M A I C H MATCH Commun. Math. Comput. Chem. 88 (2022) 625-642

L . . ISSN: 0340-6253
Communications in Mathematical A
and in Computer Chemistry doi: 10.46793/match.88-3.625Z

On Bond Incident Degree Indices of
Connected Graphs with Fixed Order and

Number of Pendent Vertices

Wenliang Zhou®, Shumei Pang®*, Muhuo Liu®,
Akbar Ali‘

@College of Economics and Management, and
Research Center for Green Development of Agriculture,

South China Agricultural University, Guangzhou, 510642, P.R. China
b International Business College, South China Normal University,
Foshan, 528225, P.R. China
¢ Department of Mathematics, South China Agricultural University,
Guangzhou, 510642, P.R. China
4 Department of Mathematics, College of Science,

University of Ha'il, Ha'il, Saudi Arabia
zhouwenliangscau@163.com, pangshumeil979@163.com, liumuhuo@163.com,

akbarali.maths@gmail.com

(Received March 2, 2022)

Abstract

The graphs having the maximum value of certain bond incident
degree indices (including the second Zagreb index, general sum-
connectivity index, and general zeroth-order Randié¢ index) in the
class of all connected graphs with fixed order and number of pen-
dent vertices are characterized in this paper. The problem of finding
graphs having the minimum values of the second Zagreb index and
general zeroth-order Randi¢ index from the aforementioned class of
connected graphs is also addressed. Ome of the obtained results
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about the first Zagreb index has already been proved in the pa-
pers [I. Gutman, M. Kamran Jamil, N. Akhter, Trans. Combin.
4 (2015) 43-48] and [M. Enteshari, B. Taeri, MATCH Commun.
Math. Comput. Chem. 86 (2021) 17-28]; however, it is proved
here by another method with a short proof. Moreover, one of the
obtained results concerning the second Zagreb index gives a par-
tial solution to a problem attacked in the aforementiond paper of
Enteshari and Taeri.

1 Introduction and statements of the main

results

Throughout this paper, we consider only simple connected graphs. The
edge set and vertex set of a graph G are denoted by E(G) and V(G),
respectively. Let dg(u) denote the degree of a vertex u of G. We write
d(u) instead of dg(u) whenever there is no confusion about the graph
under consideration. Those (chemical) graph theoretical terminology and
notation that are used in this paper, but not defined here, can be found
in some relevant books, like [5, 6,24, 26].

A graph invariant is a function ® defined on the set of all graphs such
that the equation ®(G) = ®(G’) holds whenever the graphs G and G’ are
isomorphic. A graph invariant may be a numerical value (for example,
size of a graph), a polynomial (for example, the matching polynomial of
a graph), set of numbers (for example, the spectrum of a graph), etc. In
chemical graph theory, a graph invariant assuming a single number for a
graph is known as a topological index [26]. In the present paper, we are
concerned with the topological indices defined in the following way [9,13]

for a graph G:

BID,(G)= Y (d(u),dv)), (1)

weE(G)

where ¢ is a real-valued symmetric function. Following Vukicevié¢ and
bBurdevié¢ [25], we call the topological indices of the form (1) as bond
incident degree (BID) indices. These indices are sometimes referred

to as the connectivity functions [27] of G. If f is a real-valued function
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such that ¢ (d(u),d(v)) = f(d(u))/d(u)+ f(d(v))/d(v), then Equation (1)
yields

BID,(G)= > [f(d(“))jtf(dd(v))]: > fdw). (2

uwveE(G) d(u) (’U) veV(G)

We remark here that the right equality of Equation (2) follows from a
more general result reported in [7]. Following Yao et al. [29], we denote
the rightmost expression of (2) by H(G) and refer to such indices as the
vertex-degree-function indices of G. It seems that these indices were
first considered by Linial and Rozenman [18]. The vertex-degree-function
indices Hy, being simple types of BID indices, have attracted considerable
attention from researchers recently; for example, see the recent papers
[1,3,14,15,22,23,29], recent review [16], and the related references listed
therein.

The first and second Zagreb indices of a graph G, usually denoted by
M;(G) and M3(G), respectively, are defined as

Mi(G) = Y [dw)]® and Ma(G) = Y d(u)d(v).

uweV(G) weEE(G)

The first Zagreb index was appeared almost fifty years ago in [12] while
the second Zagreb index was introduced in [11]. They were extended
to zeroth-order general Randié index R?(G) and general Randié

index R, (G) of G, respectively, where

RYUG)= Y [dw)]"and Ro(G)= > (d(u)d(v))",

ueV(G) weE(Q)

where « is a real number. Denote by x.(G) and Pl,(G) the general
sum-connectivity index and general Platt index of G, respectively,

where

Xa(G) = Y (dw)+d(v))"and Plo(G) = Y (d(u)+d(v)—2)".

uwweE(G) uwveE(G)

The concept of general Randi¢ index was firstly proposed by Bollobas and
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Erdés [4], the zeroth-order general Randi¢ index was firstly put forward
by Li and Zheng [17], the general sum-connectivity index was introduced
by Zhou and Trinajstié¢ [31], and the general Platt index of G was firstly
studied by Ali and Dimitrov [2]. Actually, the topological indices R, (G),
RY(G), Xa(G), and Pl,(G) are special cases of (2) and general cases of
many famous topological indices. For instance, M;(G) = R9(G) is the
first Zagreb index, M2(G) = R1(G) is the second Zagreb index, R?,(G)
is called the inverse degree ID(G) of G (see [28]), R_1(G) is mostly
referred to as the Randi¢ index of G [21], x_1(G) is famous with the
name sum-connectivity index of G [30], and Ply(G) is known as the
reformulated first Zagreb index of G [20].

As usual, the path, star, and complete graphs with n vertices are de-
noted by P,, K11, and K, respectively. As in [8], let D, be the tree
obtained from the path graph P, _,_; by attaching s pendent vertices to
one of its end vertices and ¢ pendent vertices to the other end vertex. Let
K,(f_) » be the graph obtained from the complete graph K, by attaching
p pendent vertices to one vertex of K,_,. Denote by (Cgf ) the class of all

connected graphs with n vertices and p pendent vertices. Let

Dn;n—371 ifp=n-2,
Go = 3)
KD, if0<p<n-—3.

Theorem 1. In the class C&p) with 0 < p <n—2andn > 4, the graph
Go uniquely attains the mazimum values of X, Pl and R for a > 1

and mazximum value of Ms.

We note that each of the BID indices considered in Theorem 1 satisfies
the inequality BID,(G + uv) > BID,(G) for every pair of non-adjacent
vertices u and v of a graph G. This observation implies that a graph
attaining the minimum value of any of the aforementioned BID indices in
the class CSf’), with 2 < p < n —2 and n > 4, must be a tree. Denote
by 'H‘%p ) the class of trees with n vertices and p pendent vertices, where
2<p<n-—2

Theorem 2. Let Fy be a tree having the minimum value of RS in the
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class ']T%p). If a>1 and s = H—:ﬂ + 2, then Fy has the degree sequence

71'0:(80,...780,80—1,...,80—1,1,...71), (4)
—— ——

to n—p—to p
where tg = p(sg — 2) — n(sg — 3) — 2.

The following result has been proved by Gutman and Kamran Jamil
(see Theorem 4.1 of [10]) and Enteshari and Taeri [8] gave another proof
using different method. Actually, it follows immediately from Theorem 2.

Corollary. [8,10] If T* is a tree with the minimum first Zagreb index in
the class T%p), then T* has the degree sequence g, where mg is as defined
in (4)

In [8], it has been shown that D, 2 | 127 uniquely attains the minimum
second Zagreb index among all trees of T%’) for p € {2,3,4,n — 3,n — 2}.
Here, we extend this result to the case when n > 3p — 5 and p > 4 (by
finding a lower bound on M, for nontrivial trees in terms of n and p for
any n and p). By a branching vertex of a graph, we mean a vertex with
degree at least three. Let To(n,p) be the class of all trees with n vertices,
maximum degree 3 and p pendent vertices such that every pendent vertex is

adjacent to a branching vertex and no two branching vertices are adjacent.

Theorem 3. If T is a tree with n vertices and p pendent vertices, then
My (T) > 4n + 3p — 16,

with equality if and only if T € To(n,p) U {Kl’g, K1’4}.

Forn > 3p—5and p > 4, we can construct a tree T belonging to 7o(n, p)
explained as follows: If p = 4 then n > 7 and hence D,.29 € To(n,4). If
p > 5 then we obtain T' € To(n,p) by adding one edge between a pendent
vertex pertaining to a tree of To(n — 3,p — 1) and the center of the star

K 2. This observation leads to the next corollary of Theorem 3.

Corollary. If4 < p < ™2 then the member(s) of To(n,p) is/are the only
tree(s) with the minimum second Zagreb index in the class of trees with n

vertices and p pendent vertices.
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2 Proofs of Theorems 1 and 2

We start this section with some definitions that are needed in the remaining
part of this paper. A k-vertex of G is a vertex with degree k. A vertex
adjacent to at least one pendent vertex is called a quasi-pendent vertex.
Let Ng(u) denote the set of neighbors of a vertex u of a graph G. Hereafter,
let G be a connected graph, and let u and v be two vertices of G such that
{wy,wa,...,ws} € Ng(v) \ (Ng(u) U{u}), where 1 < s < d(v). Denote
by

G =G —vw; —vwg — -+ — VWs + uwWy + vwsg + - - - + UW;.

Lemma 1. [19] If f(x) is a strictly convez and strictly increasing function,
then Hy(G*) > H;(G) when dg(u) > dg(v) and Hy(G) > Hy(F) when F
s a proper subgraph of G.

Proposition 4. Let G be a graph with the mazimum H¢(G) in C%p), where
0<p<n—2andn>4. If f(x) is a strictly convex and strictly increasing
function, then G = G, where Gy is as defined in (3).

Proof. By Lemma 1, H¢(G) > H;(F') holds for any proper subgraph F'
of G, which implies that G is obtained from K, _, by adding p pendent
vertices to some vertices of K, .

The cases p = 0, 1, are trivial. When 2 < p < n — 2, we only prove the
case of p = n — 2, as the remaining cases can be proved similarly. Since
p=n—2,G=Dpsnos Wheren —s—2 > s >1. If s > 2, then
G* = G — vwy + uw, is also a tree with n — 2 pendent vertices, where
dg(v) =s+1,dg(u) =n —s—1, and w; is a pendent neighbor of v. By
Lemma 1, we have Hy(G*) > H;(G), a contradiction. |

A symmetric bivariate non-negative function f(x,y) defined on positive
real numbers is called a special function if the inequalities % > 0,
plz+1,2)+o(y—1,2) > ¢(z,2)+¢(y, 2) and p(z+1,y—1)+p(z+1,1) >
o(z,y) + ¢(y,1) hold for any = > y > 1 and z > 1. Note that if p(z,y)
is a special function and if G is a connected graph with wv ¢ E(G), then
BID,(G + wv) > BID,(G).
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Proposition 5. Let G be a graph with the mazimum BID,(G) in (CS{J),

where 0 < p < n—2andn > 4. If p(x,y) is a special function, then
G = Gg, where Gy is defined in (3).

Proof. Since ¢(z,y) is a special function, G is obtained from K,_, by
adding p pendent vertices to some vertices of K,,_,. If 0 < p <1 then the
result trivially holds. In what follows, we assume that 2 <p <n — 2.
Casel. p=n— 2.

Since p=n—2, G = Dy5p_2-5, where n —s —2 > s > 1. Contrarily,
assume that s > 2. Note that G* = G — vwy + uw; is also a tree with
n — 2 pendent vertices, where dg(v) = s+ 1, dg(u) =n — s — 1, and w,
is a pendent neighbor of v € V(G). Since n > 2s 4+ 2 and % >0, we

have

BID,(G*) — BID,(G)

—p(n = 5,) + (5 — (s, 1) + (n — 5 — D)p(n — 5,1)
—pn—1-s,8s4+1)—sp(s+1,1)—(n—s—2)p(n—s—1,1)
=s(p(s,1) + p(n—s,1) —p(n—1—15,1) — p(s +1,1))
+(n—2s—2)(p(n—s,1) —p(n—1-s,1))
+on—s,8)+pn—s1)—pn—s—1,s+1) — ¢(s,1)
>pn—s,8)+pn—s1) —pn—1—ss+1)—¢@(s,1)
>p(s+1,1) — (s, 1) > 0,

contrary with the choice of G.

Case 2. 2<p<n-—3.

Recall that G is obtained from K,,_, by adding p pendent vertices to some
vertices of K, _,. It suffices to show that all of these p pendent vertices
are adjacent to the same vertex of K,_,. Suppose to the contrary that u
and v are two quasi-pendent vertices of K,,_, adjacent to ¢ and s pendent
vertices, respectively, where ¢ > s > 1. This implies that dg(u) =n —p —
1+t > n—p—1+s =dg(v) > 3. Let ug, ug, . .., Un—p—2 be the non-pendent

vertices of G different from v and v. Let G* = G —vwy + uwq, where w; is
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a pendent vertex adjacent to v. From the definition of BID,(G), we have

BID,(G*) — BID,(G)
=p(dg(u) + 1, da(v) = 1) + (s = De(da(v) — 1,1)
+ (t+ De(da(u) +1,1) — ¢(dg(u), dg(v) — sp(da(v), 1)

n—

— to(da(u),1) + Z )+ 1 da(wi)) + ¢(da(v) — 1,de(ui))
=1

— p(da(u), da(u) — p(da(v), da(us))]
>(s — 1) [p(da(v) = 1,1) + ¢(dg(u) +1,1) — p(da(u), 1) — ¢(dg(v), 1)]
+(t+1-9)[pda(u) +1,1) — p(da(u),1)] + p(de(u) + 1,dg(v) — 1)
+¢(dg(u) +1,1) = p(dg(u), da(v) — ¢(dg(v),1)
>(t+1-s)[p(de(u) +1,1) — p(dg(u),1)] > 0,

a contradiction. [}

Proof of Theorem 1. Let f(z) = z%, vo(z,y) = (x+y—2)%, p1(z,y) =
(x + y)*, and @o(z,y) = a2y, where « > 1. The function f is strictly
convex as well as strictly increasing because f(z) = a(a—1)z*~2 > 0 and
f'(x) = az®~ > 0. By Proposition 4, G uniquely attains the maximum
value of R? among all the members of P for a > 1.

In what follows, we prove that each of the functions g, @1, @2, is a
special function and hence by using Proposition 5 we arrive at the desired
conclusion.

Since o > 1, we conclude that ¢1(x +1,2) + 01(y — 1,2) = (z + 1+
D (y+ 2= 12 (@ +2) + (y+2)° = i@, 2) + iy, 2), P =
alz+y)* >0, oz +Ly—1)+ei(z+1,1) = (x+y)* + (x +2)°
(x+9)*+ (y+1)* =o1(z,y) + ¢1(y,1) hold for x > y > 1 and z > 1.
Thus, @7 is a special function. In a similar way, we can verify that g is
also a special function.

Finally, we note that go(z+1,2)+¢2(y—1,2) = z(x +y) = a(x, 2) +
pa(y,2), 0 =y > 0, and po(e + Ly — 1)+ pa(z+1,1) = pa(a,y) +
wa2(y,1) hold for x >y > 1 and z > 1. Thus, s is also a special function.

|
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Let D = (dy,ds,...,d,) and D* = (df,d;,...,d) be two different
degree sequences of two graphs where d; > d; and dj > d; whenever ¢ < j.
We write D<D* if and only if >, d; = >, df, and Zgzl d; < S dr

=1 "

for all j = 1,2,...,n, provided that the inequality Zgzl d; < Zj dr

i=1"

holds for at least one j € {1,2,...,n}. In [19], the next lemma has been

proven.

Lemma 2. [19] Let G and G* be two graphs with the degree sequences D
and D*, respectively. If D <D* and f(x) is a strictly convex function on
x> 1, then Hy(G) < Hy(G*).

As shown in Theorem 4.2 of [29], if f(z) is a strictly convex function

defined on = > 1, then the trees with the degree sequence

(p,2,...,2,1,...,1)
—— N —
n—p—1 p

(»

has the maximum value of H; among all trees of Ty ); the following theo-

rem can be considered as the minimal version of this result.

Theorem 6. Let T™ be a tree having the minimum value of Hy in T%p).
If 59 = H;_ﬂ + 2 and f(x) is a strictly convex function on x > 1, then

T* is a tree with the degree sequence o, where T is defined in (4).

Proof. Because of Lemma 2, it suffices to show that mg is minimum
with respect to the relation ‘<’. Let D* = (df,ds,...,d}) be the degree
sequence of a tree belonging to the class T%p ) such that D* # mo. Denote
by to = p(so —2) —n(so —3) — 2 and mg = (d1,ds,...,dy), that is,
di =dy = - =dyy = 50 and dyy41 = dg42 = - = dp—p = 50 — 1.
To complete the proof, it suffices to show that

idi gidf (5)

i=1 i=1

forall1<j<n-—np.
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If di < sp—1, then

2n—1)=di +ds+-- +d

<= +p=00-p) ([ 222] +1) 40

n—p

a contradiction. Thus, d > so. If dj,_,, > so, then (5) holds and we are
done. In what follows, we suppose that there exists k with 1 < k <n—p—1
such that df > --- > dj > sg andd,’;Jr1 <sg-—1.

Since (5) already holds for 1 < j < k, we take j satisfying k + 1 <

j<n-—p Sinced, , <dy , << diy <df < <dpy <
Soflzdn—p:dn—p—l:"':dto+1<50:dt0:dt0—1:"':d1 and

k+1<j<n-—p, we have

i+ dy 4 di=2n—1)—p—d_, - — iy,
>2n—1)—p—(n—p—j)(so—1)
22(n—1)—dj+1—dj+2—-~-—dn

=d1+d2+"'+dj7

which implies that (5) holds. This completes the proof. ]

One can easily checked that Theorem 2 follows from Theorem 6, as

f(x) = x® is a strictly convex function defined on x > 1 for @ > 1.

3 Proof of Theorem 3

This section is dedicated to the proof of Theorem 3. Recall that a branch-
ing vertex of G is a vertex with degree at least three. Let ¢(G) be the

branching number, that is, the number of branching vertices of G.

Lemma 3. [8] Let T be a tree onglp), where2 <p <n-2. If1<q(T) <2
and T # Dn;L%j,[%]? then My(T) > My (Dn;ng,[%])'

A special vertex is a quasi-pendent vertex having at most one non-

pendent neighbor. For any two vertices x and y of a tree T', let Py, be the
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unique path connecting the vertices = and y.

Lemma 4. Let x,y be two non-pendent vertices of a tree T' such that x is
a quasi-pendent vertex of T. Ify is not a special vertex and dp(y) > dr(x),
then there exists another tree T' such that My(T') < Ms(T), where T and

T’ have the same degree sequence.

Proof. Suppose that w; is a pendent vertex adjacent to x. Since y is not
a special vertex, y is adjacent to some non-pendent vertex y; such that
Y1 € Ppy. Let T" = T +ays +ywi —awi —yyi. Since dp(y1) > 1 = dr(w:)
and dr(z) < dr(y), we have My (T") — Ma(T) = (dr(y) — dr(z)) (dr(w:) —
dr(y1)) < 0. Now, it is easily checked that T” is a tree containing the same
degree sequence as T'. |

Recall that 7o(n,p) is the class of trees with n vertices, maximum
degree 3 and p pendent vertices such that every pendent vertex is adjacent
to a branching vertex and no two branching vertices are adjacent. If T €
To(n,p), then let n; be the number of vertices of degree i of T and let
m; ;(T) be the number of those edges of T" whose one end-vertex is an
i-vertex and the other one is a j-vertex. By a fact reported in [8], it holds

that
p

=3
which gives ng = p — 2. Since my 3(T) = p, we have mg 3(T) = 3ng —
m1,3(T) = 2(p—3). Combining this with |E(T)| = n — 1, we can conclude
that

m1,3(T) =D, mQ,Q(T) =n-—= 3p + 57 and m2,3(T) = 2(p - 3)7

which implies that
My(T) = 4n + 3p — 16.

Proof of Theorem 3. For n = 1,2, 3, the result trivially holds, as T
must be a star. If p =n —1 > 3, then T = K; ,,_1 and thus My(T) =
(n—1)2>4n+3(n—1) — 16 = 4n + 3p — 16, with equality if and only if
T e {K1,3, K1,4}. Next, we prove the theorem by induction on p, where
2 < p < n—2. The result is trivial for p = 2, because n > 4 and
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M5(P,) = 4n — 8 > 4n — 10. Also, if p = 3 and n > 5, then from Lemma
3 it follows that Ms(T) > M2(Dn;L%H%1) = 4n — 6 > 4n — 7. Hence,
the induction starts. Assume that p > 4. Then, n > p+2 > 6. Take T
as a tree belonging to Tﬁf” such that Ms(T) is as small as possible. To
complete the proof, it suffices to show that My(T) > 4n + 3p — 16 with
equality if and only if T' € To(n, p).

We first suppose that at least one quasi-pendent vertex, say
zo, of T is a 2-vertex. Since p > 4, T contains at least one branching
vertex. By Lemma 4, we can conclude that each branching vertex of T’
must be a special vertex. Now, let yo be a branching vertex of T' such
that the distance between xy and yg is as small as possible. Since each
branching vertex of T must be a special vertex, yo is a special vertex
and it is the unique branching vertex of T. Now, we can conclude that
T = Dyyp-1,1. Combining this with p > 4, it follows that My(T) =
pp—1)+2p+2+4n—2—p)=p(p—3)+4n—6 > 4n + 3p — 16, as
required.

Next, we suppose that each quasi-pendent vertex of T is a
branching vertex.

Case 1. T contains at least one quasi-pendent vertex with degree
greater than 3.

Let ug € V(T') be a pendent vertex adjacent to an s-vertex u, where s > 4.
Take Np(u) = {ug, w1, .., Up_1,Up, Upt1, ..., us—1} Where dr(u;) = 1 for
all i € {0,1,...,r — 1} and dp(u;) > 2 for all j € {r,r +1,...,s — 1},
with » > 1. Certainly, T — ug is a tree with n — 1 vertices and p — 1 pen-
dent vertices. By using the inductive hypothesis, we have My (T — ug) >
4(n —1) 4+ 3(p — 1) — 16. Combining this with s > r and s > 4, we have

MQ(T) = MQ(T — Uo) +s4+r— 1 + SidT(uj)

j=r
>4n—1)4+3(p—1)—16+s+r—1+2(s—r)
=@4n+3p—16)+ (s —7r)+ (25 = 8)
> 4n + 3p — 16,

as desired.
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Case 2. Every quasi-pendent vertex of T is a 3-vertex and T con-
tains at least one quasi-pendent vertex having only one pendent
neighbor.

Let w € V(T) such that Np(u) = {uo,u1,uz} where dr(ug) = 1 and
2 < dr(ur) < dr(ug). Certainly, T — ug is also a tree with n — 1 vertices

and p — 1 pendent vertices. By using the inductive hypothesis, we have

My(T) = Mo(T — ug) + dp(u1) + dr(uz) + 3
> (4n 4 3p — 16) + dr(u1) + dr(uz) — 4
> 4n + 3p — 16,

where the equation My(T — ug) = 4(n — 1) + 3(p — 1) — 16 holds if and
only if T —wug € To(n—1,p — 1) and dr(u1) = dr(uz) = 2; that is, if and
only if T € To(n,p).

Case 3. Every quasi-pendent vertex of T is a 3-vertex and T
contains at least one quasi-pendent vertex having two pendent
neighbors and a neighbor of degree greater than 2.

Let w € V(T) such that Ny (u) = {ug, u1,uz} where dr(ug) = dr(uy) =1
and dy(uz) > 3. Let Ty be the tree formed from 7" by deleting the vertices
ug and u;. Then, T} is a tree with n— 2 vertices and p—1 pendent vertices.

Since n — 2 > 4, by using the inductive hypothesis, we have

Mg(T) = MQ(Tl) + 2dT(U2) + 6
> (4n 4+ 3p — 16) + 2dr(u2) — 5
> 4n + 3p — 16,

as desired.

Case 4. Every quasi-pendent vertex of T is a 3-vertex, which has
two pendent neighbors and a neighbor of degree 2.

We first assume that the maximum degree of T is at least 4. By our
hypothesis, the vertex with maximum degree of T is not a quasi-pendent
vertex and thus it is not a special vertex, which is contrary with the choice

of T and Lemma 4. Next, we suppose that the maximum degree of T is
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equal to 3.

If the maximum degree of T is 3 and no two branching vertices of T’
are adjacent, then T € To(n,p) and hence Mo (T') = 4n + 3p — 16.

Next, we suppose that the maximum degree of T is 3 and it contains
at least one pair of adjacent branching vertices. Let ugvy be an edge of T
with dr(ug) = dr(vg) = 3. Let wp be a pendent vertex of T such that wy is
connected with vy in T'—ugvg. Let T be the tree formed from T by deleting
the edge upvy and then adding the edge upwg. Then, Ts is a tree with n
vertices and p — 1 pendent vertices. Suppose that Nr(vg) = {ug, w1, ua}.
Since every quasi-pendent vertex of T is a 3-vertex, which has two pendent
neighbors and a neighbor of degree 2, dr(u1) > dr(u2) > 2. By using the
inductive hypothesis, we have

MQ(T) = MQ(TQ) + dT(ul) + dT(U,Q) >4n + 3(p — 1) —16+4
> 4n + 3p — 16,

as desired. ]

4 Further discussion

As indicated in Corollary 1, the bound on Ms for trees of Tg’ ) given in

Theorem 3 is best possible when 4 < p < ”T*S The following result gives

the best possible bound on M5 for members of T%’) when p € {2,3,4,n —
3,n—2}.

Lemma 5. [8] Ifp € {2,3,4,n—3,n—2}, then D, 2| 12} uniquely attains

the minimum second Zagreb index among all trees in the class T%p).

Thus, it seems to be an interesting problem to characterize the trees

)When"T%<p§n—4.

In what follows, we take T € T%p ) such that M5(Tp) is as small as
possible. We may suppose that ¢(Tp) > 3 by Lemma 3. With the similar

having minimum value of Ms in the class TP

argument as Lemma 4, we have

Lemma 6. Let xg,yo be two non-pendent vertices of Ty such that xq is a

quasi-pendent vertex. If yo is not a special vertez, then dr,(yo) < dr,(xo)-
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In what follows, we give more properties of Ty. Firstly, from Lemma

6, we conclude that the following claim holds.

Claim 1. Let xg and yg be two non-pendent vertices of Ty.

(7) If they are quasi-pendent vertices and they are not special vertices, then
dr, (z0) = dr, (yo);

(it) If zg is a special vertex and yo is not a special vertezx, then dr,(xg) >
dTo (yO);

(#i7) If z¢ is a quasi-pendent vertex and yo is not a quasi-pendent verte,
then dr, (zo) > dr, (yo);

(iv) To must contain a special vertex with mazimum degree A.

Claim 2. Let xg and yo be two branching vertices of Ty. If xoyo € E(Tp),
then Ty contains no edge ugvg with dr,(ug) = dr, (vo) = 2.

Proof. By contradiction, we assume that ugvg € E(Tp) with dr, (ug) =
dr,(vo) = 2. We may suppose that vg, o & Pyyu,- Let To = Ty + zoup +
YoVo — ToYo — UpVo. Then, Ts is also a tree with n vertices and p pendent
vertices such that Ms(Th) — M2(Ty) = (dr,(2z0) — 2) (2 — dr, (o)) < O,
contrary with the choice of Tj. |

Claim 3. Let zg and yy be two special vertices of Ty and x,y be two
non-pendent vertices adjacent to xo and yo, respectively. Then, dr, (o) >
dr, (y). Furthermore, if dr,(xo) < dr,(yo) and yzo & E(Ty), then dg, (x) >
dr, (y)-

Proof. Let 21 be a pendent vertex adjacent to xqg and T3 = Ty + xoyo +

yx1 — yyo — Tox1. Then,

Ms(T3) — Mx(To) =dr, (z0)dr, (yo) + dr,(y) — dr,(z0) — d1, (v)dT, (Y0)
=(dr,(yo) — 1) (dr, (w0) — dr, (y)) >0

and thus dg, (zo) > dr, ().

Let Ty = Ty + woy + yox — yyo — xox. Then, My(Ty) — M (Tp)
(dr, (o) —dr, (z0)) (dr, () —dr, (y)). By the choice of Ty, we have dr, (z)
dr,(y) when dr,(20) < dr, (o).

| Y
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Claim 4. Let zog and yy be two special vertices of Ty and x,y be two
non-pendent vertices adjacent to xo and yo, respectively. If dr,(x) >
dr, (y), then dr,(yo) > dr,(vo) — 1. Furthermore, if dr,(z) > dr,(y),
then dr, (yo) > dr, (zo)-

Proof. Since xg and yq are two special vertices of Ty, o and yg are adja-
cent to exactly dr, (z9) — 1 and dr, (yo) — 1 pendent vertices, respectively.
Assume that dr, (o) —2 > dr, (yo) > 2. Denote by T5 = Tp + yox1 — ToZ1,
where x; is a pendent vertex adjacent to xy. Then,

Ms(T5) — M2(To)
= (dr,(z0) — 1) (dr, (@) + dr, (w0) — 2) + (dry (y0) + 1) (dr, (o) + dr, (y))
— dr, (o) (dr, () + dy (x0) — 1) — d, (yo) (dr, (y) + dr (y0) — 1)

= dr,(y) — dr, () + 2(d7, (yo) — dr, (z0)) +2 <0, (6)

contrary with the choice of Ty. By (6), with the similar reason, we can

show the Furthermore part. |
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