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Abstract

For a simple graph G with vertex set {v1, v2, . . . , vn} and edge
set E(G). The Sombor matrix S(G) of G is an n×n matrix, whose

(i, j)-entry is equal is
√

d2i + d2j , if i and j are adjacent and 0, oth-

erwise. The multi-set of the eigenvalues of S(G) is known as the
Sombor spectrum of G, denoted by µ1 ≥ µ2 ≥ · · · ≥ µn, where µ1 is
the Sombor spectral radius of G. The absolute sum of the Sombor
eigenvalues if known as the Sombor energy. In this article, we find
the bounds for the Sombor energy of G and characterize the corre-
sponding extremal graphs. These bounds are better than already
known results on Sombor energy.

1 Introduction

We consider only connected, simple and undirected graphs. A graph is

denoted by G = G(V,E), where V = {v1, v2, . . . , vn} is its vertex set and

E containing pairs of unordered vertices is its edge set. The cardinality of

V is the order n and the cardinality of E is the size m of G. The degree of

a vertex v in G is the number of edges incident with v and is denoted by

dv. A graph is called regular, if degree of each vertex is same number. We
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follow the standard terminology, Kn, Ka,b, and Pn, respectively, denote

the compete graph, the complete bipartite graph, the path graph. The

complete multipartite graph byKn1,n2,...,nt , t ≥ 3, the complete split graph

with clique size ω and the independence number α = n−ω by CS(ω, n−ω).

For other undefined notations, we follow [1].

The adjacency matrix A(G) of a graph G is a (0, 1)-square matrix of

order n×n, where (i, j)-entry is 1, if vi is adjacent to vj and 0, otherwise.

The multi-set of eigenvalues of A(G) is known as the spectrum of G. As

A(G) is real symmetric, so its eigenvalues can be ordered as λ1 ≥ λ2 ≥
· · · ≥ λn. For connected graphs, A(G) is non-negative and irreducible,

so by Perron Frobenius theorem, λ1 is unique positive real number and

its corresponding eigenvector has positive entries. Let M be a square

matrix of order n and σ1 ≥ σ2 ≥ · · · ≥ σn be the singular values of M.

Nikiferov [19], defined the energy of matrix by

EM =

n∑
i=1

σi,

that is the energy of M is defined as the sum of the singular values of

matrix M , which is known by trace norm of M in linear algebra. In case,

matrix M is symmetric, then σ = |λi| for i = 1, 2, . . . , n, where λi’s are

the eigenvalues of matrix M. Gutman [10], defined the energy of A(G) of

G as the absolute sum of the eigenvalue of A(G), that is

E(G) =

n∑
i=1

|λi|.

The energy E(G) has its origin in theoretical chemistry and helps in ap-

proximating the π-electron energy of unsaturated hydrocarbons. There is

a wealth of literature about the energy, more about A(G) and its energy,

see [3, 7, 15,16,18,21–23].

In mathematical and chemical literature, there are several well known

degree-based graph invariants (also known as topological indices) that have

been studied extensively. The first Zagreb index Z1 and the forgotten
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topological index F of a graph G are defined as

Z1(G) =

n∑
i=1

d2i =
∑

vivj∈E(G)

(di+dj) and F (G) =

n∑
i=1

d3i =
∑

vivj∈E(G)

(d2i +d2j ).

Recently, Gutman [11] introduced a new topological index known as

Sombor index, denoted by SO(G), defined as

SO(G) =
∑

vivj∈E(G)

√
d2i + d2j .

Das et. al [4] presented novel bounds for SO(G) and deduced its relations

with the Zagreb indices of G. In [25], extremal properties of Sombor in-

dex were discussed for several families of graphs and it was proved that

the cycle Cn has the minimum Sombor index among all unicyclic graphs.

Cruz, Gutman and Rada [2] investigated the Sombor index for chemi-

cal graphs and characterized extremal graphs for the classes of chemical

graphs, chemical trees and hexagonal systems. Other chemical applicabil-

ity and molecular properties of the Sombor index can be found in [5, 26].

The Sombor matrix of a graph G, denoted by S(G) (or simply S if

there is no ambiguity), is defined by

S(G) = (sij) =


√
d2i + d2j if i and j are adjacent

0 otherwise,

where di is the degree of vertex vi. Evidently, this matrix is real symmetric.

We denote its eigenvalues by µi’s and order them as µ1 ≥ µ2 ≥ · · · ≥ µn.

The set of all eigenvalues (including multiplicities) of S(G) is known as the

Sombor spectrum of S(G). The largest eigenvalue of S(G) is called as the

Sombor spectral radius of G, which for real symmetric matrices is same as

the spectral norm of G. The Sombor energy of G, is defined by

ESO(G) =

n∑
i=1

|µi|.

Various paper on spectral properties of Sombor matrix, like properties
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of Sombor eigenvalues, Sombor spectral radius, Sombor energy, Sombor

Estrada index, relation of energy with Sombor energy and Sombor index

and others can be found in [8, 9, 12,13,17,18,20,27].

In Section 2, we establish the bounds on the Sombor energy of G,

discuss extremal graphs, compare them with already known bounds on

the Sombor energy. We close the article with some comments for further

work.

2 Sombor energy of graphs

We start with statement of some already known results, which are later

used in proving our results.

Lemma 1. ( [17], Theorem 3.4) Let G be a connected graph with n ver-

tices. Then √
2F

n
≤ µ1 ≤

√
2F (n− 1)

n
,

with equality holding on left if and only if G ∼= K2 and equality holds on

left if and only if G is the complete graph.

Lemma 2. ( [17], Lemma 2.8) Let G be a connected graph with n vertices.

Then

|µ1| = |µ2| = · · · = |µn|

if and only if G ∼= K2.

Lemma 3. ( [20]) Let G be a connected graph with order n ≥ 3. Then G

has two distinct Sombor eigenvalue if and only if G is a complete graph.

Lemma 4. ( [20]) A connected bipartite graph of order n ≥ 5 has three

distinct Sombor eigenvalues if and only if G is the complete bipartite graph.

Recalling the definition of the Sombor matrix of G, S(G) = r
√
2A(G)

for r regular graphs. So, for regular graphs the Sombor energy is given by

ESO(G) = r
√
2E(G).
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Further, from the definition of the Sombor energy, we observe that

ESO(G) =

n∑
i=1

|µi| = 2

n∑
i=1,µi≥0

µi ≥ 2µ1. (1)

Also, we note that µ1 ≥ 2SO(G)
n (see [12, 20]), with equality if and only if

G is regular and µ1 ≥
√

2F
n (see [17]), with equality if and only if G ∼= K2.

Thus from (1), we have

ESO(G) ≥ 4SO(G)

n
, (2)

ESO(G) ≥ 2

√
2F

n
. (3)

Equality holds in Inequalities (2) and (3), if and only G has only one

positive Sombor eigenvalue. For (2), G is regular and in this case S(G) =

r
√
2A(G). Also A(G) have one positive eigenvalue [24] if and only if G

is the complete multipartite graph. Thus equality occurs in Inequality 2

if and only if G is the complete multipartite graph. Similarly, for (3),

equality holds if and only if G ∼= K2.

The Frobenious norm of Matrix M is defined by

∥M∥2F = σ2
1 + σ2

2 + · · ·+ σ2
n.

Similarly, the Frobenius norm (see [17,20]) of S(G) is

µ2
1 + µ2

2 + · · ·+ µ2
n = ∥S(G)∥2F = 2F,

where F is the forgotten topological index of G.

The following result gives the upper bound for the Sombor energy in

terms of the forgotten topological index and the order of graph.

Theorem 1. Let G be a graph of order n. Then

ESO(G) ≤ 2

√
2F (n− 1)

n
,

equality occurs if and only if G ∼= Kn.
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Proof. By using Cauchy-Schwartz inequality, and the fact that
n∑

i=1

µ2
i = 2F we have

n∑
i=2

|µi| ≤

√√√√(n− 1)

n∑
i=2

µ2
i =

√
(n− 1)(2F − µ2

1).

Using the above information and the definition of Sombor energy, we obtain

ESO(G) = µ1 +

n∑
i=2

|µi| ≤ µ1 +
√
(n− 1)(2F − µ2

1).

Now, we see that f(x) = x +
√
(n− 1)(2F − x2) is decreasing in the

interval
[√

1
2n ,

√
2F
]
. From Lemma 1, µ1 ≤

√
2F (n−1)

n with equality if

and only if G ∼= Kn. Now
√

2F (n−1)
n ≤

√
2F , implies that F ≥ 0, which

is true. So, µ1 ≤
√

2F (n−1)
n ≤

√
2F and from f(µ1) ≤ f

(√
2F (n−1)

n

)
, we

obtain

ESO(G) ≤
√

2F (n− 1)

n
+

√√√√(n− 1)

(
2F −

(√
2F (n− 1)

n

)2
)

=2

√
2F (n− 1)

n
.

(4)

If G ∼= Kn, then F = n(n−1)
2 , and 2

√
2F (n−1)

n = 2(n − 1) = ESO(Kn),

so equality occurs. Conversely, if equality occurs in (4), then according to

above observation µ1 =
√

2F (n−1)
n and for i = 2, . . . , n, |µi| =

√
2F−µ2

1

n−1 .

Thus, there are two possibilities : the absolute values of all Sombor eigen-

values are equal, and in this case G has exactly two distinct Sombor eigen-

values. By Lemma 3, equality holds in (4) if and only if G ∼= Kn. For

second case, the absolute value of all eigenvalues are not equal. So, G

one positive eigenvalue µ1 and all other Sombor eigenvalue are in absolute

values. However, by Lemma G ∼= Kn, |µ2| = |µ3| = · · · = |µn| = 1, and by

recalling that
n∑

i=1

µi = 0, we get µ2 = µ3 = · · · = µn = −1 and µ1 = n− 1,

which is the Sombor spectrum of Kn. Therefore, equality holds if and only
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if G ∼= Kn.

Remark. Gutman ( [12], Theorem 1), gave the following McClelland-type

bound for Sombor energy

ESO(G) ≤
√
2nF .

Comparing it with the bound obtained in Theorem 1, we obtain

2

√
2F (n− 1)

n
≤

√
2nF ,

which further gives (n− 2)2 ≥ 0, which is always true. Thus, the Sombor

energy upper bound 2
√

2F (n−1)
n is better then the McClelland-type bound√

2nF .

Theorem 2. Let G be a graph of order n and t be the positive integer such

that µt is positive. Then

ESO ≤
√

2Fn− 2n

F

(
µ2
1 + µ2

2 + · · ·+ µ2
t − F

)2
. (5)

Proof. Since µ2
1 + µ2

2 + · · ·+ µ2
t + µ2

t+1 + · · ·+ µ2
n = 2F , so we have

µ2
1 + µ2

2 + · · ·+ µ2
t − F =

1

2

(
µ2
1 + µ2

2 + · · ·+ µ2
t −

(
µ2
t+1 + · · ·+ µ2

n

))
=

1

2

(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)
.

Now, using above information, Inequality (5) is equivalent to

n

E2
SO

≤ F

2B2 − 2
(
µ2
1 + µ2

2 + · · ·+ µ2
t − F

)2
=

F

2F 2 − 2 1
4

(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)2 .
Again using

n∑
i=1

µi = 0 and
n∑

i=1

µ2
i = 2F , we have the following observation
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2F

4F 2 −
(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)2
=

n∑
i=1

(
2F |µi| −

(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)
µi

4F 2 −
(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)2
)2

=

n∑
i=1

2F |µi| −
(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)
µi

EAG(G)
(
4F 2 −

(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)2) .
Finally, using all the above information, we have

n

E2
SO(G)

− 2F

4F 2 −
(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)2
=

n∑
i=1

1

E2
SO(G)

−
n∑

i=1

(
2F

4F 2 −
(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)2
)2

=

n∑
i=1

(
1

ESO(G)
− 2F

4F 2 −
(
µ1|µ1|+ µ2|µ2|+ · · ·+ µn|µn|

)2
)2

≥ 0,

which implies Inequality (5).

The following result is the immediate consequence of Theorem 2 and

[ [17], Theorem 4.2].

Corollary. Let G be a graph with exactly one positive Sombor eigenvalue.

Then

EAG(G) ≤ 2

√
F + F

√
n− 2

n
, (6)

equality holding if and only if G ∼= K2.

Proof. From the proof of Theorem 4.3 of Lin and Miao [17], we have

ESO(G)2 ≥ 2
√
F , (7)

with equality if and only if G ∼= K2. Also, for G having exactly one positive
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Sombor eigenvalue, the Theorem 2 yields

ESO(G) ≤
√
2Fn− 2n

F
(µ2

1 − F )2. (8)

By comparing Inequalities (7) and (8), we obtain

4F ≤ 2nF − 2n

F

(
µ2
1 − F

)2
,

which implies that

µ1 ≤

√
F + F

√
n− 2

2
.

Therefore, by definition of Sombor energy, we have

ESO(G) = 2µ1 ≤ 2

√
F + F

√
n− 2

2
.

Since, for graphs with exactly one positive Sombor eigenvalue, ESO(G) =

2λ1, which from above inequality is possible if n = 2 and F = λ2
1, which

is true if and only if G is K2.

Remark. From the proof of Theorem 4.2 (see [17]), the upper bound of

Sombor energy is

ESO(G) ≤
√
2nF ,

with equality if and only if G ∼= K2. Comparing it with Inequality (6), we

have

ESO(G)2 ≤ 4F

(
1 + 1

√
n− 2

n

)
≤ 2nF,

which implies that

n2(n− 2) > 4. (9)

Inequality (9) is true for n ≥ 3. Therefore, for graphs having exactly one

positive Sombor eigenvalue, the bound (6) is better than the bounds of

( [17], Theorem 4.2, [12] Theorem 1).
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Similarly, from Theorem 1 and Corollary 2, if

2

√
2F (n− 1)

n
≥ 2

√
F + F

√
n− 2

n
,

then we get n− 2 ≥ n, which is false. Hence

2

√
2F (n− 1)

n
≤ 2

√
F + F

√
n− 2

n
≤

√
2nF .

Therefore, the upper bound of Theorem 1 gives the better bound for graphs

with exactly one positive Sombor eigenvalue. The following table gives the

values Sombor energy and the comparison of above bounds for some graphs

having exactly one positive Sombor eigenvalue.

Graph G ESO(G) 2
√

2F (n−1)
n 2

√
F + F

√
n−2
n

√
2nF

K2,3,3,3,4 401.344 434.376 441.792 870.689
K1,14 105.033 143.503 145.953 287.646

CS(5, 3) 117.109 120.955 124.9 182.866
K3,9 98.5901 133.492 136.357 241.495

A graph is said to be non singular if all its adjacency eigenvalues are

non zero. Likewise, G is Sombor non singular if the determinant of S(G)

is non zero.

The next result gives bounds on the Sombor energy for non singular

Sombor graphs.

Theorem 3. Let G be a non singular Sombor graph. Then following holds.

(i) ESO(G) ≥ n|det(S)| 1
n , with equality if and only if G ∼= K2.

(ii) ESO(G) ≥ 2SO(G)
n + 1(

2SO(G)
n

) 1
n−1

(n− 1)|det(S)|
1

n−1 , with equality if

and only if G ∼= Kn.

Proof. By using Cauchy-Schwarz inequality for
(√

|µ1|, . . . ,
√

|µn|
)
,
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we have
n∑

i=1

√
|µi| ≤

√√√√n

n∑
i=1

|µi|, (10)

equality holding if and only if
√

|µ1| =
√
|µ2| = · · · =

√
|µn|. Inequality

(10) is further equivalent to

√
ESO(G) ≥ 1√

n

n∑
i=1

√
|µi|.

Now, by arithmetic mean and geometric mean inequality, the above in-

equality can be written as

√
ESO(G) ≥

n
(√

|µ1µ2 . . . µn|
) 1

n

√
n

=
√
n
(√

|µ1µ2 . . . µn|
) 1

n

.

Hence,

ESO(G) ≥ n|det(S)| 1
n .

By (10), equality occurs if and only if |µ1| = |µ2| = · · · = |µn|, which by

Lemma 2 holds if and only if G ∼= K2.

(ii). Again using Cauchy-Schwartz inequality
(√

|µ2|,
√

|µ3|, . . . ,
√
|µn|

)
,

we have

n∑
i=2

√
|µi| ≤

√√√√(n− 1)

n∑
i=2

|µi| =
√
(n− 1)(ESO(G)− µ1), (11)

equality occurs if and only if
√
|µ2| =

√
|µ3| = · · · =

√
|µn|. Inequality

(11) can be written as

√
(ESO(G)− µ1) ≥

1√
n− 1

√√√√ n∑
i=2

|µi|.

Now, by using arithmetic mean and geometric mean inequality, the above
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inequality is equivalent to

√
(ESO(G)− µ1) ≥

1√
n− 1

√√√√ n∑
i=2

|µi| ≥
1√
n− 1

(√
|µ2µ3 . . . µn|

) 1
n

,

with equality on right if and only if |µ2| = |µ3| = · · · = |µn|. Thereby this

implies that

ESO(G) ≥ µ1 + (n− 1)
(√

|µ2µ3 . . . µn|
) 1

n

= µ1 + (n− 1)

(
|det(S)|

µ1

) 1
n−1

.

Consider the function f(x) = x + (n − 1)

(
|det(S)|

x

) 1
n−1

, then f ′(x) ≥ 0

implies that f(x) in increasing for x ≥ |det(S)| 1
n . Also, note that 2F

n =

1
n

n∑
i=1

µ2
i ≥ 2SO(G)

n ≥
n∑

i=1
|µi|

n ≥ (|µ1µ2 . . . µn|)
1
n . Therefore, f(x) is in-

creasing for |det(S)| 1
n ≤ 2SO(G)

n ≤ µ1 ≤
√

2(n−1)F
n ≤

√
2F and f(µ1) ≥

f
(

2SO(G)
n

)
implies that

ESO(G) ≥ 2SO(G)

n
+

1(
2SO(G)

n

) 1
n−1

(n− 1)|det(S)|
1

n−1 .

All above inequalities are equality if and only if |µ2| = |µ3| = · · · = |µn|
and µ1 = 2SO(G)

n . For connected graphs, Perron-Frobenius theorem states

that µ1 > |µi|, i = 2, . . . , n. Now, there are two possibilities µ2 = µ3 =

· · · = µn = c > 0, which cannot happen since µ1 + (n− 1)c = 0 for n ≥ 2.

The other possibility is µ2 = µ3 = · · · = µn = −c and in this case G has

exactly two distinct Sombor eigenvalues. Therefore by Lemma 3, G is the

complete graph. Conversely, it can be easily verified that equality holds if

G ∼= Kn.

The graph obtained from Kω and Pl by adding an edge between any

vertex of Kω and an end vertex of Pl is denoted by PKω,l, is known as

path complete graph of kite graph.

Remark. Based on the computations, the following table shows that for
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graphs with non zero Sombor eigenvalues, the second lower bound of The-

orem 3 is better than the first bound.

Graph G ESO(G) Theorem 3 (i) Theorem 3 (ii)
K6 70.7107 55.4793 70.7107
P14 46.4838 37.0265 37.7799

PK3,9 44.6181 33.9839 35.0670

Next, we obtain the bounds for the Sombor energy in terms of the

order, the independence number and the Forgotten topological index of

graphs. For that, we need following result.

Theorem 4 (Interlacing Theorem, [14]). Let M ∈ Mn be a real symmetric

matrix. Let A be a principal submatrix of M of order m, (m ≤ n). Then

the eigenvalues of M and A satisfy the following inequalities

λi+n−m(M) ≤ λi(A) ≤ λi(M), for 1 ≤ i ≤ m.

A set of non adjacent vertices of G is known as the independent set and

the cardinality of a largest independent set of is called the independence

number α of G.

As the Sombor matrix S(G) has principal submatrix M ′ = 0α×α, so

by Theorem 4, we have

µα(S(G)) ≥ µα(M
′) = 0 and µn−α+1(S(G)) ≤ µ1(M

′) = 0.

Thus, it follows that

α ≤ min{n− p, n− q} (12)

Theorem 5. Let G be a connected graph of order n and independence

number α. Then

ESO(G) ≤ 2
√
(n− α)F , (13)

with equality holding in (13) if and only if G ∼= K1,n−1.

Proof. Let µ1 ≥ µ2 ≥ · · · ≥ µp and µ′
1 ≥ µ′

2 ≥ · · · ≥ µ′
q be the positive

and negative Sombor eigenvalues of G, respectively. Also, it is clear that
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i=1

µi =
q∑

i=1

|µ′
i| and by definition of Sombor energy, we obtain

ESO(G) = 2

p∑
i=1

µi = 2

q∑
i=1

|µ′
i|.

Now, by using Cauchy-Schwartz inequality, we have

ESO(G) = 2

p∑
i=1

µi ≤ 2

√√√√p

p∑
i=1

µ2
i ,

with equality holding if and only if µ1 = µ2 = · · · = µp.

Similarly,

ESO(G) = 2

q∑
i=1

|µ′
i| ≤ 2

√√√√q

q∑
i=1

(µ′
i)

2,

with equality holding if and only if |µ′
1| = |µ′

2| = · · · = |µ′
q|. Now, by

applying (12), we have

ESO(G)

2
≤ p

p∑
i=1

µ2
i + q

n∑
i=1

(µ′
i)

2

≤ (n− α)

p∑
i=1

µ2
i + (n− α)

n∑
i=1

(µ′
i)

2

= (n− α)

n∑
i=1

µ2
i = (n− α)2F,

and the Inequality (13) follows.

If equality holds in (13), then µ1 = µ2 = · · · = µp, |µ′
1| = |µ′

2| = · · · =
|µ′

q| and p = q = n − α. But by Perron-Frobenious theorem, µ1 is simple

eigenvalue of G, so p = 1 and it implies that q = 1, α = n − 1 and the

Sombor eigenvalue 0 has multiplicity n−2. By Lemma 4, G is the complete

bipartite graph, thereby it follows that G ∼= K1,n−1, since its independence

number is n− 1.
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Also, the Sombor spectrum [ [20], Proposition 2.2] of K1,n−1 is{
0[n−2],±

√
(n− 1)(n2 − 2n+ 2)

}
,

the independence number is α = n− 1, and

2F =
(√

(n− 1)(n2 − 2n+ 2)
)2

+
(
−
√
(n− 1)(n2 − 2n+ 2)

)2
=2(n− 1)(n2 − 2n+ 2).

Therefore, ESO(K1,n−1) = 2
√
(n− 1)(n2 − 2n+ 2).

Clearly, the Sombor matrix of the bipartite graph G can be put as

S(G) =

(
0 B

BT 0

)
.

If η is an eigenvalue of S(G) with eigenvector X = (x1, x2)
T , then it is

clear that S(G)X ′ = −ηX ′, whereX ′ = (x1,−x2)
T . It follows that Sombor

eigenvalues of a bipartite graph are symmetric about the origin.

Theorem 6. Let G be a connected bipartite graphs of order n. Then

ESO(G) ≤ 4

√
F (p− 1)

p
,

with equality holding if and only if µ1 =
√

F (p−1)
p and µ2 = · · · = µp.

Proof. Let µ1 ≥ µ2 · · · ≥ µp be the p positive Sombor eigenvalues of

G. By using above information, and applying Cauchy-Schwartz inequality,

we have

ESO(G) = 2

p∑
i=1

µi = 2µ1 + 2

p∑
i=2

µi

≤ 2

µ1 +

√√√√(p− 1)

p∑
i=2

µ2
i


= 2

(
µ1 +

√
(p− 1)(F − µ2

1)

)
.
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Clearly, the function f(x) = x +
√
(p− 1)

(
F − x2

)
is decreasing for x ≥√

F (p−1)
p . Hence, f(x) ≤ f

(√
F (p−1)

p

)
implies that

ESO(G) ≤ 4

√
F (p− 1)

p
,

with equality holding if and only if µ1 =
√

F (p−1)
p and µ2 = µ3 = · · · = µp.

Finally, we establish the upper bound for the Sombor energy of the

Path Pn and for this we need the following result is helpful.

Lemma 5. [6] Let M1 and M2 be square matrices of order n. Then

n∑
i=1

σi(M1 +M2) ≤
n∑

i=1

σi(M1) +

n∑
i=1

σi(M2),

with equality holding if and only if there exists an orthogonal matrix M,

such that MM1 and MM2 are both positive semi-definite.

Proposition 7. Let Pn be the path on n ≥ 4 vertices. Then

ESO(Pn) ≤ 4
√
2

csc
π

2(n+ 1)
sin

(
2⌊ 2

2⌋+ 1
)
π

2(n+ 1)

+ 2
(√

5− 4
√
2
)
.

Proof. It is east to see that the Sombor matrix of Pn can be written
as

S(Pn) =2
√
2



0 1 0 . . . 0 0 0

1 0 1 . . . 0 0 0

0 1 0 . . . 0 0 0

...
...

...
. . .

...
...

...

0 0 0 . . . 0 1 0

0 0 0 . . . 1 0 1

0 0 0 . . . 0 1 0


+ α



0 1 0 0 . . . 0 0

1 0 0 0 . . . 0 0

0 0 0 0 . . . 0 0

0 0 0 0 . . . 0 0

..

.
...

...
...

. . .
...

...

0 0 0 0 . . . 0 0

0 0 0 0 . . . 0 1

0 0 0 0 . . . 1 0


=2

√
2A(Pn) +B,

where α =
√
5−2

√
2. The Sombor eigenvalues of B are

{√
5−2

√
2,
√
5−
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2
√
2
}
. Therefore by Lemma 5, we have

ESO(Pn) ≤ 2
√
2E(Pn) + E(B)

= 2
√
2

4

⌊n
2 ⌋∑

i=1

cos
πi

n+ 1

+ 2(
√
5− 2

√
2)

= 2
√
2

(
2 csc

π

n+ 1
sin

(
2⌊n

2 ⌋+ 1
)
π

2(n+ 1)
− 2

)
+ 2(

√
5− 2

√
2)

= 2
√
2

(
2 csc

π

n+ 1
sin

(
2⌊n

2 ⌋+ 1
)
π

2(n+ 1)

)
+ 2(

√
5− 4

√
2).

Example 1. The Sombor energy of P19 up to four decimal places is

64.2729, while by Proposition 7, the Sombor energy of P19 bounded above

by 65.0355.

3 Comments

Let S(G)(i) = si be the sum of the i-th row of the matrix S(G). Then

it is clear that SO(G) = 1
2

n∑
i=1

si. We call si as the Sombor degree of

G and say that G is r′-Sombor regular if and only if si = r′, for every

i = 1, 2, . . . , n. Besides, it also follows that if G is r-regular, then G is also

r
√
2-Sombor regular. Let S = diag(s1, s2, . . . , s1) be the diagonal matrix

of Sombor degrees ofG. Then the matrices SL(G) = S−S(G) and SQ(G) =

S + S(G) are the Laplacian and the signless Laplacian matrices for the

Sombor matrix of G. The Sombor Laplacian matrix SL(G) is the real

symmetric and positive semi-definite matrix and we denote its eigenvalues

by µL
1 ≥ µL

2 ≥ · · · ≥ µL
n−1 ≥ µL

n = 0. The multi-set of eigenvalues of SL(G)

is know as the Sombor Lapacian spectrum of G and µL
1 is the Sombor

spectral radius of G. For n ≥ 3, SQ(G) is real symmetric and positive

definite matrix, we denotes its eigenvalues by µQ
1 ≥ µQ

2 ≥ · · · ≥ µQ
n .

Similarly, the multi-set of eigenvalues of SQ(G) is the Sombor signless

Laplacian spectrum of G and µQ
1 is the Sombor signless Laplacian spectral
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radius of G. Let µ = 1
n

n∑
i=1

µL
i = 1

n

n∑
i=1

µQ
i = 1

n

n∑
i=1

si = 2SO(G)
n be the

average of the Sombor degrees of G. Then the trace norm of the real

symmetric matrices SL(G)−µIn and SQ(G)−µIn is defined as the Sombor

Laplacian energy and the Sombor signless Laplacian energy of G. That is,

the Sombor Laplacian energy denoted by SLE(G), is defined by

SLE(G) =

n∑
i=1

|µL
i − µ| =

n∑
i=1

∣∣∣∣µL
i − 2SO(G)

n

∣∣∣∣ ,
and the Sombor signless Laplacian energy denoted by SQE(G), is defined

by

SQE(G) =

n∑
i=1

|µQ
i − µ| =

n∑
i=1

∣∣∣∣µL
i − 2SO(G)

n

∣∣∣∣ .
Various interesting properties about the Sombor Laplacian matrix and

the Sombor signless Laplacian matrix can be elaborated. Extremal graphs

can be characterized in terms of spectral radii, energies, spectral bounds,

distribution of their eigenvalues and other graph/spectral invariants of

these matrices.
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