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Abstract

The aim of this paper is to obtain new inequalities for a large
family of generalizations of the Wiener Index and to characterize
the set of extremal graphs with respect to them. Our main results
provide upper and lower bounds for these topological indices on
unicyclic graphs.

1 Introduction

A topological descriptor is a single number that it is computed on the
molecular graph of a compound and represents some chemical structure
in terms of this graph. These descriptors are common and relevant in
the field of mathematical chemistry and especially in the QSPR/QSAR
investigations.

When a topological descriptor correlates with a molecular property of

certain chemical compounds, then it is called a topological index. Thus,
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topological indices capture some essential physicochemical property into a
single number and this can be used to analyze those properties. This can be
very interesting for practitioners. For example, although only about 1000
benzenoid hydrocarbons are known, the number of theoretically possible
benzenoid hydrocarbons is huge. If we consider, for instance, the number
of possible benzenoid hydrocarbons with 35 benzene rings, it is 5.85 X
10%! [28]. Therefore, a good model capable of predicting physico-chemical
properties of currently unknown species is extremely useful.

The main reason for the use of topological indices is to obtain predic-
tions of some property of certain molecules (see, e.g., [9,13,15,26]). When-
ever a topological descriptor shows a better correlation for some property
on some group of chemical compounds a new topological index appears.
This way hundreds of topological indices have been defined and studied,
starting with the seminal work by Wiener, [31], who found a correlation
between his index and paraffin boiling points.

The Wiener index of G is defined as

W(G) = Z d(u,v),
{u,v}CV(G)

where {u,v} runs over every pair of vertices in G.

Following this work, several versions of this index have been appearing
since then, each one better adapted for its purpose. Let us mention, for
example, the hyper-Wiener index, see [21,25] or the Harari index [17,24].

A natural problem in the study of topological indices is, given some
fixed parameters, to find the graphs that minimize (or maximize) their
value on a certain set of graphs satisfying the restrictions given by the
parameters (see e.g. [1,2,4-8,14]).

Herein, instead of doing this individually on each modified version of
the Wiener index we consider a natural generalization of it which encom-
passes those mentioned above and try to work as generally as possible. In
previous works we used the same strategy with trees, see [22]. Now, we
are considering unicyclic graphs. A wunicyclic graph is a graph containing
exactly one cycle [18, p.41]. It is well known that if G is a unicyclic graph

with n vertices, then G has n edges.
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The aim of this paper is to obtain new inequalities for a large family of
topological indices restricted to unicyclic graphs, fixing or not the number
of pendant vertices, and to characterize the extremal unicyclic graphs with
respect to them. This problem, for other type of indices, was also addressed
in [23].

Throughout this work, G = (V(G), E(G)) denotes a (non-oriented)
finite connected simple (without multiple edges and loops) non-trivial
(E(G) # ) graph. Note that the connectivity of G is not an important

restriction, since every molecular graph is connected.

2 Wiener index and its generalizations

Motivated by the Wiener index, Randi¢ introduced in [25] an extension of
the Wiener index for trees, and this has come to be known as the hyper-

Wiener index. In [21], this extension was generalized to graphs as

wwe == Y d(u,v)—&—% S du,v)?.

2
{uv}CV(G) {u,v}CV(G)

WW (G) has been useful in correlations (see, e.g., [12] and the references
therein). For information about the hyper-Wiener index in mathematics
see, e.g., [3], [12], [19].

Following [16] and [30], it is interesting to generalize the Wiener index

in the following way

WANG) = Y d(uv),
{uv}CV(G)

with A € R. Obviously, if A = 1, then W* coincides with the ordinary
Wiener index W. Note that W2 is the Harary index; W' is the recipro-
cal Wiener index; the quantity W? is closely related to the hyper-Wiener
index, since WW = (W' + W?)/2. Another topological index, proposed
in [27] is expressed in terms of W1, W2 and W3 as (2W1! +3W?2 +W3)/6.
See [20] for more connections of the same kind.

Three different variants of the ¢-Wiener index (¢ > 0, g # 1) were
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defined in [32] as

{u,v}CV(G)

Wa(G,q) = Z [d(u, U)]q qL_d(u v)v
{u,v}CV(G)

WS(G’ q) = [d(u7 U)]q qd(UW)a
{u,v}CV(G)

Since lim,_,1[k]; = k, we have
lim W1(G, q) = lim W2(G, q) = lim W3(G,q) = W(G).

Given any function h : ZT — R, let the h- Wiener indez of G be defined

as

Wi(G) = Y. h(d(uv),

{uv}CV(G)

A similar general index was introduced in [29] just for trees. This general

approach allows to study in a unified way the previous indices.

If P, is the path graph with n vertices, then

WilP)= Y hGi—i)= 3 (n—k)h(k)
1<i<j<n k=1

If C}, is the cycle graph with n vertices, then

e if n is odd,
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e if n is even,

21

Wi(Ca) = 3 nh(j) + gh<g)

Jj=1

Given n > 4, let J, be the graph obtained by identifying a vertex from
a cycle C3 and the vertex with degree n — 3 of a star graph with n — 2

vertices, S, _2. Then,

Wi(Jn) = nh(1) + %n(n —3)h(2).

Given 3 < r < n and a function h : ZT — R, let us define the function

Fp(r,n) as follows:

e if r is odd,
r—1
5 n—r n—r 2
Ey(r,n) Zrh Zn r+1—j)h JrQZZh k+7),
j=1 Jj=1 k=1 j=1
o if r is even
5—1 n—r
ro/r
F(r,n) = 1 rh(j) + ih(§) + z;(n —r+1—35)h(y)
j= j=
£ 1 (2)
n—r 3 n—r
+23° S k4 4) + D on(5 + k)
k=1 j=1 k=1

Let G,.,, be the graph obtained by identifying a vertex from a cycle C,
and a vertex with degree 1 of a path graph P,_,,;. Note that G, ,, = C,,.

As usual, if a < b, we use the convention
a
> AG) =
§=b

Proposition 1. Given 3 <r <n and a function h: ZT — R, then

Wh(Gr,n> = Fh(?", TL)
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Figure 1. The graph G, , is obtained by identifying a vertex from a
cycle C and a vertex with degree 1 of a path graph P, _,1.

Proof. Consider the graph G, ,, let wy be the identified vertex which be-

longs to the cycle and the path and let wy,ws, ..., w,_, be the vertices in
the path P,,_,+1 with d(wp,wy) = k. See Figure 1.

Then,
Wh(Gr,n) = Wn(Cr) + Wr(Pr—ry1) + Z h(d(v, w;)).

woFAVEC, WoFAW; € Pp—r i1

Suppose 7 is odd. Then, notice that for every 1 <k <n —r,

Z h(d(v, wg)) —QZhj—l-k

woAveEC,.
Thus,
5 n—r n—r g
rh(j)+ > (n—r+1=)hj) +2> > hlk+j)-
=1 k=1 j=1

In particular, the following expression of Fj,(3,n) will be useful below
in Lemma 1.

n—3 n—3 n—2

Fy(3,n) = 3h(1) + i(n —2-)h(§)+2)_ h(k+1) =nh(1) + i(n — ().

k=1
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Suppose r is even. Then, notice that for every 1 < k <n —r,

L]

> h(dw,w) =2 Y G+ k) +h(5 +k).

woAveEC, j=1
Thus,
%*1 n—r
Wil(Grn) = Y rh() + 5h(5) + D (0 =7 +1 = j)h(;)

j=1 j=1
n—rz—1

+23°5 bk + ) +Zh( )
k=1 j=1

Remark. Since any graph with n vertices has %n(n — 1) pairs of vertices,

we have that

e If r is odd,
n—2 n—r
%n(n—l):nJrZ Zr+z n—r+1-yj) +22i1
j=2 k=1 j3=1

e If r is even,

—n(nfn:nai(nfj)

<

r_1 n—r 5—1 _

—ZrJr +anr+lf] ;Z

=1 k=1

Lemma 1. Given 4 < r < n with r even and a strictly increasing function
h:Z%t = R, then F,(3,n) > F(r,n). If h is a strictly decreasing function,
then Fp(3,n) < Fp(r,n).

Proof. First of all, note that the second statement is a consequence of the

first one, if we consider the function —h. Hence, we can assume that h is
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a strictly increasing function. We have

e Y-+ S (- k)
j=n—r+1

>Zm AT SIS STy
J=5+1 J=2

n—rg—1
+2) Z h(k + ).
k=1 j=1

Case 1. Suppose n —r < g — 1. Then,

Fh(3,n) > Fh(T, n)

n—2
& Y (n—=ph)
j=n—r+1
n—r 51 n—g n—r5—1
S+ Y (L) T ho)+2Y S atk+d)
Jj=2 j=n—r+1 j=5+1 k=1 j=1
n—g n—2
= (n—r)h( )+ Z n—j—1)h()+ Z (n—7)h(5)
=41 j=n—L+1
n—r 7_1 n—r 2_1
Z )+ Z (r—n+jh )+QZZh(k+j)
Jj=2 j=n—r+1 k=1 j=1
Sincen—r< % —1
n—r %*1
2 > h(k+5) =2h(2) +4h(3) + - +2(n —r)h(n —r+1) + -
k=1 j=1

+2(nfr)h(g)+2(n77~71)h(g+1)+~~-+2h<nfgfl>.

M:(n—r—l)—!—%(%—n—l)(%—n)—|—(n—7")(2r—n—1).
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Then, since h is strictly increasing, it follows that

r
z—1 n— T2

ih(j)Jr > (r=n+jh +2Zth+]

Jj=2 j=n—r+1 k=1 j=1

<Mh<g)+2(n—r—1)h<g+1)+-~-+2h(n—g—1)

r_
n—g—1

- Mh(g) + Y 2(n-1 —3)h().
J=5+1
Therefore, since in
n—3g n—2
(n=mh(3)+ X m=i=DrG+ Y. (= j)h()
J=%+1 j=n—5+1

the function h is evaluated always in numbers greater or equal than 5 and

Remark 2 gives

(n—r)+ > (m—j-1+ >  (n—j)
j=5+1 j=n—t+1
r_1 n—r T—1
S ¥ eerpeE Ty
Jj=n—r+1 k=1 j=1
it suffices to check that
n—g—1 n—5—1
r . . . .
> 2(n—5—d)hG) < D (n—j—Dh().
j=r+1 j=5+1

Hence, it suffices to show for everyg—&—l <j<n- % — 1 that
2n—r—-25<n—j5—1,

and this is equivalent to n — r < j — 1, which follows from

]—1>§>571>n71"
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This finishes the proof of Case 1.

Case 2. Suppose 5§ —1 =n —r. Then,

F,(3,n) > Fy(r,n)

51 pin
o Y (E 1)+ X (5 -1-5)n0)
Jj=2 j=t
31 3 . r—1 $-15-1
>y (5—g)h(g)+§h<—) + h(j) + 2 h(k + )
j=2 j=5+1 k=1 j=1
i 3r
g (5 -1- ])h(ﬂ)
i=%
r_1 . r—1 r-1z-1
> Zh(])+§h(§) + > hG)+2> Y hk+ )
Jj=2 j=%+1 k=1 j=1
Notice that
r_13-1
2 h(k + §) = 2h(2) + 4h(3) + - - +2<gfl)h<g)
k=1 j=1
+2(gf2)h(g+1) et 2h(r—2)
% r—2
= 20— Dh(j) + 2(r — 1= j)h(j)
j=2 j=%+1

Since h is strictly increasing, it follows that

5— r—1 g—13-1
Soai)+5h(5)+ 2 w6 +2 h(k + )
j=2 j=5+1 k=1 j=1
r—1 r—2
< (g -1) (g + Q)h(g) + 427;1]1(‘7') + 42;12(7“ — 1= )h(j).
J=3 J=3

Thus, it suffices to check that for every § +1 < j we have 2r —1—-2j <

% — 1 — 7, which is direct.
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Case 3. Suppose 5 —1 <n —r. Then,

Fh(S,n) > Fh(’/‘, n)

& g(r —Dh(j) + __:Z:il(n — J)h(j)
> Z_:lrh(g) + —h(i) + iz:ih(g) + 2§£_11 h(k + j)
o (g _ 1)h(%> +j§1(r — 2)h(j) +j=:j+1(n = J)h(5)
> ih(ﬁ + :X::Hh(j) + 222’%(’“])

k=1 j=1 2
T T T
+2(5 1)h(n—r—|—1)—|—2(§—2)h(n—r+2)+--~+2h(n—5—1)
3 er n-g-1
=> 20— Dh()+ Y (r=2)h()+ Z (2n —r = 25)h(j).
j=2 j:£+1 j=n—r+1
Since h is strictly increasing, it follows that
%*1 n—3 n—r 3=
D SIUEES )y
j=2 j=n—r+1 k=1 j=1
r? T "t —
<(T-2r(3)+ X w0+ X r-2h0)
j=n—r+1 j=5+1

TL***

+ Z (2n — r — 25)h(j).

Jj=n—r+1
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Therefore, since in

(g _ 1)h<g> + nir (r—2)h(5) + "i2 (n —j)h(j)
j=5+1 j=n—r+1

the function A is evaluated always in numbers greater or equal than 7, it
suffices to check that for every n—r+1 < j we have 2n—r—254+1 < n—j,

which is immediate. ]

Lemma 2. Given 5 <r <n with r odd and a strictly increasing function
h:ZT = R, then Fy(3,n) > Fy(r,n). If h is a strictly decreasing function,
then Fy(3,n) < Fy(r,n).

Proof. The second statement is a consequence of the first one, if we con-
sider the function —h. Therefore, we can assume that h is a strictly in-
creasing function.

Let us recall that

n—2
Fy(3,n) = nh(1) + Y _(n = j)h()).
j=2
Case 1. Suppose Then
n—r %1 n—r 2
Fu(rn) =Y (n+1-H)h()+ Y. v +2Zth+]
j=1 j=n—r+1 k=1 j=1
Therefore,
F,(3,n) > Fr(r,n)
n—2 n—r ; n—r Tgl
& Y (m=Dh(G) > D h( Z (D +2Y > hlk+7)
j=n—r+1 j=2 j=n— k=1 j=1
1 7.,
n—2 — n—r
& 3 (n-ihG) > () + Z G+ nh() +2 3 3 Ak +),
j:# j=2 j=n—r+1 k=1 j=1
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Since n —r < 51,
nfrr771
23 > h(k+j)=2h2)+ - +2n—r)h(n—r+1)+---
k=1 j=1
r+1 r 1
+2(n — 7)h( . )+~-~+2h<n—§—§).

Let 1(3 2 1) (3 2 1
N:nfrflJrf(ri n—1)(3r—2n+1)
2 2 2

+n=r)n—r+1)+@Br-2n-1)(n—r).

Therefore, since h is strictly increasing,

SrG)y+ D> Gmn+nh()+2> > h(k+))
j=2 j=n—r+1 k=1 j=1
r+1 nat
Ne(S=) 4+ Y0 2(n= 5+ 5 = 5)h0)
J=T43

Thus, it suffices to check that for every % <j<n- % — % we have

n—r+1-2j<n-—j,
and this is equivalent to n — r < j — 1, which is immediate since

1
j—12%>n—r.
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. -1
Case 2. Suppose 5= < n —r. Then,

r—1 r—1
n—r

2 2
Fu(r,n) =Y rh()+ D> (n—r+1=Hh())+ Y (n—r+1—j)h()
j=1 j=1 j=r$t
nfr%
+2> 0 h(k+ )
k=1 j=1
Tgl n—r n—r T;1
=Y (n+1-)hG)+ > (n—r+1—5h(j)+2 h(k + )
j=1 ]:r;rl k=1 j=1
Therefore,
Fh(37 ’I’L) > Fh(Tv TL)
n—2 Tgl n—r n—r TEI
© (n=PhG) > D kG + D (n—r+1—j)h(j)+2 h(k + )
j=rft j=2 j=rit k=1 j=1
n—r n—2 Tgl n—r 7‘;1
& > (r=DrG)+ D> (n—HhG) > D kG +2D > h(k+])
]-=7'J2rl Jj=n—r+1 Jj=2 k=1 j=1
Since ’;1 <n-r,
r;l
— r—1 r+1
2 1) = C R
SO hlk+ ) = 20(2) + 42 . i . )+
k=1 j=1
-1 1
+2(T > )h(n—r+1)+---+2h(n—g— 5).
Let N/ = %. Therefore, since h is strictly increasing,
r—1 r—1
2 n—r 2 r +1 n—r
) . / .
> ohG) +230 > hlk+5) < N'h(T5=) + 3 (= 2)h())
j=2 k=1 j=1 j:#
n—r_1
2 2
+ Y @n—r+1-2))h()).
j=n—r+1

Thus, it suffices to check that for every =5

43 < j < n—r we have r—2 < r—1,
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r _

and for every n —r+1<j<n- 3

%wehave
2n—-r+1-2j<n—-—3 & n—-r+1<y

which is trivial. [ |

Remark. Notice that given 3 < r < n and a strictly increasing function
h : ZT — R, although F,(3,n) > Fy(r,n), Fy(r,n) is not necessarily

decreasing on r. For example, suppose h is the identity map. Then
Fr(12,13) = 13h(1) + 14(h(2) + h(3) + h(4) + h(5)) + 8h(6) + h(7)
and
F},(11,13) = 13h(1) + 14h(2) + 15(h(3) 4+ h(4) + h(5)) + 4h(6) + 2h(7).
Thus,

F,(12,13) — F,(11,13) = 4h(6) — h(3) — h(4) — h(5) — h(7)
=24-3-4-5-7=5>0

and Fh(12, 13) > F}L(ll, 13)

Let us recall the following definitions from [10]. A vertex of degree at
least three in a graph G will be called a major vertex of G. Any end-vertex
(a vertex of degree one) u of G is said to be a terminal vertex of a major
vertex v of G if dg(u,v) < dg(u,w) for every other major vertex w of G.
The terminal degree of a major vertex v is the number of terminal vertices
of v. A major vertex v of G is called exterior major vertex if it has non-
zero terminal degree. Let M(G) be the set of exterior major vertices of G

having terminal degree greater than one.

The following result is elementary.
Lemma 3. If T is a tree, then M(T) = 0 if and only if T is a path graph.

Given a unicyclic graph G and a vertex v let us denote G, the connected
component of G \ v intersecting the cycle. Then, the complement T, :=

G\ G, is a tree (possibly being the the single vertex v).
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Theorem 2. Let G be a unicyclic graph with n > 6 vertices.

(1) If h is a strictly increasing function, then

1
nh(1) + gn(n = 3) h(2) < Wi(G) < Fi(3,n),
the lower bound is attained if and only if G = J,, and the upper bound

is attained if and only if G = G3 4.

(2) If h is a strictly decreasing function, then

1
F,(3,n) < Wi(G) <nh(1)+ in(n —3)h(2),
the lower bound is attained if and only if G = G3, and the upper

bound is attained if and only if G = J,,.

Proof. The second statement is a consequence of the first one, if we con-
sider the function —h. Hence, we can assume that h is a strictly increasing
function.

Since G is a unicyclic graph with n vertices, there are n edges and n
pairs of adjacent vertices. Thus, there are () —n = in(n — 3) pairs of
vertices at distance at least 2. The lower bound is attained if and only
if T has diameter 2. Notice that this means that the cycle has at most
5 vertices and since n > 6 and any vertex which is not in the cycle is
at distance at most 2 from any vertex in it, the cycle is necessarily Cj.
Therefore, the lower bound is attained if and only if G = J,.

Assume that G is a unicyclic graph with n vertices such that W, (G)
is maximal and let C be the cycle.

Seeking for a contradiction, consider any vertex v € G such that v is
not in the unique cycle and deg(v) > 3 or v is in the cycle and deg(v) > 4.
Then, there is an exterior major vertex w in T, (where possibly v = w).
Hence, consider two terminal vertices of w, uy,us with d(w,u;) = k. Let

us define new vertices {v1,...,v;} and let
G = (G\ [w,u1]) Uugvy Uvgvg U+ U vg_quy.

Thus, it is immediate to see that, since h is strictly increasing, W}, (G’) >
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Wi(G) leading to contradiction. Therefore, deg(v) < 2 for every vertex
v ¢ C, and deg(v) < 3 for every vertex v € C.

Suppose there exist vy, v € C with deg(v;) = 3 for i = 1,2. Then, Ty,
is a path [v;, u;] of length d([v;, u;]) = ;. Let D; := ZweG\{TleTv?} d(v;,v)
for i =1,2. If D; < D; and I; > l;, consider the vertex w € [v;, u;] such
that d(v;, w) = l;, let s = [;—1; and let us define new vertices {w1, ..., w,}.
Then, let

G = (G\ [w,ui]) Uujwi Uwiwa U - U ws_1Ws.

Since D; < Dj and h is strictly increasing, it follows that W, (G’) > Wj,(G)
leading to contradiction. Thus, we may assume, relabeling if necessary,
that Dy < D5 and I3 < ly. Hence, let us define new vertices {ay,...,a; }
and let

G = (G\ [v1, ul]) Uugay Uajas U---Uay, _1ay,.

Since Dy < Dy, I; < Iy and h is strictly increasing, it follows that W}, (G’) >
Whi(G) leading to contradiction.

Therefore, G is a unicyclic graph with at most one vertex with degree
3 and G = G, where 7 is the length of the cycle. By lemmas 1 and 2,
G =Gsp. |

Corollary. If G is a unicyclic graph with n > 6 vertices, then

n—2 3
n(n—2) <W(G) <1+ Y (n—k)k= %
k=1

the lower bound is attained if and only if G = J,, and the upper bound is
attained if and only if G = G ,.
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