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Abstract

The Wiener index is defined as the sum of all distances between
all pairs of unordered vertices in a connected graph. Replacing the
ordinary distance by resistance distance in Wiener index, one gets
the Kirchhoff index which is defined as the sum of all resistance dis-
tances between all pairs of unordered vertices in a connected graph.
This two distance-based invariants are viewed as important mea-
sures associated with a (molecular) network which correlate nicely
to chemical and physical properties, and have been studied exten-
sively in the past decades. In this paper, we determine respectively
the graphs which have the maximum Wiener index and Kirchhoff
index among all connected graphs of order n with girth ¢ and max-
imum degree A. The corresponding extremal graphs are character-
ized completely.

1 Introduction

Let G = (V(G), E(G)) be a graph consisting of a finite set V (G) of vertices
and a finite set F(G) of edges. The degree dg(v) of a vertex v € V(G) is the
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number of vertices adjacent to v. The neighborhood Ng(v) of v is the set
of vertices adjacent to v in graph G. The maximum vertex degree of graph
G, denoted by A(G) or A for short, is the maximum degree of its vertices.
The girth g = g(G) of a graph G is equal to the length of a shortest cycle in
G. The distance dg(u,v) between a pair of vertices u and v in a connected
graph G is the numbers of edges of a shortest path connecting u and v.
As usual, we denote the path, cycle and star on n vertices by P,, C,, and
Ky n—1, respectively. If P = wujuy...u, is an induced path of length ¢
in G such that dg(ue) = 1, dg(u1) = dg(uz) = -+ = dg(ug—1) = 2 and
de(u) > 2, then we call P a pendant path with u as its origin and wuy as
its terminus. If £ = 1, the the pendant path P is called the pendant edge.

A topological index is a number to a (molecular) graph which remains
unchanged under graph isomorphisms. Distance-based topological indices
were investigated intensively in the past decades. Among the category of
distance-based topological indices, the Wiener index is regarded as the old-
est and most thoroughly studied invariant related to molecular branching.
It was introduced in 1947 by the chemist H. Wiener [24] who observed it
correlation with the chemical, physical and biological properties of certain
molecules and molecular compounds. The Wiener index W(G) of a graph
G is defined as the distances between all unordered pairs of vertices of a

connected graph G. That is

WE =Y dawo)=y Y D@lG),

{u,v}CV(G) weV(Q)

where D(u|G) denotes the sum of distances between u and all other vertices

D(u|lG) = Z d(u,v).

veV(G)

of G, namely,

The resistance distance was first introduced by Klein and Randié [13]
as a new distance function in 1993. For two vertices v and v in G, the
resistance distance rg(u,v) between u and v is defined as the effective
resistance between u and v in the electrical network for which nodes cor-
respond to the vertices of G and each edge of G is replaced by a resistor

of unit resistance.
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Analogy to the Wiener index, the Kirchhoff index of a graph G is
defined as [13]

KfG) = > TG(%U):% > RulG),

{u,v}CV(G) ueV(G)

where R(u|G) denotes the sum of resistance distances between u and all

other vertices of G, namely,

R(u|G) = Z ra(u,v).

veV(G)

Nowadays, due to their extensive applications there are still much in-
teresting work related to Wiener index and Kirchhoff index being reported
constantly. Some recent developments on Wiener index and Kirchhoff in-
dex can be referred to [1-10, 12, 14-18, 21-23]. The present paper was
motivated by a recent article of Horoldagva et al. [11] on average eccen-
tricity, where they obtained the maximum average eccentricity of graphs
of order n in terms of girth and maximum degree. We take further the line
of this extremal problem by investigating the Wiener index and Kirchhoff
index for graphs with given order, girth and maximum degree.

The rest of the paper is organised as follows. In Section 2, we first
recall some necessary known results for Wiener index and Kirchhoff index
and then give some lemmas and definitions which will be used in the proof
of the main results in the subsequent sections. In Section 3, we determine
the maximum Wiener index among all n order connected graphs with
given girth and maximum degree. In Section 4, we study the maximum
Kirchhoff index in graphs of given order, grith and maximum degree. In
the concluding Section 5 we pose some open problems arising from our

investigations.

2 Preliminaries

In what follows we recall some basic known results on Wiener index and

Kirchhoff index, and then give several lemmas and definitions which will
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be needed in the subsequent considerations.

It is well-known that dg(u,v) > rg(u,v) with equality if and only if
there is a unique path connecting vertices v and v in graph G. So, it is
clear that K f(G) = W(G) when G is a tree.

Let P, be the path of n vertices from the vertex u to the vertex v. The
most basic upper bound of W(G) states that, if G is a connected graph of
order n, then W(G) < W(P,) with the equality if and only if G = P,. It

is known that

W(P,) = K (P, = "=
and 1
DW|P,) = RulP,) = D(u|P,) = R(ulp,) = "1,

Let K -1 be the star with n vertices. Then we have
W(Kin1)=Kf(Kin1)=(n—1)>

Let C,, = v1vy...v, be the n-vertex cycle with vertices labeled consecu-

tively by v1,vs,...,v,. Then it is known that
de, (vi,v;) = min{j —i,n — j + i}

and o o
re, (vi7vj) _ (] B Z)[nn_ (] - Z)L

where 1 < i < j < n. It is easy to verify that max{dc, (v, v;) : v;,v; €
V(Cn)} = 2] and max{rc, (v;,v;) : vi,v; € V(Cp)} = L[ 2][2] with

n

equality if and only j —i = | §]. Moreover, for any v € V(C,,) we have

”2’1, is odd, 2 _
puicyy =4 7" and R(1]Cy) = " !

2 .
n 1S even

n
4>

The Wiener index and Kirchhoff index of cycle C), can be given respectively

by

, nis odd, n3 —n

n(n?—1)
8 —
and Kf(C,) = 5

W(Cn) =

’VLB 3
N n is even
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The following result is well-known in the literature.

Lemma 2.1. Let v be a cut vertex of a graph G, u and w the vertices
coming from different components which arise upon deletion of v. Then

we have dg(u, w) = dg(u,v)+dg(v,w) and rg(u, w) = re(u, v)+re(v, w).

Let v be a cut vertex of a graph G such that G — v consists two disjoint
subgraphs G; — v and G5 — v, then we denote the graph G by G1vGs.

From Lemma 2.1, one can derive Lemma 2.2 immediately.
Lemma 2.2. [19,20,25] Let G1vGy be the graph defined as above. Then

(i) W(G1vG2) = W(G1) +W(G2) + ([V(G2)[ —1)D(v|G1) + (IV(G1)| —
1)D(v|Go).

(ii) Kf(GivG2) = K f(G1)+K f(G2)+(|V(G2)|—=1)R(v|G1)+(|V(G1)|—
1)R(v|Gy).

By the definitions of Wiener index and Kirchhoff index, we can see that
this two indices are monotonically increasing when we delete an edge such

that the resulting graph remains connected.

Lemma 2.3. Let G be a connected graph of order n. If G — e is still
connected, then we have W (G —e) > W(G) and K f(G —e) > K f(G).

Lemma 2.4. Let G be the graph obtained from a graph H and a tree
Tr % Pr on k vertices by identifying one vertex of H and one vertex of
Ty, such that V(H) NV (Ty) = {v}, namely G = HvT,. We modify G to
obtain G' by replacing Ty, with Py, i,e., G' is obtained from H and a path
Py by identifying one pendant vertex of P with the vertex v of H. Then
we have W(G') > W(G) and K f(G') > Kf(G).

Proof. For atree Ty, % Py with k vertices, it is known that W (Py,) > W (T})
and D(v|P;) > D(w|Ty), where v is a pendant vertex of P, and w is an

arbitrary vertex of Ty. Then, according to Lemma 2.2, it follows that

W(G) =W (H) + W(Ty) + (|V(H)| — 1)D(v|T}) + (k — 1)D(v|H),
W(G") =W (H)+ W (P) + ([V(H)| — 1)D(v|Py) + (k — 1)D(v|H).
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Thus, we have
W(G") =W(G) = W(Px) =W (Ti) + ([V(H)| = 1)(D(v|Py) — D(v|T})) > 0,
which leads to W(G') > W(QG).

Analogously, by Lemma 2.2 one can get K f(G') > Kf(G). [ ]

Lemma 2.5. Let G be the graph obtained from a graph H by attaching
two pendant paths P = uujus ... us and Q = vvivy ... v to u and v in H,

respectively. Let G' = G — vv; + viug and G = G — uuy + uyv;.

(i) If D(v|H) < D(u|H), then W(G') > W(G). If D(v|H) > D(u|H),
then W(G") > W(Q).

(i) 1/ RGIH) < R(ulH), then K[(G') > Kf(G). If R(o|H) > R(u|I),
then K f(G") > Kf(G).

Proof. According to Lemma 2.2, one can get that

W(G) =W (PuH) + W(Q) + ([V(Q)| = 1) D(v|PuH)

+(IV(PuH)| = 1)D(v|Q) (1)

=W(QuH) + W(P) + ([V(P)| = 1)D(u|QuH)

+ (IV(QuH)| = 1) D(u| P), (2)
W(G') =W (PuH) + W(Q) + (IV(Q)] = 1) D(us| PuH)

+(IV(PuH)| = 1)D(v|Q), (3)
W(G") =W(QuH) + W(P) + (IV(Q)| = 1) D(v|QuH)

+ ([V(PvH)| = 1)D(ul P). (4)

If D(v|H) < D(u|H), then it is easy to see that D(v|PuH) < D(us|PuH).
Thus, from (1) and (3) we have

W(G') = W(G) = (V(Q)| = 1)(D(us| Pul) = D(v|PuH)) > 0,

which means that W(G') > W(G).
On the other hand, if D(v|H) > D(u|H), then it is obvious that
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D(u|QuH) < D(v¢|QuH). Thus, from (2) and (4) we have
W(G") = W(G) = (IV(Q)] = D)(D(v¢|QuH) — D(u|QuH)) > 0,

which implies that W(G") > W(G). We have thus proved the statement
(i)
Using Lemma 2.2, the proof of the second part of this lemma follows

in a similar manner. [ |

A—2
’”2%% RO
P Co
T4 Q@yymm
1
1
’ ’ AN
d d DY
I I AT
1 2 3
H Hn,g,A Hnyg,A
Figure 1. The graphs H;g N Hfz N and H;“"Lg A

Let ¢, (g, A) be the set of all simple connected graphs of order n with
the girth ¢ and maximum degree A. Then it must have g + A < n + 2.
Denote by H. }L g.a the graph obtained from C, by attaching A —2 pendant
edges and one pendant path of length n—g— A+2 to two opposite vertices
of C,, respectively. Denote by H2

n,g,

attaching A —3 pendant edges and one pendant path of length n—g—A+3

A the graph obtained from Cj by

to one vertex of Cy. Let Hf; 4.2 be the graph obtained by identifying two
pendant vertices of the path P,,_,_ a2 with the center of star K; A and
one vertex of cycle Cy, respectively. See Figure 1 for the graphs H}I g.A
HZ’Q’A and Hg’g’A. There is just one graph obtained by attaching A — 2

pendant vertices to a vertex of Cy in %, (g, A) when A =n — g+ 2. Thus,
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we consider in this paper that ¢ > 3 and 3 < A < n—g+ 1. Itis

easy to see that H) A, H. A € %u(g,A) for 3 <A <n—g+1and
H37g7A€E4n(g7A) for3<A<n-—g.

n

3 Maximum Wiener index of graphs with

given girth and maximum degree

In this section, we determine the maximum Wiener index among all graphs

in %,(g,A).
Theorem 3.1. Let G be a graph in %,(g, ).

(i) If g = 3 and A > 3, then W(G) < W(H? 4 A) with equality iff
G=H? A

(i) If A = 3 and g > 3, then W(G) < W(H? ,3) with equality iff
G=H? ;.

(iii) Let A = 4 and g > 4 is even. If 7 < n < 12, then W(G) <
W(H,ll)gA) = W(H,Zl!gA) with equality iff G € {H}L7g’4,Hg’g’4}. If
n > 12 and n=Yni-16n+48 vanlﬁnHB <g< n+vn?—16n+48 «/712;167L+48; then W(G) <

W(HS ) with equality iff G = H} . If g < "=ynlontis o

g > VRIS ypen W(G) < W(HL,,) = W(H2,,) with
equality iff G € {H,) , 4, H? , 4} If g =6 and n =12, then W(G) <
W(Hlye4) = W(Hbes) = W(Hiygs) with equality iff
G e {Hiyea Hiz64,HYy64}. If g =8 and n = 13, then W(G) <
W(H113,8,4) = W(H123,8,4) = W(Hf378,4) with equality iff

1 2 3
Ge{Hizg4, Hizg4,Hi384}-

(iv) Let A=4 and g > 5 is odd. If 8 <n <12, then W(G) < W(H? , ;)
with equality iff G = H7217g74. If n > 12 and "_7”12516"“‘8 < g <
7”7”25167”48, then W(G) < W(H3 , ;) with equality iff G = H} , ;.
If n > 12 and g < ”_7”12516”“‘8 or g > ’”'7”2;16"#18, then

W(G) < W(H ,,) with equality iff G = H}  ,. If g =5 and
n = 13, then W(G) < W(Hi35,4) = W(H?35,) with equality iff

G e {H123,5,47H§3,5,4}~
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(v) Let A=g=5. Ifn =11, then W(G) < W(H), 55) = W(H? 5 5) =

W (H; 55) with equality iff G € {Hy 55, Hy 55, Hy) 55} If n > 11,

then W(G) < W(H} 5 5) with equality iff G = Hj 5. If 9 <

n < 11, then W(G) < W(H}, 55) = W(H? 55) with equality iff
Ge{Hy55 Hy 55}

(vi) Let A > 5 and g > 5 is odd. IfA<n—g—L then W(G) <
W(HfbgA) with equality iff G = ng A- IfA >n—g-— L then
W(G) < W( ngA) with equalzty iff G = gA Ifg =5 and

A =n—06, then W(G) <W(H, 5, ¢) = W(Hn _g) with equality

iff G € {H, n5n 61H73L,5,n—6}'

(vil) Let A > 5 and g > 6 is even. If A < n—g - —4_. then we have
W(G) < W(Hf;gA) with equality iff G = ng A IfA >n—g- = 4,
then W(G) < W(H}lﬁg ) with equalzty iff G = n, A Ifg=06and
A =n—8, then W(G) < W(H, , A) = W(H, , ) with equality iff

Ge{H,gn s Hjgn s}

Proof. Let G* be a graph in %,(g,A) with maximum Wiener index. In
the following, we always assume that w is a maximum degree vertex in

G*.
Claim 1. G* is unicyclic.

Let E,, be the set of edges incident to the maximum degree vertex w and
C' a cycle of length ¢g in G*. If C is the unique cycle in G, then we are
done. Otherwise, there is another cycle C' in G. It is clear that there is
an edge e in C’ satisfying e € E,, U E(C). Then, one can consider the
graph G’ = G —e. Tt is easily seen that G’ € ¥4,,(g9,A) and W(G') > W(G)
by Lemma 2.3. If G’ is still not a uncyclic graph, then by the same
argument as above, one can finally arrive at a unicyclic graph G” such
that W(G*) < W(G’) < W(G"). Thus, the claim follows.

Claim 2. Let u be a cut vertex in G* other than the maximum degree
vertex w and T an induced subtree of G*. If G* = HuT and w ¢ V/(T),
then T is isomorphic to a path.
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Suppose to the contrary that G* can be viewed as the composition graph
HuT, where T is the induced subtree of G* and not isomorphic to a
path. Then we let G’ be the graph obtained from H by identifying a
pendant vertex of a path which has the same orders as T to u. Clearly,
G' €%,(9,A). By Lemma 2.4 we have W (G*) < W(G’), a contradiction.

Claim 3. G* has at most one pendant path such that its origin is
different from the maximum degree vertex, and G* has at most one

pendant path of length greater than one.

If G* has two pendant paths P = uz12s ...z and P’ = vvivy. .. vy, where
uFtw,vFw t>1and s > 1. Let G = G —uzy + z1v; and G =
G —vv; + v1z5. Clearly, G' € 9,(g,A) and G” € %,(g9,A). Then by
Lemma 2.5, we have W(G') > W(G*) or W(G") > W(G*), which is a
contradiction.

If G* has two pendant paths P = wz122...2s and P’ = wwjws ... w;
where t > s > 2, then let G’ = G — 2122 + 20w, and it is clear that
G' € 9,(9,A). By Lemma 2.4, we have W(G’) > W(G*), which is a
contradiction.

If G* has two pendant paths P = uz12s...2, and P’ = wwiws ... w;
where u # w, t > 2 and s > 1. Let G’ = G — uz; + z1w; and G” =
G — wyws + wozs. It is easy to see that G’ € ¥4,,(g,A) and G’ € 4, (g, A).
By Lemma 2.4 we have W(G’) > W(G*) or W(G") > W(G*), which is a
contradiction.

Thus, the claim follows.

Claim 4. Let C' = 122 ... 24 be the unique cyclic in G*. If G* has a
pendant path P with length greater than one and the maximum degree
w ¢ V(P), then G* = (Tz1C)x| 5|1 P, where T'is an induced subtree in
G*.

Clearly, from above we have G* = (Tz,C)a; P for some i € {1,2,...,g}
and T is an induced subtree which contains the maximum degree vertex
w. It can be easily verified that W((T'z1C)z;P) < W((T21C)x 141 P)
for any i # 1 and i # [ §]| 4 1. Thus, the claim follows.
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Claim 5. If the maximum degree vertex w is not on the unique cycle C,

then G* does not contain a pendant path of length greater than one.

Otherwise, let P := wujus ... us be a pendant path in G* and P’ := z (=
w)za ...z a path connecting the maximum degree vertex w to the cycle C,
where u, is a pendant vertex, z; € V(C), s > 2 and t > 2. If u € V(C), let
G' = G* — z;_12¢ + z;_1us. Then, by Lemma 2.2 and direct computation
one can get that W(G') > W(G*), a contradiction. If v = w, let G =
G* —{wv : v € Ng«(w) \ {z2,u1}} + {us—1v : v € Ng=(w) \ {z2,u1}}.
Then, by the use of Lemma 2.2 one can easily get that W(G") > W(G*),
a contradiction. The required claim follows.

From the discussion above, we can get G* € {H, , A, H? , A, HD | A},
see Figure 1. According to Lemma 2.2, one can get the Wiener indices of
H) ,a» Hi j A and HY | A, respectively, by direct calculations.

If g is odd, then we have

1 _ 5g°—6g%(n—2A+6)—g[12n(A—3)—12A*4+60A—79]
W(H, g A) = 24

+ 203 —n(6A%2—36A+53)+4A% —24A%2438A—12
12 ?

2 (=1 (2n—g) (g—n+A—4)(g—n+A—3)(2g+n+2A—-7)
N e e e

+ (n—1)(A-3),

W( 3 )_593—6g2(n+2)+g(12n+7)+4n3—2n(6A2—18A+17)
n,g,A) — 24

3_aA2_
_|_2A 3A6 5A+6'

If g is even, then we have

1 _ 59°—6g%(n—2A+6)—4g[3n(A—3)—3A%+18A—25]
W(Hn,gA) - 24

n n®—n(3A%—21A+31)+2A%—-15A%+31A-18
6 )
2 792(2n7g) (g—n+A—4)(g—n+A—-3)(29g+n+2A-7)
W(H g A) = S + 5

+ (n—1)(A-3),

R 5¢° g2 (n+2) g(3n+1) n®—n(3A2—9A+7)
W(HS  A) =% — + +
n,g,A 24 4 6 6
2A%_3A%_5A46
+ 3 .
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Furthermore, we have

WO - g=9)(A—D—2(n=g=A42) ¢ 5 5qd, 5)
n,g,A n,g,87 = (9—2)(A—4)2("—9—A+2), g is even,
(A—2)] 24 (—n+A—-3)+3n—3A+2] .
WHD, 8) — W(HS, A) = P A,
n,g,A n,g,A (Af2)[92+g(*n+2A*4)+4(”*A+1)], g is even
(6)
and
W(H2 , A) = W(HS ;o) =g°(A = 3) — g(A = 3)(n— A + 4)
+n(3A —8) — 3(A - 2)2 (7)

Next, we consider the following cases respectively.

If g = 3, then from (5) and (7) we have W(H, 3 o) = W(H? 3 5) =
A—n+1<0and W(H; 3 o) = W(H}] 3 o) =n—3>0. Thus, we get the
desired result (i).

If A =3 and g > 3, then from (5) and (7) we have

(9—=1)(g+1—n) ;
MTIRITITR) ), is odd,
W(Hvlz7g,3) - W(Hrzug,i%) Y _2)(2+1— ) ’
% <0, giseven,
and
W(H; ,3)—W(H), 3)=n—3>0.

Thus, we get the result of (ii).

If A =4 and g > 4 is even, then from (5) we have W(HTIL’QA) =
W(H? , ). It is easy to check that W (H2 , ;) > W(H3 , ) for 7<n <12
by (6). For n > 12, from (6) we have

W(H7117g74) - W(H;r);,gA) = (g — = 712516""1‘48) (g — ot n2;16n+48>.

It is easy to verify that 4 < 2= 20128 W <6 forn > 12, =¥ _OnTS V”2;16"+48 =

— N> /2
n+vn 216n+48 — 6 when n = 127 n—vn 216n-‘,—48 =5 and n+vn 216’)1-‘1—48 _

— 2_ 2 _ o .
8 when n = 13, and 2=¥1=_10n448 5y nbvnz-16n448 can not be positive
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integers when n > 13. Thus, we can get that W(H, ,,) < W(H} ,,)
for nfx/n2216n+4 < g < n+\/n2216n+4 W( ng4) > W( ng4) for

g < % or g > %’ W(H112,6,4) = W(H12,6,4) =
W(Hf2,6,4) and W(H113,8,4) = W(H123,8,4) = W(H%3,8,4)' The desired re-
sult (iii) follows.

If A =4 and g > 5 is odd, then from (5) we have W(H,) ,4) —
W(H? , ;) = g—n+2 < 0. It is east to check that W (H? , ,)—W (H} , ,) >
0 for 8 < n < 12. Now, we consider the case of n > 12. When A = 4,
Equation (7) can be phrased as

W(HQ’g’ ) W(Hg’g 4) (g _ n—v n2516n+48) (g _ n+\/n2;16n+48) )

Thus, we have that W(H, ,,) < W(H?,,) < W(H} ,,) for n > 12
and n—vn?— 16n+4 <g< n+vn?2—16n+48 16n+4 W( 94) > W( ng4) and

W(H , ) > W(H, ,,) for n 2 12 and g < nevniodindds o g
nbVnto16ntA8 and W(H54) = W(His54) > W(Hls5,4). Therefore,
the desired result (iv) holds.

Let g = A = 5. From (5) and (6) we have W (H,. 55) = W(H? 5 5)
and W(H), 55) — W(H} 55) = 3(11 — n) So, we have W(H{, 55) =
W(H? 55) = W(H}55) = 151 for n = 11, W(H, 55) < W(H, 55)
for n > 11 and W(Hp 55) = W(H255) > W(H 55) for 9 < n < 11.
Thus, we get the desired result (v).

Let g > 5 and A > 5. From (5) we have

[(9=3)(A—4)—-2](n—g—A+2) :
W(H}L’Q’A) . W(H?l,g,A) _ A4 2 s > Oa g 18 Odda
(g=2)(A= )2(”_9_ +2) >, g is even.

Thus, we get that W(H, , ») > W(H? , o) for g > 5 and A > 5.

From (6) we have
W(H}L,g’A) - W(H1:’3L7g,A> = %(g - 3)(A - 2) (A —n+g+ ﬁ)

for odd g > 5. Thus, we have W (H,, , ) > W(H} , A) for n — g——<
A<n—g+1, WH) ) < W(H,A) forA<n—g—Land

g—3
W(HL \)=W(HS _ A)forg=5and A=n—6.

n,g,A n,g,A



696

Similarly, we have
W(HY , ) = WHE ) = 39— DA =2)(A—n+g+ %)

for even g > 6. Thus, we have W (H,, , ) > W(H;} , A) for n— g——<
A<n—g+1, W( ngA)<W(H3 )forA<n—g—Fand
W(H, g ) = W(H,LQA)forngandAfn—S

Hence, the statements in (vi) and (vii) are proved. |

4 Maximum Kirchhoff index of graphs with

given girth and maximum degree

In this section we proceed to determine the maximum Kirchhoff index

among all graphs with given grith and maximum degree.

Theorem 4.1. Let G be a graph in 9,(g,A), where g > 3 and 3 < A <
n—g+1.

(i) Ifg=3 and A > 3, then we have K f(G) < Kf(H?l’&A) with equality
iff G = 3 A

(il) Let g = 4. If novnilondds o A o nbVn?—16ntd8 ypen K f(G) <
Kf(H} 4 A) with equalzty iff G = HJ 4 A IfA < D=Yni-16n+d8
or A > ntvnZ_16nt48 16”+4 , then K f(GQ) < Kf(Hng A) with equalzty iff
G = H2;,. If A= "iV"2—16"+4 , then Kf(G) < Kf(H3, A) =
Kf(H n4 A) with equality zﬁG c {Hn4 AvH2,4,A}~

(i) Let g > 5. We set 61(n,g) = “t3=2 (g=n) g;gng)ﬁg" 8 and
ba(n,g) = "5 gw (=t ;g"ﬁg”” 2 Ifﬂl(n 9) <A <fa(mg)
then K f(G )<Kf( gA) with equality iff G =2 gA If3<A<

01(n,g) or O2(n,g) < A < n—g+1, then Kf( ) < Kf( ngA)
with equality iff G = If A = 61(n,g) or A = 05(n,g),
then Kf(G) < Kf(H = Kf(H}, ) with equality iff G €

{ gA’ ngA}

ngA

ngA
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(iv) LetA:nfg+l and g > 5 is odd. If n < fﬁ%, then

Kf(G) < Kf(H? ;0 gs1) wzthequahtyzﬁG H? g1 Ifn>

3, 2
%, then Kf(G) < Kf(H) ,, ,+1) with equality iff G =
H’rlL,g,n g+1- ]f?’l = g+q+gl391 then Kf( ) < Kf(Hl,g,n g+1) =

Kf(H? gn—gt+1) With equality iff G € {H ngn gH,H,QL’g}nng}.

_ . 24g—12
(V)LetAfnngrlandg>6236ven Ifn<%,then
Kf(G) < Kf(H ngn g+1) With equality zﬁG n,g,n gt1- Ifn>
92;’%12 then we have Kf(G) < Kf(H, ,,_,+1) with equality iff
G ngn g+1- IfniM thean( )<Kf( ngn g+1)

Kf( n ,g,n— g+1) with equahty ZﬁG € { ng n— g+1)H721,g,n—g+1}'

Proof. Let G* be a graph in %,(g,A) with maximum Kirchhoff index.
Then, proceeding as in the proof of Theorem 3.1, one can get that G* e
{H,, ya HY g ay Hi A}, and the graphs HY A, Hy A and Hj) A are
illustrated in Figure 1. By Lemma 2.2 and a series of stralghtforward cal-
culations we can get the explicit expressions for Kf(H}L A), Kf(H? )
and Kf(H,, 3 ), respectively. If g is odd, then the Klrchhoff index of

Hl

n.g,a Can be given by

1 _ 3g%—g%(4n—9A+24)+g[n(24—9A)+9A% —48A+63]+2n>
Kf(H g A) - 12

_ n(6A%—42A+64)—4A®+30A%—65A+42  (A—2)(n—A+2)
12 4g ’

If g is even, then the Kirchhoff index of H} g.a can be given by

1 _ 3¢° 49 (—4n+9A—24)+g[n(24—9A)+9A% —48A463]
Kf(H g,A) - 12

n34n(—3A%4+21A-32)+2A%—15A%+31A—-18
5 .

+

The Kirchhoff indices K f(H , o) and K f(H} , A) can be given respec-
tively by

39°—2¢%(2n—6A —3g(2A—7)(2n—2A
Kf(H27gA):39 29%(2n—6 +21)123g(2 7)(2n—2A+7)

n34+n(—3A%4+27A—56)+2A% —21A%+67A—66
6

+
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and

3_o 2 3_n(3A2_9A IA3_3AZ_5A
Kf(H37q7 ) 39°—2g°(2n+3)+g(6n+3)+2[n 17;(3 9A+8)+ 3 5 +6].

Furthermore, we have

Kf(HrlL,g,A) - Kf(Hrgz,g,A)

[92(A76)749(A742;A+2}(n+2fng)’ g is Odd, .
B [g(A*6)74(A;4)](n+2*g*A)’ g is even, ()
Kf(Hrll,g,A) - Kf(HTSL,g,A)
(A—Q)[3g3+92(_3n+3A—i3)+g(8n—8A+9)—n+A—2]’ g is odd, .
B (A72)[392+g(73n+;3A710)+8(n7A+1)]’ g is even (%)
and

Kf(H?L,g, ) Kf( ,g, ):gQ(A—3)—g(n+4—A)(A—3)

—3(A —2)* +n(3A - 8). (10)

Next, we consider the following cases respectively.
If g =3 and A > 3, then from (8) and (10) we have

Kf(HLgn) — Kf(H2 5 ) = S

and
Kf(H?z,& ) — K f( n3A)—n—3>0.

Thus, we have K f(H} 5 ) > Kf(H, 5 1) and Kf(HJ 5 A) > Kf(H} 5 A)
for A > 3. The required result (i) follows.
If g =4 and A > 3, then from (8) and (10) we have

Kf(H)yn) = Kf(Hy 4a) =2(A+2—-n) <0
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and

R )~ K0 15) (5 - 2L ) (3 - o).

n) k)

Thus, we can get that Kf(HJ, ) > Kf<H24,A) > Kf(H) 4 ) for
n—vn?—16n+48 16n+4 < A < n++vn?—16n+48 16n+4 Kf( gA) > Kf( ngA) and

Kf( ngA)>Kf( ngA)fOrA<@orA>n+\/n221W

and Kf(H3, A) = Kf(H2, ) > Kf(H}, A) for A = @_
The required result (ii) follows.

If g>5and 3<A <n-—g, then from (9) we have

Kf(HflL,g,A) - Kf(Hg,g,A)

(A—2)(1-8g+3g%) —3g%+3¢%n+109g2—8gn—9g+n+2 .
_ 4g (A - 397—8g+1 ), g is odd,
) @a-2)3g-8) —3¢2+3gn+10g—8n—8 .
f(A - = g3g—8g )7 g is even,
Note that
- =39" 3¢ +109°~Sgn—0gtn+2 _ 2008042 o
n—g+1> 397—8g11 =n—g+iEgii>n—g
and
_ —3¢g%4+3gn+10g—8n—8 _ 29-8 _
n g—|—1> 39—8 =n g+3g—8>n g.

Thus we have K f(H} , A) > Kf(H) , A) forall A <n—g.

We can rewrite Equation (10) as

— —n)(g?—gn n—
Kf(H] ,A)— Kf(HS ,A) :<A — ey \/(g L 4(5—;:)%3 8))

% (A _ n+421—g _ \/(9—")(92—gn+g+3n—8))

4(9-3)

:(A - 91(”79))(A - 02(”79))7

where 61 (n, g) = “3=¢ \/(9 n)(g” 4—3";94‘3” 8 and 05(n, g) = s

(g—n)(g°—gn-+g+3n— 8)
4(9-3)

3_o 2 2 2 _Rp_3m2 —g—2\2
: g9°—29°n+g°"+gn“+2gn—8g—3n“"+8n  (n—g—2 _
It is easy to get that 1(5—=3) ( ) =
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% < 0, then we have

3 2 2 2 2
_ /g —2g"n+g"+gn“+2gn—8g—3n"+4+8n
O2(n,g) —(n—g+1) —\/ 4(g—3)
g+2—n n—g—2 g+2—m __
+H5— < —S—++H5— =0,

which means 63(n,g) <n—g+ 1.

Thus, we have Kf(H} ) > Kf(H) 6 A) and Kf(H} ) >
Kf( 'n,gA) for 91(’”‘ g) <AL HQ(” g) Kf(Hz,gA> > Kf( ngA) >
Kf( ngA) for 3 < A < 61(n,g) or 62(n,g) < A < n — g and
Kf( ngA) Kf( ngA) > Kf( ngA) for A = 61(n,g) or A =
O2(n, g). The required result (iii) follows.

If g>5and A =n—g+ 1, then we have G* € {H,
can get by (8) that

ngA’ ngA} One

Kf(HrlL,g,n—g+1) Kf( ngn g+1)

g —4g-1(  _ g°+g°—13g—1 ;
B T (n i1 ), g is odd,
2
g—4 _ g +g-—12
4 (Tl g—4 )’

g is even.

Thus, if g > 5 is odd, thenwehaver( ngn gr1) < Kf(H? ng— ngl)for
n<g'~'§+;3911 Kf(H, ngn g+1)>Kf( g ngl)forn>%
and Kf(H) ;. g11) = Kf( g q+1)forn—% If g > 6 is
even, thenwehaver( ngn gr1) < Kf(H? 9.0 g+1) forn<%
Kf(H nqn 1) > KF(HZ 0 0) for n > S22 and KCF(HY o0y
=Kf(H.,, ,11) forn = %. Hence, the statements (iv) and (v

follows.

.\_/\_/v

5 Open problems

In this paper we have obtained the maximum Wiener index and Kirchhoff
index for graphs of order n in terms of girth and maximum degree, respec-
tively. On the other side, what about the minimum value of Wiener index
(resp. Kirchhoff index) for graphs of given order, girth and maximum

degree? It is still an open problem.
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Problem 5.1. Determine the minimum Wiener index (resp. Kirchhoff

index) among all graphs of order n with given girth and mazimum degree.

It is also interesting to consider the problem restricted in 2-connected

graphs.

Problem 5.2. Determine the mazimum or minimum Wiener index (resp.
Kirchhoff index) among all 2-connected graphs of order n with given girth

and mazximum degree.

Similar questions can be asked for other important graph invariants,
such as the number of subtrees, matching energy, Hosoya index, Merrifield-
Simmons index, spectral radius, (signless) Laplacian spectral radius, dis-
tance spectral radius, Estrada index and so forth. We look forward to see

these problems solved in the near future.
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