
va(t) = ¢401(t) + ¢e5D2(t) + c3U2(t — p), (20)
a<5h(1)
d; = c01(t) + crv3(t) + c3v3(t — p).
where
c1 = 2b1 — 204 1V14 — V2u — V3i + B,
C2 = —Ulx,
c3 = 757
Cq = V24, (21)
c5 = avi, — bs +ﬁa
Ce = — U3y,
Cr = Olb4 — V14 — 2’[)3*,11,_5 + ﬂ
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Denote 7;(i = 1,2, 3) by v; in (20), then system (20) takes the form:

d vy (t

U1<( ) = c1v1(t) + cova(t) + cavs(t) + csvi(t — p),
dggi)t (t)

dt2§ = c4u1(t) + e5v2(t) + czva(t — p),
dg’Ug (t)

dts = CcgV1 (t) + c7v3 (t) + 03113(1? — p).

The characteristic equation of system (22) is

§¢ —c1 —cze %P —Co —Co
det —cy ¢ —c5 — cze 5 0 =0,
—Cg 0 s¢ — ¢y —c3e” %P

which leads to
$3 4+ a15% + aps® + ag + (445> + ass® + ag)e

+(ars® + ag)e 2% + age > =0,

where
a; = —(c1 +¢5 +c7)),

az = cic5 + cr(c1 + ¢5) — cace — caca,
a3 = C2C5Cp + C2C4C7 — C1C5C7,

as = —3037

as = 2c3(cy + c5) + 2c3c7 + 263,

ag = C1C3C5 + C2C3Cp + C2C3C4 — C1C3C7

2 2
— C3C5C7 — C1C3 — C3Cs,

2
C(,7 = 037
2
ag = —CrCg,
ag = —Cg.

When o = 0, then Eq.(24) is

)\3+(a1+a4)/\2+(a2+a5+a7)/\+a3+a6+ag+a9:O,

(24)

(25)

(26)
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Assume that

My =a1+4+ a4 >0,
+ 1
(As) { Mp = det i >0,
az +ag+ag+ag as+as -+ ay

Mgz(a3+a6+ag+ag)Mg>0

is true, then the three roots A1, Aa, A3 of Eq. (26) owns negative real parts.
Thus the equilibrium point E(v14, vax, v34) of model (24) with ¢ = 0 is
locally asymptotically stable.

It follows from Eq. (24) that
(8% 4 a15% + azs® + az)e*” + (ass + ass® + ag)

+(ars® + ag)e P + age 2P = 0. (27)

Suppose that s = i) =9 (cos 2 4+isinZ ) is the root of Eq. (27). Then it
follows from (27) that

3 3
[193c (cos % + ¢sin ;7T> + a19* (cos ¢ + i sin )

+ag¥® (cos % + isin %) + ag] (cos¥p + isindp)

+ [a4192§ (cose¢m + isingm) 4+ az?® (cos % + isin ?) + ag}

|:a7’l9§ (COS % + isin %) + ag] (cos¥p — isinvp)
“+ag(cos 29p — isin 29p) = 0, (28)
which leads to

(6197 4+ €297 + £39° +¢4) cos Up + (e59% + 697 + £709°)
X sin¥p + £g9%° + €9V + £19 = —ag cos 20p,

(—f—:g,ﬂ?’g — g% + £119°) cos¥p + (5115‘3g + e909% + 59 + €12)
x sinp + £130% + £149° = ag sin 29p,

(29)
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where

It follows from (29) that

3¢
€1 = COs TR
€9 = A1 COSQT,
ST
€3 = (az + ar) cos o

€4 = a3 + ag,

. 3T
€5 = —sin -
€6 = —a1 sing,

. qm
€7 = (ag — ay)sin —,
2
€8 — A4 COSCT,

T
€9 = a5 COS ?,
€10 = Gg,

. Qqm
€11 = (a2 + a7)sin 5
€12 = a3z — as,
€13 = Q4 SINGQT,

—
€14 = Q5 S11 7

[(€19% + 2907 + e30° 4 £4) cosVp + (g5 + 69> + £79°) sinVp

+eg + g9 + 610]2 + [(—55193g — g + £110°) cos¥p

+(51193§ + 90 4 3095 + €12)sintp + £139% + 51419<]2 = ag,

which generates

(31)

(91194§ + 0093 + 039% + 0,9° + 05) cos® dp

—l—(c51194g + 093 4 53025 + 649° + Jd5) cos¥psindp

(61095 + 0% 4 €393 4 £,0% + €505 + &6) cos Up

(0™ + 10" + ng® 4+ nad® + 150°) sindp

= 019% + V9% + Vg9 + VP + VI + Vg + U7,

(32)
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where

01
02
03
04
05
o1
o
03
d4
d5
&
&2
1§
€
&
1
m
2
3

U1
U2
U3
Uy
Us
Vg

U7

N4 =
N5 =

= —265(511 - 67),

= 2(6154 — EgE11 — €2€3 — 8667),

= €7 — €7 + 26284 — 263612,

= 2e3e4 — €3€12,

= 5421 - 6%27

= 6% + 6%3 + €167 — €1€11,

= 2(ege9 + €13€14) + €267 + €465 — €5812 — €261,
= 53 + 8%4 + 2e6€10 + €367 + €466 — €E6E12 — €311,
= 2e9€10 + €487 + €11€12,

= 8%05

= 2(e168 — €5€13),

= 2(e169 + €268 — €3614 — €6E13),

= 2(e1€10 + €269 + €368 — €6€14 + €11€13),

= 2(e2e9 + €9€10 + €468 + €11€14),

= 2(e3e10 + €469),

= 2e4£10,

(33)

= 2(e3e8 +€1€13),

= 2(e5€9 + €663 + €1€14 + €2€13),

= 2(e5€10 + €6E9 + €768 + €2614 + €3€13),
= 2(ege10 + €769 + €12613 + €13614),

= 2(ere10 + €12€14,

= _<E% + E?))a

= 2(e162 + €586),

= €2 + €2 +2(e163 + £567),

= 2(e1€12 + €263 + €6€7),

2 2
=e3+teéer+ 2e9€12,

= 2e3¢€12,
_ 2 2
= a3 —¢i,.

By sindp = £4/1 — cos? ¥p, then we can rewrite (32) as follows:

(019" + 0297 + 0397 + 049° + 05) cos® Ip
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+@¢ﬂm¢*+wﬁ+@w+%N%Wchﬁf$§%)
+(£19% 4 E0% + U3 + €497 + &9° + &) cos U
+(n1ﬂ5‘47n204§4fn3ﬁ3§%fn4ﬁ2<%fn5ﬁ<)(ﬂ:v[ftjgagjﬁﬁ)

= 0105 4 V9% + V3 + VO3 + V592 + Vg + U7 (34)

It follows from (34) that
6, cos™ Jp + 05 cos® ¥p + 05 cos® Vp + 04 cos Ip+ 605 =0, (35)

where

01 = (019" + 029°° + 030> + 049° + 05)°
+ (0197 + 52093 + 83097 4 6,95 + 65)2,
02 = 2(010" + 020 + 039 + 049° + 05)
X (£19°° + £0% + £33 + 0% + &0° + &)
+ 2(619% + 820% + 0397 + 649° + J5)
X (95 4 mad®s + 303 + g9 4 ns9°),
O3 = (£10°° + E0™ + L0 + &40 + &9° + &6)?
+ (,,71,[95< 4 n2ﬂ4< + ,'73193§ + ,,74192c + 77519<)2 (36)
— (619% + 5293 + 5397 + 6,9° + 55)?,
01 = —2(£29% + E0% + £ + £ + &09° + &)
x (v19% + vV + V3% + 093 + V9% + Vg + v7)
— 2(619% + 6297 + 53097 + 549° + 65)
X (9 + 0™ + 3% + nad® + ns9°),
05 = (111196‘ + 0% 4 U3 + V9P + Vs + Vg + v7)2
(7]1195< +772194§ +773193§ +774?92§ _|_77519<)2.

By Matlab software, we can easily solve the value of cos¥p. Suppose that
cos¥p = 11 (¥). (37)
Then one can get the value of sinJp. Suppose that

sindp = l5(9). (38)
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By (37) and (38), we have
BW)+139) =1. (39)

Making use of (39), we can obtain the value of ¥ (say g). By (37), we get

1
Vi = 5-larccos b (o) + 2in,i = 0,1,2, - (40)
0
Define
= i 9;). 41
p {i:gnJ{g7...}{ } (41)

Then we can conclude that when p = p,, (24) owns a pair of imaginary
roots +idg.

Next we make the following hypothesis:

(A3) WirWar + WitWar > 0,

where
3¢—1 2% 1
Wi = 36085 con VT Lt o 5= 1
‘ -1 : 2% —1
+ <a2195_1 cos % + {2(6&1193“1 cos %
-1 2 1
+§a5196*1 cos (§2)7r} cos Vopy + |:2§a4193§1 sin %
-1
+easdh " sin (§2)7r} sin Yo ps
-1
+cagly cos % cos 209
: —1
+ gaﬂ%_l sin % sin 299 py,
3 —1 2 — 1
Wir = 3§798§71 sin % + 2{(1119(2f71 sin %
(=D @ —Dr

+ gagﬁgfl sin 5 — (2((1419(2){71 cos 3
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(¢— D)
2
(c—Dm
2
(c—Dm
2

(26 — D)m
2
(c—D)m

) cos Pops — <a7196_1 coS - sin 299 py

+ sas¥ ! cos )sindgp, + (26a495° " sin
+caz¥9y ' sin
+ §a719671 sin €08 290 s,
Wor = (a4192< cossm + asd cos g + a6) Yo sin Yo px + 3agtg sin 39 py
— <a419(2f sin¢m + asd; sin %) Vg cos Vo ps
+2 (a7190 COS 5 + ag) Po sin Yops + 2a79 Sln 190 €S Yo Px,
Wor = (a4198§ cos ¢ + ast cos %T + a6) Do cos Vgps + 3agg cos 30 ps
+ (a4190 sin ¢ + as9; sin —) Yo sin Yo px
-2 (a7’l96 cos % + ag) ¥o cos Yo psx + 2a795 sin %190 sin ¥y

Lemma 4.1. Assume that s(p) = 11(p)+ita(p) is the root of Eq. (24) near

0 = 0, such that 1(ps) = 0,72(psx) = Do, then Re (d ) > 0.
P ) N p=p.,0=1¢
Proof In view of Eq.(24), one gets

ds

d
(3§s3<_1 +2a18> 7+ §a28§_1) il + (2§a4s2§_1 + §a5s§_1)6_3p
dp dp

d d
—emsP (de + s> (ass® + ass® + ag) + <a78<_1€_2$p£
ds ds
—2¢7 2P (P + s) ars® + ag) — 3age” > (P + 5) =0. 42
0 ( ) i (42)
Then

[3993(71 —|—2§a132§71 —|—§CL25<71 +(2§a432§71 —|—§a58<71)678p

—e " %Pp (a432g + a5s® + ag) +cayss e 2P
) ds
—2e" %P p(ars® + ag) — 3a967‘33pp] d—p

=e s (a452g + ass® + a6) + 2¢2_2SPS(OL7Sg +as) + 3agse 3%, (43)
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which implies

A\ Wi p
Z) = _L 44
(do) Wao(A\) s’ (44)
where
Wi(A) = 365%™ 4+ 2¢a15% 7 +cags T + (2cags* !
+cass e 4 cars e TP, (45)
Wa(A) = e *Ps (a452< + a5s® + ag)
+2e7 275 (ays® + ag) + 3agse 3%,
Hence
Re ( X ) - e {V\m)] _ WirWar + WiWar
do J— Wa(N) ] =y 9=, Wip + W3,
(46)
By (Ajs), one derives
dA\
Re <d) ] >0, (47)
P p=px,I="¢
which ends the proof. |

According to the analysis above, the following assertion is easily derived.

Theorem 4.1. If (A1), (As2), (As) are fulfilled, then the equilibrium point
E(v14, V24, v34) of system (17) is locally asymptotically stable for p € [0, py)
and a Hopf bifurcation of system (17) happens near the equilibrium point
E (14, V24, U34) when p = py.

Remark 4.1. In [11, 12, 36], the authors only dealt with the dynam-
ics of the integer-order chemical reaction system. They were not con-
cerned with the fractional-order case. In this study, based on the earlier
works, we set up a new fractional-order chemical reaction system. The
existence and uniqueness, non-negativeness, boundedness of the solution
of the fractional-order chemical reaction system are considered. In addi-
tion, we discussed the Hopf bifurcation anti-control issue of the fractional-
order chemical reaction system. The research method is different from that
in [11,12, 86]. Thus we argue that the obtained results of this article are
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completely new and supplement the works of [11, 12, 36] to some extent.

5 Numerical experiment

Consider the following fractional-order chemical reaction system:

0.94,01
T — af2.501(1) ~ 0.303(1) ~ va(1)0at) — va (L)1)
+ Blui(t) —vi(t — p)],
P02 _ o (1)oa(t) — 130a(0)] + Bloa(t) — valt — ), (48)
0%154094 t) - 1 2 -9U2 2 2 Pl
d dtol');l( = a[3.203(t) — v1 ()vs(t) — 2.6503(1)]
+ Blus(t) — vs(t — p)].

Clearly, system (48) has the unique positive equilibrium point (1.300,
1.4685,0.7170). Let o = 0.2, 8 = 0.8. Making use of computer software,
one derives ¥y = 0.4997 and p, = 0.38. The hypotheses (A;)-(A3) of Theo-
rem 4.1 are fulfilled. In order to verify the stability of the positive equilib-
rium point (1.300, 1.4685,0.7170) and the generation of Hopf bifurcation of
the fractional-order chemical reaction system (48), both delay values are se-
lected. Let p = 0.32 < p, = 0.38. Then computer simulation plots are pre-
sented in Figure 2. According to Figure 2, one knows that the equilibrium
point (1.300,1.4685,0.7170) the fractional-order chemical reaction system
(48) maintains locally asymptotically stable situation. In other words, the
state variables v1, vo, v3 will tardily tend to the values 1.300, 1.4685,0.7170,
respectively. Chemically speaking, it manifests that the three constituents
X, Z and Y will tardily tend to the values 1.300,1.4685,0.7170, respec-
tively. Let p = 0.45 < p, = 0.38. Then computer simulation plots are
presented in Figure 3. According to Figure 3, one knows that the positive
equilibrium point (1.300, 1.4685,0.7170) the fractional-order chemical re-
action system (48) maintains a periodic vibratory level in the vicinity of
the positive equilibrium point (1.300,1.4685,0.7170). In other words, the
state variables vy, v2, v3 will move around the values 1.300, 1.4685,0.7170,
respectively. Chemically speaking, it manifests that the three constituents
X, Z and Y will change near the values 1.300, 1.4685, 0.7170, respectively.
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The relation among ¢, Y9 and p, is listed in Table 1. Furthermore, the
bifurcation plots are presented to indicate that the bifurcation value is
px = 0.38 (see Figures 4-6).
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Figure 2. Numerical experiment results of the fractional-order chem-
ical reaction system (48) with p = 0.32 < p, = 0.38.
The positive equilibrium point (1.300, 1.4685,0.7170) of the
fractional-order chemical reaction system (48) keeps locally
asymptotically stable level. The three constituents X —
1.300, Z — 1.4685 and Y — 0.7170 with the increase of

time t.
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Figure 3. Numerical experiment results of the fractional-order chem-
ical reaction system (48) with p = 0.45 > p. = 0.38.
The positive equilibrium point (1.300, 1.4685,0.7170) of the
fractional-order chemical reaction system (48) keeps peri-
odic oscillatory level near (1.300,1.4685,0.7170). the three
constituents X, Z and ) will vibrate near the values
1.300, 1.4685, 0.7170 with the increase of time ¢, respectively.

Table 1. The correlation of ¢, J¢ and p, of the fractional-order chemical

reaction system (48).

S Jo Px
0.18 0.1413 0.09
0.25 0.1984 0.13
0.33 0.2525 0.17
0.46 0.2914 0.20
0.57 0.3289 0.23
0.64 0.3888 0.28
0.77 0.4118 0.30
0.85 0.4344 0.32
0.94 0.4997 0.38
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Figure 4. Bifurcation plot of the fractional-order chemical reaction sys-
tem (48): the time delay p versus the state variable vi. The
bifurcation value is px = 0.38.

Figure 5. Bifurcation plot of the fractional-order chemical reaction sys-
tem (48): the time delay p versus the state variable v2. The
bifurcation value is p, = 0.38.
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Figure 6. Bifurcation plot of the fractional-order chemical reaction sys-
tem (48): the time delay p versus the state variable v3. The
bifurcation value is px = 0.38.

6 Conclusions

Recent several decades, the fractional-order differential equation has dis-
played potential applications in many natural sciences. Based on the pre-
vious studies, we propose a new fractional-order chemical reaction sys-
tem. We have investigated the existence and uniqueness, non-negativeness
and uniformly boundedness of the solution of the fractional-order chemical
reaction system. Under some parameter conditions, the fractional-order
chemical reaction system always display a stable state. By virtue of a
hybrid controller including state feedback and parameter perturbation, we
have explored the Hopf bifurcation anti-control problem of the fractional-
order stable chemical reaction system. Applying the stability and bifur-
cation theory of fractional-order differential equation, we obtain a new
delay-independent condition that guarantees the stability and occurrence
of Hopf bifurcation of the involved fractional-order stable chemical reaction
model. Numerical experiments are carried out to verify the effectiveness
of the designed hybrid controller. The role of the delay in the designed
hybrid controller is fully revealed. The established conclusions have im-

portant theoretical value in controlling the constituents X', Z and )Y in
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chemistry. Moreover, the bifurcation anti-control method can be applied

to explore the bifurcation control and anti-control issue of fractional-order

dynamical models in numerous areas.
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