MATC H MATCH Commun. Math. Comput. Chem. 88 (2022) 157-170

Communications in Mathematical ISSN: 0340-6253

and in Computer Chemistry doi: 10.46793/match.88-1.157Z

On Randi¢ Energy of Coral Trees”

Xuan Zhao, Yanling Shao”, Yubin Gao®

aSchool of Data Science and Technology, North University of China,
Taiyuan, Shanxi 030051, P. R. China

bSchool of Sciences, North University of China,
Taiyuan, Shanzi 030051, P. R. China

(Received December 28, 2021)

Abstract

Let G be a simple and connected graph. A vertex v; is said to be pendent if
di(v;) =1, and its adjacent vertex is called a quasi-pendent vertex. Let 7 (n) be a
set of trees of order n with at most two quasi-pendent vertices of degree less than
4. We name 7 (n) the set of coral trees.

The Randié¢ matrix of G, denoted by R(G), is an n X n matrix whose (4, j)-entry

. 1 - . ..
is equal to N if vijv; € E(G), and 0 otherwise. The Randi¢ energy of G

is defined as

Er(G) =Y iG],
=1

where 11(G), p2(G), . . ., un(G) are the eigenvalues of R(G).

In [I. Gutman, B. Furtula, S. B. Bozkurt, On Randi¢ energy, Linear Algebra
Appl. 442 (2014) 50-57), the authors conjectured that for a tree T' of order n, if n
is odd, then the maximum Eg(T) is achieved for T' being the (271)-sun; if n is even,
then the maximum Eg(T) is achieved for T being the ([232], %52])-double sun.

In this work, we get the following results.

(1) For T € T(n), Er(T) < Er(Py).

(2) For a graph G, if Er(G) < Er(P,), then G satisfies the conjecture.

(3) T(n) is a family of trees that satisfies the conjecture.

1 Introduction

Let G be a simple and connected graph of order n with vertex set V(G) = {v1,va,...,v,}
and edge set E(G). Fori=1,2,...,n, denote by dg(v;) the degree of the vertex v; in G.
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A vertex v; € V(G) is said to be pendent if dg(v;) = 1, and its adjacent vertex is called a
quasi-pendent vertex of G. If a quasi-pendent vertex has degree less than 4, then we call
it a small quasi-pendent vertex.

Let 7 (n) be the set of trees of order n with at most two small quasi-pendent vertices.
For each T € T (n), we name it coral tree and say that 7 (n) is the set of coral trees.

The Randi¢ index of a graph G is defined as ( [13])

1
X(G) = W’]EXE;(G) N

The Randi¢ matrix of G, denoted by R(G) ( [3,4,11]), is an n x n matrix whose (i, j)-
entry is equal to

defined as ( [4])

) if vv; € E(G), and 0 otherwise. The Randi¢ energy of G is

1
Vda(vi)da (vj

EAl(6) = Y (@),

where 1 (G), u2(G), . .., un(G) are the eigenvalues of R(G).

Let p > 0. The tree Su, of order n = 2p + 1, containing with p pendent vertices,
each attached to a vertex of degree 2, and a vertex of degree p, is called the p-sun. Let
p,q > 0. The tree DSu, 4 of order n = 2(p + ¢ + 1), obtained from a p-sun and a g-sun,
by connecting their central vertices, is called a (p, ¢)-double sun.

In [11], the authors proved that the star S, is the unique tree with minimal Randié
energy over all trees, pointed out that for n > 7, the path P, is not the connected n-vertex
graph with maximal Randié energy. They also presented the following conjecture about

the trees with maximal Ex(T).

Conjecture 1.1 ( [11]) Let T be a tree of order n. If n is odd, then the mazimum
Er(T) is achieved for T being the (“51)-sun. If n is even, then the mazimum Er(T) is
achieved for T being the ([252], |252])-double sun.

In [9], the authors got the minimal Randi¢ energy of trees with given diameter. In [§],
the author showed that the generalized double suns of odd order satisfy Conjecture 1.1.
In [1,2], the authors presented some families of graphs that satisfy Conjecture 1.1. For
more related research results, we refer to [3,4,6,7,9,11,12].

In this paper, we get the following results.

(1) For T € T(n), Er(T) < Er(P,).

(2) For a graph G, if Eg(G) < Er(P,), then G satisfies Conjecture 1.1.

(3) T(n) is a family of trees that satisfies Conjecture 1.1.
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2 Preliminaries

For a tree T', we use My(T') to denote the set of all k-matchings of T If e = v;v; € E(T)

and ay, = {e1,eq,..., e} € My(T), then we denote Ry(e) = Ry(viv;) = m and

k
Ry(ay) = H Rr(e;), respectively.
i=1
Let T be a tree of order n with matrix R(T). Then the Randi¢ characteristic polyno-

mial of T can be written as ( [5])

3]

or(T,z) = ol — R(T)| = Y (=1)*b(R(T), k)z"~**,

k=0

where b(R(T),0) =1, and b(R(T), k) = Z Rp(ay) for 1 <k < [3].
€M (T)

Lemma 2.1 ( [9]) Let Ty and Ty be two trees of order n, and let their Randié charac-
teristic polynomials be

] 13
or(Tr,z) =Y (=DFB(R(TY), k)z™ %, ¢p(Ty,x) =Y (—1)*b(R(T3), k)z"
=0 k=0

respectively. If b(R(T), k) < b(R(Tz), k) for all k > 0, and there is a positive integer k
such that b(R(Ty), k) < b(R(T3), k), then

ol
e

e

gR(Tl) < gR(TQ)

Lemma 2.2 ( [10]) Let T be a tree of order n. Then |[My(T)| < |My(P,)] for 1 <k <
Ei

3 Some operations

Let T be the tree as shown in Figure 1, where T} is a subtree of T with vy € V(T}), t > 2,
and dr(vg) > 3. Let 7" = T — {vgva, ..., 0o0:} + v1va ... 1. We say that T” is obtained

from T by Operation I (as depicted in Figure 1).

Lemma 3.1 Let T" be obtained from T by Operation I. Then E(T) < Er(T").

Proof. Let the R-characteristic polynomials of T and 7" be

L5) L3]
¢R(T I) = (_1)kb(R(T) k,)xn—2k7 @R(T,v ‘T) = (_1)kb(R(T/) k,)l‘n—2k,7
k=0 k=0
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B =
vy vo V1 o Ut-1
v
T

T/
Figure 1. Operation I.
respectively, where b(R(T),0) = b(R(T"),0) = 1.

Denote Nr(vg) = {v1,..., v, u1,...,us}, where t > 2, s > 1. Note that dr(vy) = s+t,
dri(vg) = s+ 1, and dr(w;) = dp(w;) for i =1,2,...,s. Then

b( (T7),1) = b(R ( ):1)
ZRT, ’UOUZ Z T U]uj+1 ZRT(’UUUi) - ZRT(’UUU]')

- t—1 sE=1)(t—2)+t(s?+t—2)
Y GG Iaw 1+ 0+0) >0

For 2 <k < 3],

b(R(T"), k)
> Z RT(O% + Z RT’ U1U1+1 Z RT’(O‘k*I)
ar€M(T1) ag—1EMp_1(T—vo)
1 t—2 1
= Z RT(Qk) + (m + T + 5) Z RT(ak,l),
apEMy(T1) ap-1EMp_1(T1—vo)
BR(T), )
= Z RT(Oék) +f Z RT(akfl)a
arEM(T1) ag—1EMi_1(T—vo)

B(R(T"). k) = B(R(T). k)
1 t t
> (st isry) X Mele)>0

ag—1EMy_1(T—vo)

By Lemma 2.1, the lemma holds. |

Corollary 3.2 Let T € T(n) be a tree of order n (as depicted in Figure 2(a)), where
Ty is a subtree of T with vo,up € V(T1), t > 2, s > 2. T" (as depicted in Figure 2(b)) is
obtained from T by Operation I, and T" (as depicted in Figure 2(c)) is obtained from T’
by Operation 1. Then

Er(T) < ER(T") < Er(T).
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v1 uy V1
&) 0 Yo, uy U Us—1 Ug
Ut Us Ut
Figure 2(a). T Figure 2(b). T”
v V-1 V1 U Up U1 Us—1 Us

Figure 2(c). T”

By Corollary 3.2, the following result is clear.

Lemma 3.3 Let T € T(n) and uy be a quasi-pendent vertex of T. If d(up) > 3 and
there are at least two pendent vertices in Nr(ug), then there is T' € T (n) such that T’
satisfies the following conditions.

(1) ug is no longer a quasi-pendent vertexr and us_q1 is a new small quasi-pendent
vertex;

(2) There is just one pendent vertex in Ny (us—1);

(5) En(T) < En(T").

Let T be the tree as shown in Figure 2(c), where T is a subtree of T with u; € V(T1)
and dr(uy) > 2,t > 7. Let T =T — v4v5... v + vj0405 . .. v; (as depicted in Figure 3).
We say that T” is obtained from T' by Operation II for v;.

Uy V] v Vi1 Uy

Figure 3. Operation II.

Lemma 3.4 Let T' be obtained from T by Operation II. Then Ex(T) < Ex(T").

Proof. Let the Randié characteristic polynomials of T and T” be

13) 13
or(Ty2) =) (=DF0(R(T), k)x" "2, ¢p(T,z) =Y (=1)Fb(R(T"), k)a"2*,
k=0 k=0

NE

respectively, where b(R(T),0) = b(R(T"),0) = 1.
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Note that dr(vi) = 2, dg(v1) = 3, dr(vs3) = 2, dpr(v3) = 1 and dy(uy) = dp(ug) > 2.
Then

b(R(T'),1) = b(R(T),1)
= Rp/(uivr) + R (v1v2) + Ry (vav3) + Ry (v1v4)

—(Rr(uiv1) + Rr(viv) + Rr(vavs) + Rr(vsvs))
i _ 1
12 GdT(ul) -

For 2 < k < |%], denote P = v5v5 ... v. Then

b(M(T), k)
= Y Relaw+ m 3 Re(ans)

arEM(T1UP) ap_1EMp_1((T1—u1)UP)
3 1
+Z Z RT(Oék_l) + Z Z RT(ak_l)
ag—1€EMy—1(T1UP) ap—1EMy_1(T1U(P—vs))

1
R -
+4dT(u1) Z rla-2)
ag—26EMy—2((T1—u1)UP)
1
—_— R _
+8dT(u1) 7(ak—2)

ag—oEMy_o((T1—u1)U(P—vs))

+% Z Rr(ag—2) + é Z Ry (ag-2)

ap_2€EMy_o(T1UP) ap—26Mp_2(T1U(P—vs))

1
 32dr () 2 Firlo-s),

ap—3EMp—3((T1 —u1)U(P—vs))
b(M(T'), k)

= Z Ry (o)

oM (TIUP)

5 1
+6 Z Ry(ar-1) + 1 Z Ry (ag-1)
ap_1EMy_1(T1UP) ap_1EMp_1(T1U(P—vs))
1
+—— Rr(og—2)
6dT(ul) ap_2€Mp_o((T1—u1)UP)
1

T 2dr(a)

1

+ 73&"(“1) Ry(og-1)

ap_1EMp_1((T1—u1)UP)

RT(ak—Z)

ag—2EMy_2((T1—u1)U(P—v5))

1 1
+ﬁ Z Rr(og—2) + 5 Z Rr(o-2)

ag_2€My_2(T1UP) ap_o€My_o(T1U(P—vs))
1
—_— R _3).
" oddr(w) 7(a-3)

ap—3EMy_3((T1—u1)U(P—vs))
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So

Note that

\Y

1

Z Ry(ag_1) > Gy (ur)

ap_1EM_1(T1UP)

Z R’l‘(ak—Q)

ap_2EMy_o(T1UP)

1
Z Rp(ag—2) + 1

Q_2EMyo_o(T1U(P—v5))

Z R’]‘(ak—Z)

ap—2€My_2((T1—u1)UP)

ap_2€EM_o((T1—u1)U(P—vs))

1

Z RT(U‘k—l)

a1 EMp_1((T1—u1)UP)

Z Rr(og—3),

ag—3EMy_z(T1U(P—v5—v5))

b(M(T"), k) — b(M(T), k)

1
B 6dr(ur) Z

ag—1EMy_1((Ti—u1)UP)

1
T 12dr(uw) 2

ap_2€My_o((T1—u1)UP)

1
T 24dy(u) b))

ap—2€My—2 (T —u1)U(P—v5))

1
Z RT(ak,Q) + ﬂ

1
48

ap_2€My_o(T1UP)

1
" 96dr(a) >

ap—3EMy_3((T1—u1)U(P—vs))

" 12dr(uw)
T 2dp(w) 4

" 24dy(uq)

1
48

1

1 1

>

ap—2EMy_2(T1U(P—vs))

1
Rr(ana) + 5

)

RT(Olk,g).

ap_3eMy_3((T1 —u1)U(P—v5—v6))

1

RT(Oékfl) + ﬁ Z RT(ak
ag_1EMy_1(T1UP)
RT(ak—z)
RT(ak—Z)

Z RT(Oqu)

ag—2EMy_o(T1U(P—vs))

Rr(ag-3)

RT(Ckaz)

ap—2€My—2 (T —u1)U(P—v5))

1
RT(Oék_Q) + —

Rp(og—s)

ag—3eMy_3((T1—u1)U(P—v5—vs))

- >

ag—26EMy_2((Tr—u1)U(P—vs))

1
=
48 4

RT(ak—z)

>

ag—3EMy_3(T1U(P—vs—vs))

,1)

RT(ak—S)
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1 1
— R _ —_ R _:
+24 Z r(o—2) + 9647 (u) Z 7(0k—3)
ap—2EMy_o(T1U(P—vs)) ag—3€EMy_3((T1—u1)U(P—vs))
1 1
= — Z Rr(og—2) = o5 Ry(o—2)
- 8dr(u1) —
ag—26EMy_2(T1U(P—vs)) ag—2€EMy_2((T1—u1)U(P—vs))
1
— R _
o2 2 7(0k-s)
ag—3EMy_3(THU(P—v5—v6))
1
Tord o\ RT(ak—S)
96dr (u1) k€M ((T1 —ur)U(P—v5—v5))
1
Tord (o RT(ak—S)
96dr (u1) h—3€My_3((Th —ur)U(P—v5—v5))
1
—_— R _3).
" 96dr(ur) 2 rl0-s)
ap_3€Mp_3((T1—u1)U(P—vs))
Since dr(u;) > 2, and
Zak—2€/\4k—2(T1U(P*v5)) RT(O%*Z) = Z RT(ak’2)’
ap—2EMp_o((Tr—u1)U(P—vs))
Zak—SEMk—3(T1U(P*'US*'UG)) RT(ak"g) z Z RT(O"C*Q‘})’
ap—3EMp_3((Th—u1)U(P—vs5—v6))
23 Mu_o(T1—un)U(P—uvs)) T (CQh—g) > > Rr(ay-3),

ag—3EMyp_3((Tr—u1)U(P—v5—vs))

we get b(M(T"), k) — b(M(T), k) > 0.

By Lemma 2.1, Ex(T) < Eg(T").

Uz U U1 U2 V-1 Ut

F,

Figure 4.

Corollary 3.5 Let T be the tree of order n > 9 (as depicted in Figure 4). Then

Er(Pn) < Er(T).

v U V-1 Ut

Figure 5. Operation III.
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Lemma 3.6 ( [8]) LetT and T’ be trees of order n as depicted in Figure 5, where t > 5,
dr(vi) > 3, Nr(vi) has no pendent vertices, and Ty is a subtree of T with vy € V(T7).
Then E(T) < Er(T).

4 Main result

In this section, we will show that for any coral tree T € T (n), Eg(T) < Er(P,). That is,
P, is the connected n-vertex graph with maximal Randi¢ energy for 7 (n). Furthermore,
we will prove that if for a graph G, Er(G) < Er(P,), then G satisfies Conjecture 1.1.

That means that the coral trees set T'(n) is a family that satisfies Conjecture 1.1.

Lemma 4.1 Let T € T(n) be a coral tree with two small quasi-pendent vertices. If
there is just one pendent vertex in the neighborhood of a small quasi-pendent vertex, then

SR(T) < SR(PR)'

Proof. Without loss of generality, we assume that vy, v,—1 are two small quasi-pendent
vertices. Then 7' is a tree as depicted in Figure 6, where T} is a subtree of order n — 2.
Consider the tree 7" which is obtained from T by replacing 7; with the path of order
n — 2. Clearly, T" is a path of order n as depicted in Figure 6. For 1 < i < j < n, use

P, »; to denote the path of 7" from v; to v;.

U1 v2, Un—1 Up U1 v2 U3 Up—2 Un—1 Up

T T
Figure 6.

Let the Randié characteristic polynomials of 7" and 7" be

5] L3]
¢R(T l) = (_1)kb(R(T) k)xn,72k7 @R(T,v I) = (_1)kb(R(T/) k)l‘nyizk*,

k=0 k=0

vl

respectively, where b(R(T'),0) = b(R(T"),0) = 1.
Note that the following facts.

o Rpi(vivg) = % > Rr(vive), Ry(vp—1v,) = % > Rr(vn—1vy).

e For each edge viv; € E(T"),2 < i < j < n—1, Rp(vw;) = i. For each edge
w € E(T) \ {viva, va—1vn}, Rp(w) < 1.
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e For any positive integer [, by Lemma 2.2,

S Re() = Q) IMPa )z Y Rl

a €M (Pog,v, 1) a eM(T1)
1
Y. Bola) = (' M(Puu )= Y Brlo),
A€M (Pog,u,_1) €M (T1—v2)
1
Y. Br(e) = (' IM(Pau )= Y Rrl),
A€M (Poy,v,_s) €M (Ti—vn-1)
1
Y. Br(e) = () IM(Puy, ) 2 > R (o).
€M (Pog v,y o) €M (T1—v2—vn—1)

It is clear that b(R(T"), k) > b(R(T), k) for 2 < k < [§].

By Lemma 2.1, Eg(T) < Er(T") = Er(P,). |

Theorem 4.2 Let T € T(n) be a coral tree. Then Er(T) < Er(P,).

Proof. IfT € T(n) is a coral tree with two small quasi-pendent vertices and there is just
one pendent vertex in the neighborhood of a small quasi-pendent vertex, then by Lemma
4.1, Ep(T) < Er(Fy).

Otherwise, by Lemma 3.3, there is 77 € T (n) satisfies the following conditions.

(1) T" € T(n) is a coral tree with two small quasi-pendent vertices;

(2) There is just one pendent vertex in the neighborhood of a small quasi-pendent
vertex;

(3) Er(T) < ER(T).
Therefore Eg(T) < Er(T") < Er(P,). |

Theorem 4.3 Let n be odd. Then Ex(P,) < SR(Suan),

Proof. Case 1.3<n<7.
If n = 3, then Py & Su;.
If n =5, then Ps = Sus.
If n =7, we denote T' = Sus and
L3) L

(=) b(R(T), k)z" %, ¢r(Pr,x) =Y (=1 b(R(Py), k)a" 2,
k=0 k=0

[N

¢R(T7 .’E)
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where b(R(T'),0) = b(R(P:),0) = 1. Note that

b(M(T), 1) — b(M(P;),1) =2 —2 =0,

HOL(T),2) — bM(P),2) = 5 - ¢ >0,
BM(T),3) DM (Pr).8) = 1 — 12 >0

By Lemma 2.1, Eg(Pr) < Er(T).

Case 2. n>9.

Let T be the tree as depicted in Figure 4. By Corollary 3.5, Eg(P,) < Er(T'). Applying
Operation III to 7" successively, by Lemma 3.6, we find that the Randi¢ energy is increasing
as dr(vy) is increasing. So, Er(F) < Er(Sun1).

The theorem now follows. | |

Theorem 4.4 Let n be even. Then Eg(P,) < gR(DSUL”T’QM"T”W)'

Proof. Case 1.2 <n < 12.
If n =2, then P, = DSuy.
If n =4, then Py = DSug;.
If n =6, then s = DSuy ;.
If n =8, we denote T'= DSu,» and

=Y (=D!B(R(T), k)", ¢p(Ps,x) = > (-1 %), k)2

k=0 k=0

where b(R(T),0) = b(R(Fs),0) = 1. Note that

BOL((T), 1) = WM (R). 1) = — =
BM(T),2) B (Bs),2) = 2 — 22 >0,
B (T),3) ~ HM(P),3) = 15 — = >0,
B(M(T), 4) — b(M (Py), 4) = % _ 6i4 > 0.

By Lemma 2.1, Eg(Ps) < Er(DSuy 9).
If n = 10, we denote T' = DSus 5 and

a(T ) = > (=DFB(R(T), k)", ¢r(Po,x) =D _(—=1)*b(R(Py), k)",

k=0
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where b(R(T'),0) = b(R(Py),0) = 1. Note that

25 11
b(M(T), 1) — b(M(Py), 1) = 9° >0,
17 43
H(T).2) ~ b1 (P).2) = ©— 2
23 35
HOL(T).3) — HM(P).3) = 22— 52
25 41
1 1
b(M(T),5) = b(M(Py),5) = T4 256
By Lemma 2.1, Eg(Pio) < Er(DSusgs).
If n = 12, we denote T' = DSuy 3 and
6 6
r(T,z) = Z K" gR( P, x) Z R(Py), k)z" 2",
—0 k=0
where b(R(T),0) = b(R(Py2),0) = 1. Note that
79 13 1
b(M(T), 1) = b(M(Pr2),1) = CYRRREi ik 0,
B (T),2) ~ B(M(P),2) = SL 450
251 133
b(M(T),3) = b(M(Pr2),3) = T 0,
83 139
b(M(T).4) = b(M(Pr2),4) = o2 — =2
17 39
b(M(T),5) — b(M(Pr2),5) = 102~ 1024 > 0,
1 1
b(M(T),6) — b(M(Pr2),6) = 507 — 7557 > 0

By Lemma 2.1, Eg(Pi2) < Er(DSus ).
Case 2. n > 14.
if

n
b 18

Denote by T" and T"” the trees depicted in Figures 7(a) and 7(b), where x = 5

odd, and z = "T’Q if 3 is even.
Let T be the tree of order n > 14 as depicted in Figure 4. By Corollary 3.5, Er(P,) <
Er(T). Applying Operation III to T successively, by Lemma 3.6, Eg(P,) < Er(T").

VUz—2 Vz—2 Vz+3

Uz —1 . Vp—1  Vot2

U1 V2 Vg Uz+1 Un U1 V2 Uz Vz+1l Un—-1 Up

Figure 7(a). Tree T’ Figure 7(b). Tree T”
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Applying Operation II to 7" for v,y firstly, then applying Operation III to the resulting

tree successively, by Lemmas 3.4 and 3.6, we find that the Randi¢ energy is increasing

as dr(vgy1) s increasing. So, Eg(P,) < Er(T') < Er(T"), where T" is DSujn=z) tn-2y as
depicted in Figure 7(b). |

By Theorems 4.2, 4.3 and 4.4, we get the following results.
(1) For T € T(n), Er(T) < Er(Py).
(2) For a graph G, if Eg(G) < Er(P,), then G satisfies Conjecture 1.1.

(3) T(n) is a family of trees that satisfies Conjecture 1.1.
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