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Abstract

The square of a graph G, denoted by G2, is a graph with the same vertex set as
@G, in which two vertices are adjacent if and only if their distance is at most 2 in G.
For S C V(G), the Steiner distance d(S) of S is the minimum size of a connected
subgraph of G’ whose vertex set contains S. The kth Steiner Wiener index SW(G)
of G is defined as the sum of Steiner distances of all k-element subsets of V(G). In
this paper, we show that for any tree T of order n,

SW3(S2) < SW3(T?) < SW3(P2),

where S,, and P, are the star and path of the order n, respectively. Let G be a
connected graph of order n > 5 with connected complement G. We establish the
Nordahaus-Gaddum type result for a connected graph G with connected comple-
ment G:

4<§> < SW3(G2) + SW5(G”) < SW3(P2) + SW3(P,”),
and
Mi+2  ifn>9
4 < sdiams(G2) + sdiams(G") < { ' 2 =
6 otherwise,

where sdiams(G) is Steiner 3-diameter of G.

1 Introduction

In this paper, we are concerned with finite undirected connected simple graphs. We

refer to [2] for graph theoretical notation and terminology not specified here. The vertex
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and edge sets of G are denoted by V(G) and E(G), respectively. We say |V(G)| the order

of G. The degree and the neighborhood of a vertex u € V(G) are denoted by dg(u) and
Neg(u), respectively. The length of a path between two vertices is the number of edges on
that path. The distance between two vertices u and v, denoted by dg(u,v), as being the
length of the shortest path between them. The square of a graph G, denoted by G2, is a
graph with the same vertex set such that two vertices are adjacent in G2 if and only if
their distance is at most 2 in G.

As usual, we use P,, S,, K,, to denote the path, the star, the complete graph of order
n, respectively. A tree is called a double star S, if it is obtained from S, and S, by
connecting the center of S, with that of S; via an edge. The diameter of a graph G,
denoted by diam(G), is the largest distance between two vertices in G.

The Wiener index is a well-known distance-based topological index introduced as a
structural descriptor for acyclic organic molecules [15]. It is defined as the sum of distance

between all unordered pairs of vertices of a simple graph G, i.e.,

WG = > da(uv).

uweV(Q)
For the related results and further references, we refer to a survey [6].

The Steiner distance of a graph, introduced by Chartarand, Oellermann, Tian and
Zou [4] in 1989, is a natural generalization of the distance of two vertices in a graph. For
a graph G = (V, E) and a set S C V, an S-Steiner tree or a Steiner tree connecting S (
or simply, an S-tree ) is a connected subgraph H = (V'  E’) of G with S C V'. Let G
be a connected graph of order at least 2 and let S be a nonempty set of vertices of G.
Then the Steiner distance d(S) among the vertices of S (or simply the distance of S) is
the minimum size of a connected subgraph H of G such that S C V(H). It is clear that
H must be a tree, and if |S| = k, then d(S) > k — 1. In particular, if S = {u,v}, then
dg(S) = dg(u,v).

Let n and k be integers such that 2 < k < n. The Steiner k-eccentricity i(v) of a
vertex v of G is defined by e(v) = max{dg(S)| S C V(G),|S| = k,and v € S}. The
Steiner k-radius of G is srady(G) = min{eg(v)| v € V(G)}, while the Steiner k-diameter
of G is sdiamy(G) = max{er(v)| v € V(G)}. Note that for every connected graph G,
srady(G) = rad(G) and sdiams(G) = diam(G). For more results on Steiner distance, one

may see [1, 3,4, 5,7, 14].
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With respect to the concept of Steiner distance, Li, Mao, and Gutman [8] generalized
the concept of Wiener index by Steiner Wiener index. For an integer k with 2 <k <n-—1,
the Steiner k-Wiener index SWi(G) of G is the sum of Steiner k-distances of all subsets
S of V(G) with |S| = k, that is,

SWi(G) = Y d(S).

Clearly, SW5(G) = W(G), SW1(G) =0 and SW,(G) = n —1 for a connected graph G of
order n. For more details on Steiner Wiener index, we recommend [8, 11, 12].

The complement G of a graph G is the graph whose vertex set is V(G) and whose
edges are the pairs of nonadjacent vertices of G. In 1956, Nordhaus and Gaddum [13]
proved that for a graph G of order n, 2y/n < x(G) + x(G) < n + 1, where x(G) denotes
the chromatic number of GG. Since then many research devoted to the sum on various
parameters of a graph and its complement in graph theory, which are known as Nordhaus-
Gaddum-type results. Mao [9, 10] obtained the Nordhaus-Gaddum-type results for the
parameters sdiamy(G) and the Steiner k-Wiener index of graphs.

Motivated by the above results, in this paper, we obtain similar results for sdiams(G?)

and the Steiner Wiener index SW3(G?) of the square of graphs.

2 The Steiner diameter

Lemma 2.1. If dg2(u,v) = r for any positive integer r, then dg(u,v) = 2r or dg(u,v) =

2r — 1.

Proof. If dg(u,v) > 2r + 1, then dg2(u,v) > r + 1. If dg(u,v) < 2r — 2, then dg2(u,v) <
r — 1. So the result follows. |

Lemma 2.2. Let G be a connected graph of order n (n > 3) and let S C 'V be a set of
vertices of G with |S| = 3. If dg(S) = 2, then dg=(S) = 2; if dg(S) > 3, then

{daésw 7 if de(S) is odd,

[dGTﬂ or [dGT“)] +1, i de(S) is even.

Proof. Let S = {u,v,w}. If T is a Steiner tree connecting S in G with |E(T)| = dg(S),

then 7' must be a path or have the form T, as illustrated in Figure 1(a), where Tj, ;. is
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a tree with a vertex z of degree 3 such that T,p. — 2= P,U P, U F,, wherea > 1, b > 1,

c>landa+b+c<n-—1.

W w
, 1) |
: ¢ :
u — L’. (_)5" n Iw‘ v
(@) Tape (b) Tur e

Figure 1. Graphs for Lemma 2.2.

If de(S) = 2, clearly dg2(S) = 2. Next we assume that dg(S) > 3. The structure
of Steiner tree connecting S in graph G? is shown in figure 1(b), denote by T,y » and
|E(Ty y )| = de2(S). Then dgz(S) = dez(u, w') + de2(w', w) + dgz2(w’, v). Without loss
of generality, let dgz(u,w') = t, dgz2(w',w) = k, then dgz(w',v) = dg2(S) — t — k, where
k>0. If k=0, then w = w'. Clearly, dg(S) < dg(u,w') + de(w',w) + de(w',v). By
Lemma 2.1, dg(S) < 2t 4+ 2k + 2(dg=(S) — t — k) = 2dg=(S).

Case 1. All Steiner tree T' with |E(T')| = dg(S) connecting S is a path in G.
Suppose that the path 7" is w - - - w - - - v. We divide three subcases in terms of the

parity of dg(u,w) and dg(w,v).

Case 1.1 Both dg(u,w) and dg(w,v) are even.

Let de(u,w) = 2r, dg(w,v) = 2p. Thus dg(S) = 2r + 2p. Then dg2(S) < r+p =
]'dGT(S)] In this case, suppose that dg2(S) < r+p—1, then de(S) < 2dg=(S) < 2r+2p—2 <
2r 4 2p = d(S), a contradiction. Therefore, dg2(S) =7 +p = [dGT(S)W

Case 1.2 Both dg(u,w) and dg(w,v) are odd.

Let de(u,w) = 2r + 1, dg(w,v) = 2p+ 1. So, dg(S) = 2r + 2p + 2. Then dg=(S) <
r+p+2= (dCT(S)] + 1. In this case, suppose that dg2(S) < r +p+ 1, then dg2(vw',v) <
r+p+1—t—Fk By Lemma 2.1, dg(S) <2t +2k+2(r+p+1—t—k)=2r+2p+2. If
dg(S) = 2r+2p+2, then dg(u, w') = 2t, dg(w', w) = 2k, dg(w',v) =2(r+p+1—t—k).
According to Case 1, all Steiner tree T' connecting S is a path in G. Therefore, w' = w,
then de(u, w) = 2t, contradict the fact that dg(u, w) = 2r+1. Then dg(S) < 2r+2p+2 =
dg(S), a contradiction. Therefore, dg2(S) =r+p+2 = fdGT(S)] +1.

Case 1.3 dg(u,w) and dg(w, v) have the distinct parity.
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Without loss of generality, let dg(u,w) = 2r + 1, dg(w,v) = 2p. Thus dg(S) =
2r+2p+1. Then dg=(S) < r+p+1= [d%@] In this case, suppose that dg2(S) < r+p,
then dg(S) < 2dg2(S) < 2r+2p < 2r +2p + 1 = dg(S), a contradiction. Therefore,

de2(8) =71 +p+1 =[]

Case 2. There exists a Steiner tree T' with |E(T)| = d¢(S) connecting S is not a path
in G.

We distinguish four subcases in terms of the parity of dg(u, 2), dg(z,v), da(z, w).

Case 2.1. All of dg(u, 2), dg(z,v), dg(z,w) are even.

Let dg(u,z) = 2r, dg(z,v) = 2q, dg(z,w) = 2p. Thus dg(S) = 2r + 2q + 2p. Then
de2(S) <r+q+p= [dGT(S)} In this case, suppose that dg2(S) < r+ ¢+ p — 1, then
dg(S) < 2dg2(S) < 2r+2q+2p—2 < 2r+2q+2p = dg(S), a contradiction. Therefore,
de2(S) =7+ q+p=[442].

Case 2.2. One of dg(u, 2), da(z,v), dg(z,w) is odd, others are even.

Without loss of generality, let dg(u,z) = 2r + 1, da(z,v) = 2q, dg(z,w) = 2p. So,
dg(S)=2r+2q+2p+1. Then dg=(S) <r+q+p+1= [dGT(S)l In this case, suppose
that dg2(S) < r+q+p, then dg(S) < 2dg2(S) < 2r+2q+2p < 2r+2q+2p+1 = dg(S),

a contradiction. Therefore, dg=(S) =r+qg+p+1= [dGT(S)]

Case 2.3. One of dg(u, 2), dg(z,v), dg(z,w) is even, others are odd.

Without loss of generality, let dg(u,2) = 2r, dg(z,v) = 2q + 1, dg(z,w) = 2p + 1.
Thus dg(S) =2r+2¢+2p+2. Then dg=(S) <r+qg+p+2= (dCT(S)] + 1. In this case,
suppose that dg2(S) < r+¢+p+1, then dgz(w',v) < r+q+p+1—t—k. By Lemma 2.1,
da(S) < 2t+2k+2(r+q+p+1—t—k) = 2r+2q+2p+2. If da(S) = 2r+2¢+2p+2, then
de(u,w') = 2t, dg(w',w) = 2k, dg(w',v) =2(r+q¢+p+1—1t —k). In this case, w' # 2.
The Steiner tree 7" with |E(T")| = dg(S) connecting S in G is mentioned in Case 2.1. If
dg(S) < 2r+2q+2p+2, a contradiction. Therefore, dg2(S) =r+q+p+2 = ]—d"T(g)] +1.

Case 2.4. All of di(u, 2), dg(z,v), dg(z,w) are odd.

Let dg(u, z) = 2r+1, dg(z,v) = 2¢+1, dg(z,w) = 2p+1. Thus dg(S) = 2r+2¢+2p+
3. Then dg2(S) < r+q+p+2 = fd(’T(s)'\ In this case, suppose that dge
then dg(S) < 2dg2(S) < 2r +2¢+2p+2 < 2r+2q+2p+3 = da(S
Therefore, dg2(S) =r+q+p+2= fdGT(g)]

(8) <r+q+p+1,
)

, a contradiction.

So the result follows. [ ]
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By the above lemma, we conclude that dp2(S) = [dP"T(S)'\ or fdpnT(b)] + 1. Since
sdiams(P,) = n — 1, we have sdiams(P2) = [25:1] or [2:1] + 1. By Lemma 2.2, if
n — 1 is odd, then sdiams(P?) = [%51]. Otherwise, sdiams(P?) = [*32] + 1. So
sdiamy(P2) = [3].

Lemma 2.3. For a connected graph G of order n,

2 < sdiams(G?) < [g—‘ .

Proof. The lower bound is obvious. For the upper bound, let 7" be a spanning tree of
G, then sdiams(G) < sdiamz(T) < n — 1. Clearly, T? is the subgraph of G2, thus
sdiamz(G?) < sdiams(T?). There exists S C V(T?), such that sdiams(T?) = dr2(S) =
]'dTT(S)'\ or [dTT(S)] + 1. If d7(S) < n —1, then sdiams(T?) < [%]. From the definition of
Steiner diameter and Lemma 2.2, if d7(S) =n — 1 and n — 1 is odd, then sdiams(T?) =

[271] = [2]. Otherwise, sdiams(T?) = [%51] + 1 = [2]. [ |

Lemma 2.4. ([16]) Let G be a connected graph with the connected complement. Then

(1) if diam(G) > 3, then diam(G) = 2,
(2) if diam(G) = 3, then G has a spanning subgraph which is a double star.

Theorem 2.5. Let G be a connected graph of n > 5 with complement G. Then

i [g} Y2 ifn>9
4 < sdiamy(G?) + sdiamz(G") <
6 otherwise.
Proof. The lower bound is obvious. Next, we prove that the right half of inequality
holds. By Lemma 2.4, if diam(G) > 3, then diam(G) = 2, therefore e K, and

Sdiamg(éZ) = 2. By Lemma 2.3, we have sdiams(G?) < [%]. Hence,

sdiams(G?) + sdiam;;(éz) < [g—‘ +2.

If diam(G) = 3, then diam(G) < 3, diam(G?) = 2, diam(§2) < 2, we can obtain that

sdiamz(G?) < 3 and sdiamg(éQ) < 3, therefore,
sdiams(G?) + sdmmg(éz) <6.

If diam(G) = 2, then sdiams(G?) = 2, sdiam3(§2) <151
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Summing up the above, we conclude that

i [E}JFQ, ifn >0,
4 < sdiam3(G?) + sdiams(G") <

6, otherwise.

3 Steiner Wiener index

It is natural to ask, for two graph G and Gy, whether it is true if SW5(G) < SW3(G1),
SW3(G?) < SW3(G?) in general. The answer is negative. For example, Let G and G, be
two graphs of order 7 in Fig.2. Note that SW5(G) = 89 < SW3(Gy) = 91 in Fig.2, but
SW3(G?) = 71 > SW5(G?%) = 70. For the examples of orders greater than 7. Let G’ be a
graph obtained from G by adding m new vertices such that every vertex is only adjacent to
1,2, and 3. Let G be a graph obtained from G, by adding m new vertices such that every
vertex is only adjacent to 1 and 2. By some calculation, we have SW3(G") < SW3(GY),
but SW3(G?) =2("7) + 1> SW5(G?) = 2("]7).

(a) G (b) G1

Figure 2. Graphs G and Gy with SW3(G) < SW3(G1) and SW3(G2) > SW3(G?).

Theorem 3.1. For any tree T of order n, SW3(S2) < SW5(T?) < SWs(P2).

Proof. Since diam(S,) = 2, S2 = K,. Thus SW;3(52) = 2(3), and the left half of
inequality holds and is best possible.

Let T be a tree of order n. We prove that SW3(T?) < SW3(P?) by induction on
the order n. It is obvious that the theorem holds when n < 4. Now let n > 5. Clearly,

dr(u) =1 and T — u is a tree of order n — 1.
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By the induction hypothesis,
SWa((T — u)?) < SWa((P;_y). (1)

Let A={S:SCV(T*,ues|S|=3and A = {5 : S CV(P},ve |9 =3}
We have

SWs(P2) =Y dpa(S') + SWs(P2)), (2)
S'eA’
SW3(T?) =Y dp=(S) + SW5((T < " dra(S) + SWs(PLy). (3)
SeA SeA

So, by the above inequalities (1-3), to complete the proof of SW3(T?) < SW3(P?), it

remains to show that

D dra(8) <Y dpa(S). (4)

SeA S'eA

This leads us to compare the value of dg2(S) and dp2(S’) in term by term. We label
the vertices of P, as v,v;,va,...,U,_1, Wwhere vv; € E(P,) and v;v;11 € E(P,) for each
i €{l,...,n—2}. Take a longest path of P = uujus---uq of T. Let T; be the component
of T — w;_qu; — u;u;4q containing u; for each ¢ € {1,...,d — 1}, where up = u. We label
the vertices of V(T') \ V(P) as ugs1, Udr2, - - -, Un—1 i terms of the following rule:

(1) subscripts of labels of vertices in V/(T;) \ {u;} is less than subscripts of labels of
vertices in V(7)) \ {u;} if i < j;

(2) subscripts of labels of a vertex at distance smaller from wu; is less than subscripts

of labels of the other one for any two vertices in V(7;) for each i € {1,. —1}.

We remark that if ux, € V(T)\V(P), then u, € V(T;) for an integer I € {1,...,d—1}.
It is easy to see that dp(w;, u) < dp, (va,vg). For 1 <i<j<n-—1,let S;; = {u,u;,u;}
and S} ; = {v,v;,v;}.
Claim 1. dr(Si;) < dp,(S};), with equality if and only if either 1 < i < j < d, or
i=d<j<n-—1and dp(u,u;) =j—d=dp,(v4,v;), where u; € T}.
Proof of Claim 1: We consider the following three cases.
Case1l. 1<i<j<d

It is trivial to see that dr(S;;) = dp,(S;;)-
Case 2. 1 <i<d<j<n-1

Let uj € T;. If 1 <1 < i < d, then dr(S;;) = dr(u,w;) + dr(w,u;). Clearly,
dp,(Si;) = j = d+ dp,(va,v5), dp, (va,;v5) > dr(w,us). Then dp(Si;) < dp,(S;;). If
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dr(Si;) = dp,(Si;), then dr(u,w;) = d, dr(u,u;) = dp, (v, v;) = j — d. Otherwise,
dr(Si;) < dp,(Si;).

fi1<i<li< d, then dT(Siyj) = dT(u7Ul) + dT(uh U}) <d+ dpn(’l}d7 Uj) = dPn(Sl{,j)'

Case 3. d<i<j<n-—1

Subcase 3.1 1 <m<i<d-1.

Let u; € Tp,, w; € T;. Then dp(S; ;) = dr(u, w) + dp(tm, u;) + dr(w, uj). Obviously,
dpn(Si,,j) = j =d+ d,,n(vd, Uj), d,,n(vd, Uj) Z dT(Um7ui) + dT(ul,uj). Thus dT(Si,j) <
dp, (S7;)-

Subcase 3.2 1 <m=1<d-1

Set u; € T, uj € Tp, let Py be a shortest path of between u; and u;. If u; € V(P),
then dr(Si ;) = d(u, w) + d(w, u;) < d+dp, (va,v;) = dp, (S} ;)-

If w; € V(T)\V(P1), let the closest vertex from wu; to Py be ug, then dr(S;;) =
dr(u, wp) + dp(w, wy) + dp(ug, u;). Obviously, dp, (vg,v;) > dp(w, u;) + dr(ug, u;). Hence,
dr(Si;) < dp,(S};).

Summing up the above, we get the conclusion, as we desired. |
Claim 2. If dT(Si,j) < dpn(S{’j), then dTQ(Si,]') < deQL (Sz/])

Proof: If dp(S:) is odd, then dya(S; ;) = [4E)] < [450) < (57 ).

If dr(S; ;) is even, then dp»(S; ;) < [25)] 41 < (22050 < (s ). [

Claim 3. If dr(S;;) = dp,(S;;), then dr=(S; ;) < dp2(S};) + 1, with equality, if and only

if i = d and dr(w,u;) = j — d = d,, (vq,v;), L is odd, j is even, d is even, where u; € T;.
Proof of Claim 3: By Claim 1, we consider the following two cases.

Case 1. 1 <i<j<d

It is trivial to see that dr2(S;;) = dpz2(S] ;).

Case 2. it =d < j <n—1and dr(w,u;) =j—d=dp,(vq4,v;), where u; € T}.
If dr2(Sa;) = [W], then dr2(Sa;) < dp2(S;;). Since dr(Sa;) = dp,(Sg;),
dPﬁ(S:i,j) _ [dpn(;:i,j)-‘ or ’Vdpﬂ(;';'])] ey

If dr=(Sa;) = (%] + 1, we divide the following three subcases by Case 2.3 in

Lemma 2.2, i.e., one of dy(u, ), dr(w, ug), dr(u,u;) is even, others are odd.

Subcase 2.1 dr(u, ;) is even

Then dr(w, ug) is odd, dr(u, u;) = j —d = dp,(va, v;) is odd. Moreover, dp, (S ;) =
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dp, (v,vq)+dp, (Va,v;) = dr(u, ug)+dr(w, u;), thus dp, (v,vq) is odd and dp, (va, v;) is odd.
By Case 1.2 in Lemma 2.2, dpz(Sy ;) = [dp S‘“)W + 1. In this case, dr2(Sa;) = dpz(Sy;)-

Subcase 2.2 dp(u, uq) is even

It is similar to Subcase 2.1, we can obtain dy2(Sy;) = dp2(S} ;).

Subcase 2.3 dr(uw;,u;) is even

Then d, (vg,v;) = j—d = dp(w,uy) is even, d = dp(u,w) + dp(w,ug) is even,
dr(Sa;) = d+j—dis even. Thus j is even. Moreover, dp, (S} ;) = dp, (v,v4) +dp, (v4, v;) =
d + dp(w, uj), thus dp, (v,v4) is even and dp, (vq, v;) is even. By Case 1.1 in Lemma 2.2,
dpz(Sy;) = |'dpn Sis) ]. In this case, dg2(Sa;) = dpz2(Sy;) + 1.

Summing up the above, we get the conclusion, as we desired. |

In view of Claim 3, let A1 = {(d,j) : dr2(Sa;) = dp2(S;) +1,84; € A}, and
By = {(d—-1,j) : (d,j) € Ai}. Since dr(w;,u;) is even, we can obtain | # d — 1.
Clearly, dr(Saq-1;) = dr(u,w) + dr(w, vg—1) + dr(w,u;)) =d—14+j—d=j—1and
dp,(Sy_1;) = dp, (v,v4-1) + dp, (v4-1,v;) = j. By Case 2.2 and Case 1.2 in Lemma 2.2,
dra(Sy 1) = [HE=1] = [ dpy(Sh, ) = [22B=0) 4 1 = [4] 4 1. Since j is

even, we have dr2(Sg-1;) + 1 = dp2(Sj_, ;). Therefore, we have

SW3(T?) =Y dp=(S) + SWs((T — u)?) <Y dr=(S) + SWs(P7_,)

SeA SeA

= D dn(Sy) [ D dre(S) = Y dr(Siy) | +SWa(PL)

(i,j)EA1UB: SeA (i,j)€AL1UB1
< D dm(S) | Do dr(S) = D0 dr(Si) | +SWa(P)
(i,j)€EA1UB) Se A (i,j)€A1UBy
= SWy(P2) . u
Corollary 3.2. For a connected graph G of order n, SW3(G?) < SW3(P2).

Proof. Let T be a spanning tree of G, then T? is the subgraph of G? with vertex set
V(T?) = V(G?). For any S, dg2(S) < dz2(S). Thus SW3(G?) < SW3(T?). Moreover, by
Theorem 3.1, SW3(T?) < SW5(P2), the result follows. |

Note that Py is the unique graph of order 4 whose complement is connected. Since

P, = Py, we have SW3(P2) + SW3(P,”) = 25W;(P2) = 16. Next, we calculate the value
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of SW3(P2) + SW3(B,) for n > 5. Let P, = vivy - - - vy, sdiams(P?) = [%]. For any
S C V(P,) with |S| =3, d2(S) = m, then 2 <m < [%]. Hence, if n is even,

-1

SW3(P3) =% m[(m—1)(n—2(m—1))+2(m—1)(n— (2m —1))

wfz

+(mf1)(n72m)]+%(n72+n72)

= m(m—l)(4n—8m+4)+%(2n—4)

= 3 +-(2n—14)
n? [(n?
S |
()
if n is odd,
ol
SWs(P?) = m[(m—1)(n —2(m —1))+2(m —1)(n — (2m — 1))
m=2
In—-1
+ (m— 1)(n—2m)] + 217
2 2
il
b+ 1n—1
= m(m—1)(4n—8m—i—4)-‘:—n;r 712
m=2
2 -2 - 3(M - D) (M -2) 4 ln—1
- 3 2 2
n'—4n? 43
B 24

On the other hand, for n > 5, diam(P,) = 2 by Lemma 2.4, EZ =~ K, and we have
SWs(P.7) = 2(2). Then

2 /.2
%(%—1)4—2 ;L), if n is even,
n4—4n n'—4n®+3 o

+2 3 if n is odd.

Corollary 3.3. Let G be a graph ofn > 5. If diam(G) = 2 or diam(G) = 2, then

SW;(P2) + SWs(B,) =
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Lemma 3.4. Let G be a connected graph of order n > 5 with connected complement G.

For any S C V(G) with |S| =3, da(S) = 2 if and only if dg(S) > 2.

Proof. For any S = {u,v,w} C V(G). If dg(S) = 2, then at least two elements in
{uv, vw,uw} belong to E(G), at most one element in {uv, vw, uw} belong to E(G). Thus
de(S) > 2.

Conversely, if dg(S) > 2 and wv, uvw, vw ¢ E(G), then the tree T induced by the
edges in {uv,uw} is an S-Steiner tree in G, hence dg(S) = 2. If dg(S) > 2 and there
is an element in {uv,vw,uw} belong to E(G), without loss of generality, let uv € E(G),
uw, vw ¢ F(G), then uw, vw € E(G), the tree T induced by the edges in {uw, vw} is an

S-Steiner tree in G, namely, dg(S) = 2, as we want. |

Theorem 3.5. Let G be a connected graph of order n > 5 with connected complement G.

Then 4(7) < SW5(G2) + SW3(G") < SW3(P2) + SW(Py).
3

Proof. The lower bound is obvious. For the upper bound, from Lemma 2.4(1) and Corol-

lary 3.3, it remains to consider the case when diam(G) = diam(G) = 3. Note that
diam(G?) = dz’am(@z) = 2. By Lemma 2.4(2), G has a spanning subgraph which is a
double star. Then 2 < dg(S) < 4 for any S C V(G) with |S| = 3. For i =2, 3 and 4, let
s; be the number of all 3-element subsets of V(G) with Steiner distance i in G and 5; be
that for G. By Lemma 3.4, sy + 35 = (g), S9 = 83+ 54 and 53 = s3 + S4. By Lemma 2.2,
if do(S) =4, then dg2(S) < 3. If dg(S) < 3, then dg2(S) = 2. Thus

SW3(G?) + SW3(G) < 285 + 255 + 354 + 255 + 255 + 357 = 4(75) + 84+ 37

By Lemma 2.4(2), let S, ,, be a spanning subgraph of G and S,, ,, be that of G, where

2,42
p;j+q; = nfor j = 1,2. Hence s4 < (p1 — 1)(‘“2_1) + (’”2_1)((]1 —1) and 55 < (p2 —

2 [,
1)(‘12;1) + (m;l)(lh —1). Since p; - ¢ < L%J fori =1 and 2, s4 < “Jiz,“(n —4) and

< @(n,@. S0

SW(G?) + SW3(GY) < 4(;‘) + Q”ﬂ —n+ 1) (n—4).

One can easily check that

2 /2
n (%,1) +2(g), if n is even,

), if n is odd.

N
=

+
)
oy
w 3
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This completes the proof. |

Note that the bounds are sharp in Theorem 2.5 and Theorem 3.5. Obviously, the
upper bound can be obtained on the graph P,. To see that the lower bound is best
possible, we construct a sequence of graphs. Let G, be a graph of order n, which is
obtained from C5 by replacing a vertex of C5 by a complete graph of order n — 4. It is
easy to see that diam(G,,) = diam(G,) = 2, so diam(G?) = dz’am(éi) =1, sdiamz(G?)+
G2) = 4 and SWy(G2) + SWy(Go) = 4(1).

sdiams(G
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