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Abstract

In Part 1 of the current series of papers, we demonstrate the equivalence between the
Zhang-Zhang polynomial ZZ(S, z) of a Kekuléan regular m-tier strip S of length n
and the extended strict order polynomial Eg(n, z 4+ 1) of a certain partially ordered
set (poset) S associated with S. The discovered equivalence is a consequence of the
one-to-one correspondence between the set {K} of Kekulé structures of S and the
set {p: & D A — [n]} of strictly order-preserving maps from the induced subposets
of S to the interval [n]. As a result, the problems of determining the Zhang-Zhang
polynomial of § and of generating the complete set of Clar covers of S reduce to the
problem of constructing the set £(S) of linear extensions of the corresponding poset
S and studying their basic properties. In particular, the Zhang-Zhang polynomial
of S can be written in a compact form as

||

£ 5, (e

k=0 weL(S)

where des(w) and fixs(w) denote the number of descents and the number of fixed
labels, respectively, in the linear extension w € £(S). A practical guide and a four-
step, completely automatable algorithm for computing Eg(n, z 4+ 1) of an arbitrary
strip S, followed by a complete account of ZZ polynomials for all regular m-tier
benzenoid strips S with m = 1-6 and arbitrary n computed using the discovered
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equivalence between ZZ(S,z) and Eg(n,z + 1), are presented in Parts 2 and 3,
respectively, of the current series of papers.

We would like to stress that the pursued by us approach is unprecedented in the ex-
isting literature on chemical graph theory and therefore it seems to deserve particular
attention of the community, despite of its quite difficult exposition and connection
to advanced concepts in order theory.

1 General introduction

The theory of Clar covers of benzenoids dates back to the early seminal work of Clar [22],
who suggested that the most chemically stable resonance structures of benzenoids are
those with the maximal number of aromatic sextets. This maximal number of aromatic
sextets that can be accommodated in a given benzenoid B—referred to in the modern lit-
erature as the Clar number of B and denoted as C'l—constitutes an important topological
invariant of B. A considerable effort has been invested in the determination of C1 for vari-
ous classes of benzenoids or generalized benzenoids [1-13,23,28,36,39,49,50,55,56,67-69].
In general, a Clar structure realizing the maximal number C! of aromatic sextets is not
unique; the number of Clar structures is denoted by c¢; and constitutes yet another im-
portant topological invariant of B. A related, well-established and thoroughly-studied
concept is the Kekulé count K {B} denoting how many resonance structures of B can be
constructed using only double bonds and no aromatic sextets [24,35]. These two numbers,
¢o = K {B} and c¢y, can be considered as the beginning and the end-point of a sequence
o, C1, - - -, Coy denoting the cardinalities of the sets of Clar covers of different order, with ¢,
corresponding to the number of generalized resonance structures of B constructed using
exactly k aromatic sextets. The generating function ZZ(B, x) for this sequence was intro-
duced to chemical graph theory by Zhang and Zhang as the Clar covering polynomial, but
in the modern literature it is more often referred to as the Zhang-Zhang polynomial or the
ZZ polynomial. Zhang and Zhang showed [62-66] that ZZ(B, z) has a number of inviting
recurrence properties, which make its determination much easier than finding any single
of the topological invariants of B. These results stimulated Gutman, Furtula, and Bala-
ban [27] and later Chou and Witek [17] to design an algorithm capable of fast and robust
computation of ZZ(B,x) using the concept of recursive decomposition. The resulting
computer program (ZZCalculator) [16,17] for determination of Zhang-Zhang polynomials
of arbitrary benzenoid structures has later been augmented with a graphical interface

(ZZDecomposer) [20,70,71] allowing one for generation of benzenoid graphs, computation
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of ZZ(B,z), and analysis of the recursive decomposition pathways. ZZDecomposer has
been used in many applications [15,18,19,21,29-33,37,45,46,57-61] to discover and for-
mally prove closed-form formulas of ZZ polynomials for various classes of elementary and
composite benzenoids. At present, the most important unsolved problems in the theory
of ZZ polynomials are the determination of ZZ(B, z) for oblate rectangles Or (m,n) and
hexagonal graphene flakes O (k, m,n).

Completely new vistas in the Clar theory have been recently opened by the develop-
ment of the interface theory of benzenoids [29, 38,40, 41,58|. It has been demonstrated
that the description of resonance structures of a benzenoid B can be reduced to studying
the covering characters of its interfaces. The number of covered edges in each interface
and the relative distribution of the covered edges between the consecutive interfaces of B
is regulated by the basic tenets of the interface theory (Theorems11, 16, and 21 of [40]),
allowing one to express uniquely each Clar cover of B as a sequence of covered inter-
face bonds of B. The generation of the full set of Clar covers can then be conveniently
performed by considering all possible distributions of covered interface bonds in B that
satisfy the interface theory requirements. In the current work, we communicate a very
important connection discovered by us recently in this context. Namely, we show that the
distribution of double interface bonds in Kekulé structures of regular benzenoid strips can
be very naturally expressed using the formalism of partially ordered sets (posets). The
existing language and the machinery of the poset theory allows us to articulate many con-
cepts of the interface theory in a particularly natural and compact form. Before jumping
into technicalities, we find it appropriate to outline our main findings here. For definitions

of basic terms in the poset theory see Section 3.1 or Stanley’s textbook [54].

2 Outline of the results

The main results obtained in the current work can be briefly summarized as follows.

e Every Kekuléan regular m-tier strip S of length n can be uniquely associated with

a certain poset S.

e Every Clar cover of S can be associated with a unique linear extension of an induced
subposet @ C S. The number of Clar covers associated with a linear extension v of

Q is given by 219! ("*%T(”)),, where des(v) denotes the number of descents in v. Each
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of these 2!€! ("*ldQe‘s(”)) Clar covers differs from each other by various distributions
of covering characters (proper sextet @) or aromatic sextet @) among available

positions (]Q] distinct entries selected from the sequence 1,2, ...,n + des(v)).

The set {K} of Kekulé structures of S stands in a one-to-one relationship to the
set {p: S DA — [n]} of strictly order-preserving maps from induced subposets of
S to the interval [n]. This correspondence is established by a complementary pair

of difficult and technical Lemmata 22 and 23.

The ZZ polynomial ZZ(S, z) of S is identical to the extended strict order polynomial
Eg(n,1+z) of S enumerating the strictly order-preserving maps from subposets of

S to the interval {1,...,n}:
22(S,w) = Ey(n,1 + ). &)

The equivalence between both polynomials is demonstrated by Theorem 24, which

constitutes the main result of our paper.

3 Preliminaries
3.1 Poset theory

The poset terminology used here follows closely Stanley’s book [54|. A partially ordered
set P, or poset for short, is a set together with a binary relation <p. In this manuscript,
we are concerned with finite posets P with p elements and with strict partial orders,
meaning that the relation <p is irreflexive, transitive and antisymmetric. We say that
the element ¢ € P covers the element s € P (denoted as s <pt) if s <p t and there is
no element v € P such that s <p u <p t. The relation <p of a finite poset P is entirely
determined by its cover relation, which allows us to represent P graphically in the form of
a Hasse diagram: The vertices of the Hasse diagram are the elements of P, and every cover
relation s <p ¢ is represented by an edge that is drawn upwards from s to t. An induced
subposet () C P is a subset of P together with the order <¢ inherited from P which is
defined for any s,t € Q) by s <pt <= s <¢ t. The usual symbol < denotes the relation
Jarger than” in N. The symbol [n] stands for the set {1,2,...,n}, and [n, m] stands for
the set {n,n+1,...,m}. The symbol n represents the chain 1 < 2 < 3 < ... < n. We say

that a map ¢ : P — N is order-preserving if it satisfies s <p t = ¢(s) < ¢(t), and strictly
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order-preserving if it satisfies s <p t = &(s) < ¢(t). A natural labeling of a poset P is
an order-preserving bijection w : P — [p]. A linear extension of P is an order-preserving
bijection o : P — p, which is often represented as a permutation w o o~! expressed by
the sequence w = wyws ... w, with w; = w(c~*(i)). The set of all such linear extensions
w is denoted by £ (P) and is usually referred to as the Jordan-Holder set of P. If two
subsequent labels w; and w;,; in w stand in the relation w; > w;;1, then the index i is
called a descent of w. The total number of descents of w is denoted by des(w).
The strict order polynomial Q%(n) of a poset P [52-54] enumerates the strictly order-
preserving maps ¢ : P — [n] and can be expressed as
o= 3 ("I, o)
weL(P)
The extended strict order polynomial Ep(n, z) of a poset P is formally defined [42] as
(n, 2) Z Qo(n )29, (3)
Qcp
where the sum runs over the induced subposets ) of P. The theorem demonstrated
recently by us (Theorem 2 of [42]) allows us to rewrite Eq. (3) in a more explicit form
0 p— fixp(w)\ (n+ des(w)\ ,

E%(n, 2) kz%wezﬁ(:m ( ki — fixp (1 })) ( i )Z , (4)
where fixp(w) denotes the number of fixed labels in the linear extension w = wyws . .. w, of
P. Alabel w; is fized in w if at least one of the following two conditions is satisfied: (1)i—1
or i is a descent, or (2) the set L(w;) = {l|l < i, w; > w;} of positions of preceding larger
labels and the set J(w;) = {j |w™ (w;) <p w™(w;)} of positions of necessarily preceding

labels satisfy the following two conditions: L(w;) # @ and max(L(w;)) > max(J(w;)).

3.2 Chemical graph theory

There are many non-equivalent definitions of a benzenoid in the literature [14, 25,34, 65].
In the current paper, we aim at studying a specific family of benzenoids (regular m-tier
benzenoid strips), so for our purpose it is sufficient to define a benzenoid B as a finite
subgraph of the infinite hexagonal lattice L, obtained by choosing a cycle Cp in L and
selecting all the vertices and edges of L that lie on or inside Cg [65]. We assume that
the lattice L is oriented such that some of its edges are vertical. We say that a benzenoid

B is a reqular 1-tier strip of length n if it consists of n adjacent hexagons located in the
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same horizontal row of L. A regular m-tier strip S is obtained by merging m consecutive
regular 1-tier strips located in adjacent rows of L, in such a way that the following two
conditions are satisfied: (i) Two adjacent strips differ at each end by i% hexagon unit.
(#7) The top and the bottom regular 1-tier strips are both of the same length n [60,61].

Examples of regular m-tier strips are given in Figs. 1, 8, and 9.

oo S5 (B

Polyacene L(5) Parallelogram M(3,4) Hexagonal flake O(3,3,3)

Figure 1. Examples of regular m-tier strips of length n, with m = 1,3,5 and n =
5,4, 3, respectively.

A Clar cover is a spanning subgraph of B such that every one of its connected compo-
nents is isomorphic to K, or Cg [22,69]. (K denotes a complete graph on 2 vertices and
Cs denotes a cycle of girth 6.) A spanning subgraph of B consisting entirely of Ky compo-
nents is usually referred to as a Kekulé structure [25,35|, a perfect matching, or a 1-factor
of B. Both concepts, Kekulé structures and Clar covers, played very important roles in
the early development stages of theoretical chemistry, when it seemed plausible that accu-
rate predictions of energetic stability and reactivity of benzenoid hydrocarbons could be
directly linked to the theory of chemical resonance [22,48] based on topological invariants
derived by analyzing Kekulé structures and Clar covers of a given benzenoid. Unfortu-
nately, early quantum chemical methods based on these concepts, such as the Hiickel
method or the extended Hiickel method, could not withstand the competition from much
more accurate and sophisticated computational models of quantum chemistry, such as
density functional theory and ab initio methods, and have been gradually sinking into
oblivion. However, we see potential capabilities lying dormant in those graph-theoretical
concepts, which might in the near future lead to a renaissance of Kekulé structure— or Clar
cover—based novel techniques of quantum chemistry, using for example the set of Kekulé
structures or Clar covers as a Hilbert space basis for valence bond configuration inter-
action (CI) or perturbation theory calculations. Such methods are yet to be developed,

but their latent advantages rely on the efficient enumeration of Clar covers or Kekulé
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structures and generation of Hamiltonian matrix elements in their basis using concepts
similar to those used in the graphical unitary group approach (GUGA) to CI [47,51|. We

hope that the research reported here will contribute to such a development.

DRRDRBDY|

T

Figure 2. The parallelogram M (2,2) has 6 possible Clar covers with no aromatic
rings, 6 Clar covers with one aromatic ring, and one Clar cover with two
aromatic rings. Therefore, ZZ(M(2,2)) = 22 + 6z + 6.

A Clar cover C of a benzenoid B with N vertices (atoms) consists of a certain number

N—6k
2

(say k) of hexagon (Cg) components and edge (K3) components. The number k is
referred to as the order of the Clar cover C. As an example, we present in Fig. 2 all 13
possible Clar covers of the parallelogram M (2,2) (i.e., the only regular 2-tier benzenoid
strip of length 2). This set consists of six Clar covers of order 0 (coinciding with the
Kekulé structures of M(2,2)), six Clar covers of order 1 and a single Clar cover of order
2. The maximal order CI of the Clar covers of B, naturally bounded from above by %,
is referred to as the Clar number of B [22,26]. For M (2,2) from Fig. 2, we have Cl = 2.

Let us denote by ¢ the number of Clar covers of B of order k. A generating function for

the sequence ¢y, ..., co
el
ZL(B.x) = Y (5)
k=0

was introduced by Zhang and Zhang as the Clar covering polynomial [63-66], but is more
commonly referred to in the modern literature as the Zhang-Zhang polynomial of B or
simply the ZZ polynomial of B. Zhang and Zhang demonstrated in Theorem 2 of [66] (see
also Theorem 1 of [64]) that the ZZ polynomial of a benzenoid B can also be expressed
as
ci
ZZ(B,x) =Y a(B,k)(x+ 1), (6)
k=0
where a(B, k) denotes the number of Kekulé structures of B that have exactly k proper

sextets, where a proper sextet is characterized by three edges of a Kekulé structure ar-
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ranged within a hexagon as shown in the left panel of Fig. 3. The right panel of Fig. 3
gives a few examples of other coverings of a single hexagon that do not adhere to the
definition of a proper sextet. Owing to Eq. (6), one can compute the ZZ polynomial of a
benzenoid B from the analysis of the set of Kekulé structures of B, which is substantially

smaller than the set of Clar covers of B. We heavily rely on this concept in the following.

proper sextet

SO || T XX

Figure 3. Left panel: Proper sextet. Right panel: Various coverings of a single
hexagon that are not proper sextets.

no proper sextet

3.3 Adaptation of the interface theory of benzenoids to the anal-
ysis of Kekulé structures of regular m-tier strips

Recently, we have developed a new theoretical framework for constructing, analyzing,
and enumerating Kekulé structures and Clar covers of benzenoids, which is based on the
concepts of fragments and interfaces. The resulting conceptual methodology was given
the name of interface theory of benzenoids [40,41]. In this section, the main concepts and
results of the interface theory of benzenoids are presented in a simplified form specialized
for studying Kekulé structures of regular benzenoid strips. By virtue of Eq. (6), the
presented formalism is sufficient to enumerate Clar covers of regular benzenoid strips
and to compute their ZZ polynomials. In most cases, the presented theory is obviously
consistent with the previous developments, but in situations when doubts might arise we
give formal proofs of the presented facts.

We introduce the following linguistic equivalences to be used throughout this paper,
which unify the terminologies typically used in the context of graph theoretical analysis
of benzenoids by the mathematical and chemical communities: For a benzenoid B with
a Kekulé structure K, a vertex in B = an atom in B, an edge in B = a bond in B, an
edge covered by some K5 in K = a double bond, and an edge in B that is not in K = a
single bond.
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interface ig

N\/\ fragment f;
P

\’)\’)\’)\' fragment f,
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Figure 4. Dividing a regular m-tier strip of length n using m+2 horizontal partition
lines Py, ..., Pyy1 defines m+1 fragments fi,..., fin+1 and m+ 2 inter-
faces ig, . .., im+1. These concepts are illustrated here on the example of
the parallelogram M (m,n) with m = 3 and n = 3.

Consider a regular m-tier strip S with m + 2 horizontal partition lines B, ..., Pyni1
along each row, as shown on the left side of Fig. 4. The vertical bonds of S crossed by
the partition lines are called interface bonds, and the slanted bonds between the partition
lines are called spine bonds. The set of bonds and atoms which are (at least partially)
between the lines P_; and Py is called the fragment f, of B. The set of interface bonds
crossed by the line P, is called the interface i, of B. The interfaces i,_; and i, above
and below the fragment f; are called the upper and lower interfaces of fy, respectively.

Each fragment is assigned a shape, as depicted in Fig. 5, in the following way.

YN YT Yy oYY Y

shape W shape N shape R shape L

Figure 5. Fragments can have four possible shapes: W (wide), N (narrow), R (right),
or L (left).

Let fi be a fragment of a regular strip. Denote the leftmost interface bond of f; by

barss and the rightmost interface bond of fy by bp.s. The shape of fj, is
(Wide) if brst € g and by € i,
(narrow) if bgrt € ig—1 and bpug € i1,
(right) if bapst € ip—1 and b € iy,
(left) if bt € g and b, € Th—1,

Hom==

where 451 is the upper interface of f; and i is the lower interface of f;. For example,
in the parallelogram shown in Fig. 4, the fragment f; has shape W, f; and f3 have shape
R, and f; has shape N. It is clear that the sequence [W,R,R,N] and the length n = 3 fully
specify the geometry of this particular regular strip.

The bonds within each interface are numbered from the left to the right: The j*™

bond in the interface i;, is denoted by e ;. Note that this differs from the bond notation
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in the previous papers [40,41]; it is however the most convenient naming system for the

following derivations. The cardinality of a set J of edges will be denoted by |J|.

Definition 1. Consider a regular strip S and one of its Kekulé structures K. The set

K of double interface bonds in K is defined as

m

Ky =E(K)n |-
k=1
Any Kekulé structure K is uniquely determined by its set Kj:

Lemma 2 (Lemma 8 of [40]). Let S be a regular strip, and consider two Kekulé structures
K and K' of S. If their sets of double interface bonds coincide, i.e., K; = K, then
K=K

Proof. The set K specifies the covering character of all interface bonds: those in K are
double bonds, and the remaining ones are single bonds. According to Lemma 8 of [40],
the interface bond covering characters fully determine the entire Clar cover (here K).

Therefore, K; = K} implies K = K. |

Definition 3. Consider a regular strip S and one of its Kekulé structures K. The order

of an interface ¢ of S is defined as the number of edges of K located in i:
ord(i) = |K;Nif.

Theorem 4 (First Rule: Interface order criterion (Theorem 11 of [40])). Consider a
reqular m-tier strip S of length n with a Kekulé structure K. Let i be an interface of S.

Then,

ord(i) = |i| — n. (7)
Proof. According to Theorem 11 of [40] and the definition of regular strips,
ord(i—1) +1 if shape(fi) =W, lik—1|+1 if shape(fy) =W,
ord(iy) = ¢ ord(ix—1) — 1 if shape(fi) =N, and  |ig| = { |ig—1| — 1 if shape(fy) =N,
ord(ik—1) if shape(fx) =R or L, lik—1] if shape(fz) =R or L.

The empty interface ig naturally has ord(ig) = 0. The first fragment f; of a regular strip
always has the shape W, thus the first interface ¢; has ord(¢;) = ord(ig)+1 = 1. In a regular
strip of length n, the interface 4; has |i;| = n + 1 bonds, and therefore |i;| — ord(iy) = n.
Owing to the recursive properties of ord (i) and |ix| specified a few lines above, for every
fragment shape, we find |i| — ord(ix) = |ix—1| — ord(ir—1). It follows by induction that

lig] —ord(ix) =nforall k =1,2,...,m. |
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Remark 5. We see from Theorem 4 that ord(¢) = |i| — n, and since |i| and n are both
independent of K, so is ord(¢). This signifies that the interface orders ord(s;), .. ., ord(ém)
are identical for all Kekulé structures K of S and constitute yet another topological
invariant of S. We will in the following take advantage of this fact, and understand the
order ord(i) of an interface ¢ of S to be equal to |i| — n, even when no Kekulé structure

is specified.

Theorem 6 (Second Rule: Double interface bonds alternate (Theorem 16 of [40])). Let
S be a regqular strip with a Kekulé structure K. Let f be a fragment of S. The double
interface bonds of K belonging to f (i.e., edges in KiN\f) are, from left to right, distributed

as follows.

(a) The first interface bond and the first double interface bond in f belong to the
same interface.

(b) The last interface bond and the last double interface bond in [ belong to the
same interface.

(¢) If there is a double bond in the upper (lower) interface, then the next double

bond can only belong to the lower (upper) interface.

Proof. Since a regular strip S is a benzenoid and since its Kekulé structure K is a Clar
cover, all assumptions of Theorem 16 of [40] are satisfied and we know from the statements
(a) and (b) of the reformulation of Theorem 16 of [40] given by Theorem 4 of [41] that the
statements (a) and (b) of the current theorem are true, because in a regular strip S the
first (last) atom of f is connected to the first (last) interface bond of f. The statement
(¢) of the current theorem is a direct consequence of the statement (¢’) of Theorem 16

of [40]. ]

Theorem 7 (Third Rule: Construction of Clar covers (Theorem 21 of [40])). Consider a
reqular m-tier strip S. Define a set K, of double interface bonds in S satisfying for every

k € [m] the following conditions:
(a) | K, Ny = ord(iy)
(b) The set K, N fi, satisfies the statements (a)—(c) of Theorem 6.

Then, there is exactly one Kekulé structure K with K; = K.
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Proof. The present theorem is a direct consequence of Theorem 5 of [41] applied to Kekulé
structures (i.e., Clar covers of order 0) of regular strips. Reinterpreting the set K, in the
language used in [41] corresponds to assigning double bond covering character to all the
interface bonds in K,, and single bond covering character to all the interface bonds in
Uiy ix \ K,. Condition (a) of Theorem 5 of [41] is vacuously satisfied since none of
the interface bonds in S have aromatic covering character. Condition (a) of the present
Theorem implicitly defines interface orders ord (i) satisfying—by the arguments presented
in the proof of Theorem 4 above—the conditions (a)—(c) of Theorem 3 of [41], which in turn
implies the validity of condition (b) of Theorem 5 of [41]. The proof of Theorem 6 shows
that a set of double interface bonds K, N f; which satisfies condition (b) of the present
theorem also satisfies condition (c¢) of Theorem 5 of [41]. Therefore, all the conditions of
Theorem 5 of [41] are satisfied, meaning that there exists exactly one Clar cover with the
double interface bonds specified by K. Since none of the interface bonds are aromatic,

this unique Clar cover is a Kekulé structure K with K; = K. | |

4 Derivation of the main results

We always assume in the following that S is a regular m-tier strip of length n with at

least one Kekulé structure.

4.1 Partially ordered set of DIBs

Consider an arbitrary Kekulé structure K of the regular strip S and the corresponding
set of double interface bonds K;. We will see in the following that the set K can be
naturally extended to a poset, whose structure is completely determined by the First and
Second Rule of interface theory, and thus identical for every Kekulé structure K.

Let us first analyze the structure of K;. The number of bonds of K located in any
interface i of S, |K; Nil, is, by Theorem 4, equal to ord(ix) = |ix| — n. Since |ix] —n is
independent of K, the numbers of double bonds in the interfaces i1, ..., i, are the same
for every choice of K. Let us refer to the j% element of K;Niy from the left as di ;. Then,
we can express the set K as

m ord(iy

)
K= U U {d5} (8)

k=1 j=1
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It is clear that the structure of the set K; given by Eq. (8) is identical for every Kekulé
structure K.
We can introduce now a strict partial order <y on the set K via an appropriate cover

relation < j:

Definition 8. Consider two double interface bonds d,ffj, dﬁﬁj, € K; C E(K) and denote
# = max(k, k'). We say that djf; and dff , stand in the cover relation df\; <x dfs  if and

only if

o |[K —kl=1and

L 0  when the first interface bond of f,; belongs to i,
° — 9 =
S 1 when the first interface bond of f, belongs to .

The first condition, [k’ — k| = 1, indicates that dj ; and dﬁ,j, belong to the same fragment
fi of S, and the second condition effectively stipulates that d{.(/’]-, is the next double

interface bond in f, to the right from dﬁ I

Theorem 9 (DB Reformulation of the Second Rule). Consider a fragment f and a
Kekulé structure K of S. Consider further two double interface bonds dﬁj, dﬁj, e Kinf
which stand in the relation dif; <k dﬁj,. Then, di; is located to the left of dif’j,, and all

the interface bonds of f between d,{fj and dﬁj, are single bonds.

Proof. Denote by i; the interface of f which contains the first interface bond of f, and
by i, the other interface of f. According to condition (a) of the Second Rule (given in
Theorem 6), the first double interface bond dffl of f is in ¢;. According to condition (c)
of Theorem 6, a double bond in i (i,) is followed by a double bond in 4, (¢;). Therefore,
the double interface bonds of f are alternating between the interfaces i; and i, and are
given, from left to right, by the sequence dfY, d%, df$, d,, df5, . ..

For two double interface bonds of the fragment f standing in the relation d{fj <K df,.j,, we
need to consider two possibilities: (i) k' = r or (i) k' = . In case (i), the first condition
of Definition 8 tells us that & = [ and the second condition of Definition 8 tells us that
7" = j. A comparison with the sequence specified at the beginning of this proof shows
that dfj = dl{(j, is indeed located to the left of dﬁ,j, = dffj,. Similarly, in case (i7), we have
k=rand j/ = j+1. Again, a comparison with the sequence specified at the beginning of
this proof shows that d,{fj = dfj,_l is indeed located to the left of dif’j, = d{fj,. Since d{fj,

and df, in case (i) and d¥,_, and dff, in case (i7) are consecutive pairs of double interface

™y
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bonds in the above sequence, no double interface bonds are located between them and all

interface bonds (if any) located between dff ; and dﬁj, are single bonds. u
Definition 10. The transitive closure of the relation <x shall be denoted by <.
Lemma 11. The relation <y is a strict partial order.

Proof. We have to show that <y is irreflexive, transitive and antisymmetric. Transitivity
is clear from Def. 10. It follows from Theorem 9 that, whenever d,f 5 <k dﬁ.j,, the double
interface bond dff; is located to the left of djj ,; consequently, <x is antisymmetric and

irreflexive. | |

Fact 12. Consider a fragment f of S and its Kekulé structure K. Denote by i, the
upper interface of f and by i, the lower interface of f. It follows from Def. 8 that the set
Cr (f) of cover relations <y between the double interface bonds of f (i.e., between the
elements of K;N (i, Ui) = {dﬁfl, cey dﬁm(i“), d{fl, cey d{;rd(il)}) is completely specified
by the following chain of inequalities

dvjf,l <K dl},(l <K duKQ <K dl{(Z <K ...<pg dl{(o'r'd(il) <K dﬁord(iu) ’Lf shape f =W

dl{(] <K du’f1 <K dffz <K d,‘fZ <o < dﬁom(iu) <K dl[,(ord(il) if shape N 9)

dl{{] <K dﬁl <K dffz <K dﬁQ < oo < dl[,(ord(il) <K difwd(iu) if shape R

dff,l <K df[,(l <K dfﬁ <K dll,(Z <K ... <K dff,oni(iu) <K dl{(ord(i,) if shape L
The structure of the set € (f) is independent of the Kekulé structure K wused for its
construction and depends only on the structural parameters of S: the shape of a given

fragment f of S is obviously independent of K and the orders of its both interfaces, ord(i,)
and ord(i;), are independent of K by Remark 5.

Fact 13. Consider a reqular benzenoid strip S and its Kekulé structure K. The complete

set i (S) of cover relations <y that can be constructed for S is given by

@i (S) = |J G (fr) (10)

k=2

Again, following the discussion at the end of Fact 12, the structure of the set € (S) given
by Eq. (10) is identical for every Kekulé structure K and thus independent of K. Note
that the fragments fi and fn1 can be excluded from the sum in Eq. (10), because they
contain only one non-empty interface each and consequently do not contribute any cover

relations to €k (S).
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Below, in Examples 14 and 15, we construct the Hasse diagram corresponding to the
poset generated by the complete set of cover relations @ (S) for two regular strips,

S§=M(3,2)and S =0(3,2,3).

Example 14. Consider the two distinct Kekulé structures of the parallelogram M (3,2)
shown in Figures 6(a) and (b). Each interface of M (3,2), iy and i, has order one
and contains one double bond, denoted as df; and df,, respectively. The set K thus
contains two elements, K; = {d{fl, défl}. Definition 8 allows us to establish one cover
relation, d{f] <k dﬁf], which is identical for each selected Kekulé structure—in fact, since
Definition 8 relies only on the indices of the elements of K7, this cover relation holds for
every Kekulé structure of M (3,2). According to Theorem 9, the relation d{f] <K déf]
implies that dfl is located to the left of défl; this is easily verified for any given Kekulé
structure such as the ones given in Fig. 6(a) and (b). The resulting Hasse diagram for

M (3,2) for the posets K; with the derived relation <y is shown in Figure 6(c).

(a) (b) (c)
e =
&&5. "

dfy <k dy

Figure 6. The double interface bonds dfl and dé(_,l in two distinct Kekulé structures
(a) and (b) of the parallelogram M (3,2) are related by the same cover
relation dﬁ <K dgfl, which indicates that df; must be located to the
left of défl. In (c) we show the resulting Hasse diagram (identical for
every Kekulé structure of M (3,2)) corresponding to the cover relation
df) <k dfy.

Example 15. Consider two distinct Kekulé structures of the hexagonal graphene flake
0 (3,2,3) shown in Figures 7(a) and (b). The orders of the interfaces i, ..., are 1,2,2, 1,
respectively. The set K contains thus six elements, K; = {dfl,défl,dfz,dfl,dgwdfl}.
Definition 8 allows us to establish seven cover relations (for the detailed list, see Figure 7).
It can be verified that these cover relations are identical for every Kekulé structure of
0(3,2,3), and that Theorem 9 holds for each of these Kekulé structures. The Hasse

diagram corresponding to the posets K of O (3,2,3) is shown in Figure 7(c).
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dfy

i

/ df,
. affy <wdfy . .
dffy < dffy s <xcdf, dk,
dffy <k df,
dy < dff, ' dif) < dff,
dfy <xdffy

Figure 7. (a) and (b) Two distinct Kekulé structures of the hexagonal graphene
flake O (3,2,3). The cover relations determined from Definition 8 are the
same for both Kekulé structures. (c) The resulting Hasse diagram for the
partial order <y induced on the set K = {d{fl, défl, d§2, dfh d§27 dfl}
by the seven listed cover relations is identical for every Kekulé structure
of O (3,2,3).

We have demonstrated before that the structure of the set K; given by Eq. (8) is
identical for every Kekulé structure K of S. Similarly, we have demonstrated that the
structure of the set of cover relations € (S) given by Eq. (10) is identical for every Kekulé
structure K of S. This shows that the corresponding Hasse diagrams (for example those
constructed in Examples 14 and 15) are also independent of the choice of Kekulé structure
K used for their construction; the only difference between two Hasse diagrams constructed
using two distinct Kekulé structures is that the corresponding poset elements (i.e., the
Hasse diagram vertices) dkKJ and dkKJ’ may stand for different interface edges of S. This
notion can be further formalized by introducing a poset S which is isomorphic to all the

posets Ky of S.

Definition 16. Consider a regular benzenoid strip S with m interfaces 41, . . ., i,, of orders

ord(iy), ..., ord(i,,), respectively. We define the poset S as

m ord(iy)
S = U U (s}
k=1 j=1
together with the partial order <s defined via its cover relations: Two elements sy, ;, s/ j» €
S stand in the cover relation sy ; <s sp v if and only if
o |k —k|=1and

L 0 when the first interface bond of f, belongs to iy,
[ ] _ =
S 1 when the first interface bond of f, belongs to iz,
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where x = max(k, k). The elements s;; of S are called the double interface bonds of S,

or DIBs for short. The set S will be referred to as the set of DIBs.

Examples of posets S for nine classes of regular benzenoid strips are shown in Figure 8.

Figure 8. Examples of posets S constructed for nine selected regular benzenoid
strips S.

ord(i) = -1

ord(iz) = ~1

Figure 9. Not every regular strip S can be associated with a poset S. The three
regular strips shown above contain at least one interface with a negative
order (marked in green online). Consequently, by Example 11 of [41], all
the three structures are non-Kekuléan, there is no poset associated with
them, and their ZZ polynomials are identically equal to 0.

It is now straightforward to construct an obvious isomorphism 7x between S and any

K[i

Definition 17. Consider a Kekulé structure K of S§. Then the map 7 : S = K; C E (K)
is defined by

TK * Skj d,fj for every k € [m],j € [ord(iy)].

Lemma 18. If two DIBs stand in the relation sy ; <s sij, then for any Kekulé structure

K of S we have Tr(Sk;) <k Ti (S j)-

Proof. This fact is a direct consequence of the similarity between Definitions 8 and 16 of

the relations <x and <s. If s ; <s Sp j7, then the indices k, &', j and j’ satisfy the two
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conditions in Def. 16, which are identical to the two conditions in Def. 8, meaning that
i (Sk) = dity < diy = Tr (810 7). n

Remark 19. Before continuing the exposition, let us summarize briefly the structure of the
studied regular benzenoid strip S. We recollect that S contains m interfaces iy, ..., iy,.
The interface i), consists of n+ord(ix) edges, out of which n have single covering character
and ord(i},) have double covering character in every Kekulé structure K of S. The ;™
bond in the interface i, (with j € [n + ord(ig)]) is denoted by ey ;, regardless of its
covering character. Additionally, for each Kekulé structure K, the " double interface
bond in the interface i, (with j € [ord(ix)]) is denoted by dﬁj. Consequently, for each
di; there exists an index j = j (K, k,j) € [n+ ord(i})] such that di; = ¢, ;. Combining
this fact with the definition of 7x, we can see that for each s;; there exists an index
J=J (K, k,j) € [n+ord(i)] such that 7x (s ;) = e, ;. We use this fact in Definition 20

to define a new (K-dependent) property of sy ;.

Definition 20. Let posy : & — N be the map which assigns to each s;; a number

pos (Sk,;) such that 7 (s ;) . This number posg (si,;) is called the position

= ek,posk(sk_])

of sp; in K.
It is now clear that we can define any Kekulé structure K of S simply by specifying

S and the corresponding map posy (si,;): The set K = {ek posic (555 | sk; € S} uniquely

determines K by Lemma 2.

4.2 Equivalence between the extended strict order polynomial
and the ZZ polynomial

We have seen in the previous subsection that the set S together with the relation <g con-
stitutes a partially ordered set. The pair (S, <gs)—denoted concisely also as S—encodes
the relative positions of double interface bonds within all Kekulé structures of a given
regular strip. The absolute positions of the elements of K in a given Kekulé structure K
are encoded by the triple (S, <s,posg). We will show in the following that, in order to
define K, it is sufficient to specify posy (sk,;) not for all elements of S, but only for the

elements of the subposet Ax C S defined as follows.

Definition 21. Let K be a Kekulé structure of S. Then, we denote by Ag the induced

subposet of S given by

Ag = {sr; € S|7k(sk;) participates in a proper sextet of K} .
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We will in the following Lemmata 22 and 23 establish a one-to-one correspondence
between Kekulé structures of S and certain order-preserving maps from the elements of
subposets Ax C S to the numbers encoding the absolute positions of DIBs in K. This
will allow us to establish, in Theorem 24, the equivalence between the ZZ polynomial
ZZ(S,z) of a Kekuléan regular m-tier strip S and the extended strict order polynomial

E%(n,z + 1) of the corresponding poset S.

Lemma 22. Let S be a reqular m-tier strip of length n with the poset of DIBs S, and let
K be a Kekulé structure of S. Then, there is exactly one strictly order-preserving map

w: Axg — [n] such that
1. posg (Sk;) = p (s ;) + J for every sy ; € A and

2. posy (sg;) = max ({u (swj7) | swj € Ak, swjr <s sk} U{0}) +J
for every s ; € S\ Ag.

Lemma 23. Let S be a reqular m-tier strip of length n with the poset of DIBs S. Let
further A C S be an induced subposet of S, and let p : A — [n] be a strictly order-

preserving map. Then, there exists exactly one Kekulé structure K such that
1. posg (Skj) = p(sk;) + 7 for every si; € A,

2. posg (sk;) = max ({p (i) | swj € A, spj <s sk} U{0}) +j
for every s,; € S\ A,

3. Ag = A.

The proofs of Lemmata 22 and 23, being rather long and technical, are exiled to the
Appendix.

Lemmata 22 and 23 are complementary. Together they establish a one-to-one corre-
spondence between the set { K} of Kekulé structures of S and the set {: S D A — [n]}
of strictly order-preserving maps from the induced subposets of S and the interval [n]. In
particular, the pair (A, 1) completely determines the corresponding Kekulé structure K
in the following way. The cardinality of the set A determines the number of proper sextets
in K; the positions of double interface bonds participating in the proper sextets are fully
and uniquely determined by the map p using condition 1 of Lemma 23. The positions

of the double interface bonds not participating in proper sextets are fully and uniquely
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determined by the map p using condition 2 of Lemma 23. Both sets of double interface
bonds define the set K; and—by Lemma 2—uniquely determine the corresponding Kekulé

structure K. This one-to-one correspondence is used to conclude our investigations with

Theorem 24. Let S be a regular m-tier strip of length n with the poset of DIBs S, and
consider an integer k. Then the number a(S, k) of Kekulé structures with exactly k proper
sextets is given by

k)= Q(n), (11)

ACS
[Al=k

and the ZZ polynomial of S is given by the extended strict order polynomial of S
ZZ(S,z) = Eg(n,z + 1). (12)

Proof. For every A C S, Lemmata 22 and 23 establish a one-to-one correspondence be-
tween the sets M = {p: A—[n] | pis strictly order-preserving}  and

= {K | K is a Kekulé structure with Ax=A}, implying that |[M| = |K|. The car-
dinality of M is, by Eq. (2), given by Q%(n). In other words, there are Q%(n) Kekulé
structures K with Ax = A, which directly proves Eq. (11). Then, by Egs. (6) and (3),

we have
Cl
Z2(S,x) = Y a(S.k)(x+ 1) Z > agm)(@+ 1)
k=0 k=0 ACS
[Al=k
= Z Q) + DM = Eg(n,z + 1) . (13)
AcCS

5 Applications

Practical application of Theorem 24 to the determination of ZZ polynomials of regular
strips is presented in Parts 2 and 3 in this series of papers [43, 44|, where we give a
practical guide to computation of the extended strict order polynomials Eg(n,1 + z)
together with a complete account of ZZ polynomials ZZ(S, x) of regular m-tier benzenoid
strips S with m = 1-6 and an arbitrary value of n determined as the extended strict
order polynomials EZ(n, 1 + z) of the corresponding posets S. It would be inconvenient
to present this collection of results here owing to its somewhat bulky volume. However,

in order to foreshadow the forthcoming results, we illustrate very briefly the process of
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determination of Eg(n, 1+x) using Eq. (4) for the two families of benzenoids, M (2, n) and
0(3,2,n), for which we constructed the corresponding posets S in Examples 14 and 15.
(Note that the poset S is independent of the structural parameter n, allowing us to

compute Eg(n, 1+ ) for the whole families of structures simultaneously.)

e For M(2,n), the poset S with p = 2 vertices in Fig. 6 allows only a single linear
extension, £(S)={12}. The number of descents and the number of fixed elements
in this extension are both zero, des(12) = 0 and fixs(12) = 0. Consequently, the ZZ
polynomial of M(2,n) is given by

ZZ(M(2,n),7) = E4(n,1 +2) = 2,,: (” - ﬁx‘sm)) (” + desm)) (1+2)

2\ — fixs(12) k
S

-3 ()0

in agreement with, for example, Eq. (4) of [18].

e For O(3,2,n), the poset S with p = 6 vertices in Fig. 7 allows five linear extensions,
L(S)={123456, 123546, 132456, 135246, 132546 }. The numbers of descents for these
extensions are 0, 1, 1, 1, and 2, respectively, and the numbers of fixed elements are
0, 2, 2, 2, and 4, respectively. Consequently, the ZZ polynomial of O(3,2,n) is given
by

22(0(3,2,m), %) = By(n, 1 +2) = S (()() +5() (1) + (2 (7)) (1 + )

k=0
in agreement with, for example, Eq. (25b) of [61].
Further examples with more details were given previously in Examples 4 and 5 and Sec-

tion 5.1 of [42].

6 Conclusions

We have demonstrated that for any Kekuléan regular m-tier strip S of length n, its
Zhang-Zhang polynomial ZZ(S,z) can be computed as the extended strict order poly-

nomial Eg(n,z + 1) [42] from the poset S associated with S. The equivalence between
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Z7(S,x) and Eg(n,z + 1) given by Theorem 24 exists owing to the one-to-one correspon-
dence between the set {K} of Kekulé structures of S and the set {¢z: S D A — [n]} of
strictly order-preserving maps from the induced subposets of S to the interval [n] es-
tablished by the complementary Lemmata 22 and 23. The determination of the poset &
is straightforward and can be performed directly from the geometrical parameters of S
for any Kekuléan regular strip; for non-Kekuléan strips, there is no poset associated with
them, and consequently their ZZ polynomials are identically equal to 0. Owing to the

fact that Eg(n,z + 1) of a p-element poset S can be written in a compact form as

E§(ne+1)= Y Z (Z Kz Zj ) (n+dlfs(w)) (1+a2)", (14)

weL(S) k=0

the process of determination of ZZ(.S, x) can be completely automatized for any regular
m-tier strip S. The corresponding algorithm, whose details are elaborated in Part 2 of the
current series of papers [43] (see also [42] for mathematical details), can be summarized by
the following steps: (¢) Construct the poset S corresponding to S. (i7) Construct the set
L(S) of linear extensions of S. (i4i) For each linear extension w € £(S), compute des(w)
and fixg(w). (iv) Compute the sum in Eq. (14). An associated algorithm for generating
the complete set of Clar covers of S could proceed as follows: (1) Construct the poset S
corresponding to S. (2) Construct all induced subposets A C S. (3) For each induced
subposet A, construct a set {v} of its linear extensions. (4) For each linear extension v of
A, construct 2 (”*l‘iz‘s(”)) Clar covers by selecting numbers 1 < ky < ky < ... < kg <
n + des(v) and assigning to each of the positions k; the covering character & or @. The
complete account of ZZ polynomials of regular m-tier benzenoid strips S with m = 1-6
and an arbitrary value of n using the corresponding posets S and Eq. (14) is presented in
Part 3 of the current series of papers [44].

Summarizing the development presented in the current paper, we want to stress that
the path pursued by us here is unprecedented in the existing literature on chemical graph
theory. We are aware that the presented results rely heavily on quite advanced concepts in
poset theory and might be difficult to be fully grasped and appreciated in the first reading.
However, in our personal opinion the quite revolutionary character of our findings deserves

particular attention of the community and should not be overlooked.
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Appendix
A.1 Proof of Lemma 22

During this subsection, let S be a regular m-tier strip of length n with the poset of DIBs
S and a Kekulé structure K. In order to prove Lemma 22, we have to demonstrate that
there is exactly one strictly order-preserving map p : Agx — [n] that satisfies the two

conditions
1. posg (sk;) = p (k) + j for every s ; € Ak and

2. posg (sg;) = max ({u (swj) | iy € Ak, Swj <s Sk} U{0}) + j for every s;; €
S\ Ag.

We will show this by explicitly constructing such a map—first on the domain S and later

restricted to the domain Ax—and then by demonstrating its uniqueness.

Definition 25. Let p1x be the map which assigns to each element of S a number depending
on its position in K as follows.

bt S = N, s — posg (sgj) — 7.
For a given Kekulé structure K, we will during this subsection often denote the number
i (Sk,;) by ka ;» or, since the considered Kekulé structure is clear, simply by my, ;.

The following lemmata will show that px is an order-preserving map S — [0,n], and
that the restriction k|4, is a strictly order-preserving map Ay — [n] which is unique

for every Kekulé structure.
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Lemma 26. Consider two DIBs s, 511 € S in a fragment f with sy j <s sij. Then,
T (S jv) is located to the left of Tk (sk;), and the number of interface bonds in f that are

located between T (sy j1) and T (s ;) is given by
brc (k575 813) = 2 (Mg = mgeryr) - (15)

Proof. From sy j»<ssy,; it follows according to Lemma 18 that 7y (s j) <k Ti (Sk,;), and it
is then clear from Theorem 9 that 7x (s ;-) must be located to the left of 7 (sx ;). Denote
by i; the interface of f which contains the first interface bond of f, and by i, the other inter-
face of f. Let further p = posg (si;) = my;+Jj and p’ = posg (si ;) = My j+j', meaning
that 7k (sk,;) = exp and Tx (s j) = e . Following the definition of the bond names, the
relevant interface bonds in f are ..., e;y, €y, €1 pi1, €rpits -5 €lp—1s€rp—1;€lps Crpy - - -

There are two possibilities:

k=r: According to Def. 16, this implies j* = j and k' = [. Thus, the number of
interface bonds between ey, = €,y and epy = e, is 2(p — p') = 2(p — p' —

J+3") =2 (mi = mp ).

k=1 According to Def. 16, this implies j* = j — 1 and ¥’ = r. Thus, the number
of interface bonds between ey, = €.,y and ey, = €, s 2(p—p — 1) =
2(p—p —Jj+7) =2 (msy; — mu ).

In either case, Eq. (15) is true. |

Lemma 27. The map py is order-preserving.

Proof. Consider two DIBs si; and sy j with sy <s sg;. We have to show that the

numbers my, ; and my s satisfy the condition
My jr < M. (16)

Assume first that sp j <s sk;. Then, according to Lemma 18 we have Tx(sp ;) <g
T (Sk,;), meaning that T (s ;) and 7k (sk;) must belong to the same fragment f. The
number by (sw jr, Sk,;) of interface bonds in f between 7x (s ;) and 7k (s ;) is, according
to Lemma 26, given by by (Sp jr, Sk.j) = 2myj—2myy jr. Since by (S jr, Sk.;) is non-negative,
it is clear that my ; < my ;.

Assume now that sy j #s si;. Then, there must exist DIBs sy, ;, such that sp ;v =
Sk ji <8 koo <S - - - <8 Sk,j, = Sk,;- Since Eq. (16) is true for all cover relations, it follows

that my jv < Mgy gy < oo <My gy < My u
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Lemma 28. The map pux has the codomain [0,n].

Proof. Consider a DIB s;; € S. We have to show that its image i (sy,;) satisfies 0 <
bk (skj) < n. Assume T (g ;) = ep. In iy, to the left of T4 (s, ;), there are j — 1 distinct
double interface bonds 7k (Sk1), - .., Tk (Skj—1). In other words, in i; there are at least
j — 1 bonds to the left of ey, meaning p > j and thus pg(sg;) =p—j > 0. To the right
of Tk (Sk;), in i, there are ord(iy) — j double interface bonds Tx (Sk,j41); - - -, Ti (Sk,ord(in))-
With Theorem 4, it follows that p < |ix| — (ord(ix) — j) = n + j and thus px(sg;) =
p—Jj<n

Lemma 29. Let s,; € S. The following statements are equivalent:

(2) my; = maz({my j | spj € Ak, Sy <s sk} U{0})
(i") mg; = maz({my j | spj €S, sk <s sk} U{0})
(id) Sk €S\ Ak

Proof. Assume first that 7x (s, ;) = ex,1, which implies my,; + j = posg(sk;) = 1. There
is no space to the left of ;1 that could accommodate a proper sextet which has 7 (s, ;)
as its double interface bond. Therefore, statement (i7) is true. Simultaneously, due to the
naming convention of the DIBs, we have j = 1 and thus m;, ; = 1—j = 0. Since p is order-
preserving and maps to [0,n], it is clear that 0 < max {my j/ | sy € S, spjy <s Sk} <
my,; = 0, which ensures that the right-hand sides of statements (i') and (i) are also equal
to zero. Therefore, statements (i), (¢') and (i) are simultaneously true.

Assume now that 7x(sy;) = exp with p > 1. This implies that there is a hexagon H
of 8 to the left of 7x(sk,;), as shown on the left side of Fig. 10. It is easy to verify that
in any Kekulé structure, there are only five possible coverings of the bonds in and around

H, which are depicted on the right side of Fig. 10.

proper sextet no proper sextet

IR DS Spsapsaps:

Figure 10. All possible coverings of the bonds in and around a hexagon H directly
to the left of a double bond sy ;.
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Only in one of the five possible cases we find that the covering of H forms a proper

sextet. This is the case exactly if none of the interface bonds connected to the top and

bottom corner of H are double bonds. In the other four cases, at least one these bonds is

a double bond, and 7x(sk,;) is not part of a proper sextet, meaning that s, ; € S\ Ax.

As a result, the following statements are equivalent.

()

Sk,j S S \ .A[(»
(according to Fig. 10)

There is a double bond connected to the top or bottom corner of H.

At least one of the following is true:

() In the fragment fy, there is a DIB s;_1 s <s si; such that there

are no interface bonds of f; between 7x (sp—1,7) and T (s ;).

(") In the fragment fj1q, there is a DIB 541 j» <s si,; such that there

are no interface bonds of fi+1 between 7x (si41,57) and Tx (s ;).
(by Lemma 26)

At least one of the following is true:

(d) In the fragment fy, there is a DIB s;_1 j» <g Sj,; such that my_1 y =
mi, ;.
(d") In the fragment fi.q, there is a DIB spy1,» <s si; such that

Mpy1,5 = M-
(SiIlCe 0 <y < myy for all Sk j1 € S with Skt <8 S)w')

Mi; = max {my j | Swjr €S, 81 <s Sk;}

= max({mk.«,]-/ | Skt g € S, Skt <S8 Skyj} @] {0})

It remains to be shown that statements (¢') and (i) of the lemma are equivalent. The

implication (z) = (¢') is obvious from the inclusion Ax C S together with the fact that
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wr is order-preserving. We still have to show (i') = (i), i.e., that for the considered above

element s;; € S\ Ak, we have
my,; = max ({mp jr | swj € Ak, swjr <s sk U{0}). (17)

We distinguish two cases: my; = 0 and my; > 0. Keep in mind that we know from

Lemmata 27 and 28 that
Mk, j > Inax({mkr,jr ‘ Sk i € Ak, Sk i <S8 sk,j} @] {O}) . (18)

In the case my,; = 0, it follows from Eq. (18) that Eq. (17) is trivially true.

In the case my,; > 0, consider the set My ; = {spj € S|mp jy = My j, Sy <s Skj}-
Statement (i') together with my; > 0 implies that My, ; is non-empty, and thus contains
at least one minimal (w.r.t. <s) element s;;. We will show that s;; € Ag. Clearly,
we have mj ; = my; > 0. Furthermore, by choice of sj ; as a minimal element of My,
for any sy ;7 € S with s <s sg;, we must have my j < my ;. It follows that mj 5 >
max ({my ;s | s ;0 € S, 510 <s 533} U{0}), which means, due to the equivalence of the
statements (i7) and (i), that s;; € Ax. We have shown that there exists an element
;.5 € Ar with s;5 <s sy; and my; = my,;; thus it follows together with Eq. (18) that
my,; = max {my j | Swj € Ak, Swj <s Sk}, which shows that Eq. (17) holds. Therefore,

in either case, it follows from statement (i) that statement (¢) is true. |

Lemma 30. The restriction of the map pg to the subposet Ax C S is a strictly order-

preserving map fug|a, - Ax — [n].

Proof. Consider an element s,; € Agx. We know from the order-preserving nature
and the codomain of px that my; > max ({mu ;| sw; €S, spj <s sk;}U{0}) and
from Lemma 29 that my; # max ({mp j |swj €S, s <s sk;}U{0}); thus my; >
max ({mp j/ | spjr €S, swj <s sk;} U{0}) is the only remaining possibility. This im-

plies two facts: Firstly, my; > 0, meaning that the codomain of fix

g does not contain
zero and is therefore restricted to [n]. Secondly, my; > my j for every sy € S with
Siy <s Sgj;—and thus in particular for every such sy € Ag. Since pg(sp ) =
Mg < Mij = frc(Sk,;) for every sy € Ak with sy <s sk, the restricted map x| a,

is strictly order-preserving. |

Lemma 31. Let p be a strictly order-preserving map p : Ax — [n] which satisfies

conditions 1 and 2 of Lemma 22. Then, p = jigc|ay -
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Proof. The maps p and fix| 4, have the same domain Ag. For every si; € Ak, condition
1 of Lemma 22 fully determines the value of p (s ) to be p(s;) = posg (k) —J =
furc (8k,3)- u

Proof. (of Lemma 22) The map pg|a, is, according to Lemma 30, a strictly order-
preserving map x|, 1 Ax — [n]. It satisfies condition 1 of Lemma 22 by construction.
Furthermore, this map satisfies condition 2 of Lemma 22 according to Lemma 29. Finally,
Lemma 31 demonstrates that jux|, is the only strictly order-preserving map Ay — [n]

which satisfies both conditions. | |

A.2 Proof of Lemma 23

The purpose of the present subsection is to prove Lemma 23. During this subsection,
let S be a Kekuléan regular m-tier strip of length n with the set of DIBs S. Let further
A C S be an induced subposet of S, and let p : A — [n] be a strictly order-preserving
map. Recall that px (sg;) = posg (sk;) — j for every s ; € S. We have to show that

there exists exactly one Kekulé structure K of S such that
1. px (sk;) = p(sk;) for every sp; € A,
2. pr (sgj) = max ({p (swj) | swjo € A, sij <s sk} U{0}) for every s, ; € S\ A,
3. Ak = A

The proof of Lemma 23 proceeds by explicitly constructing the Kekulé structure in ques-
tion. The following Lemma 32 will be used to demonstrate the uniqueness of such a

Kekulé structure.

Lemma 32. Consider two Kekulé structures K and K' of S with Ax = Agr and pg|a, =
pila, - Then, K = K'.

Proof. For every si; € A, we know that pug(sk;) = prr(sk,;). For every s, ; € S\ Ak,

we know from the assumptions and Lemma 29 that

i (seg) = max ({px (sw) | swy € As , spjr <s sp;1 U {0})

= max ({urr(sw57) | 5w,y € Arcy sy <s segtU{0}) = pror(sey)-
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Therefore, we have p(si;) = firr(sk,;) for every si; € S, which means that the double

interface bonds in K and K’ are identical, and thus

Sk € S} = {ckﬁuxr(sk.,)ﬂ‘ | sk, € S} =K.

It follows from Lemma 2 that K = K. [ |

Kr= {eksHK(Sk,.f)+j

Proof. (of Lemma 23) We will first construct a set K, C |J, i of interface bonds of S that

corresponds to A and p. Then, we show that the third rule of interface theory given in

Theorem 7 can be applied to prove that there exists a Kekulé structure K with K; = K.
Let us consider the auxiliary map fi : & —[0,n] constructed as follows.

_ (k) if s, € A
((Sk;) = 19
/’(( k,]) {Ina.x ({/I,(Sk/’j/) | Sk’ 5! (S .A, Skt 5 <s Sk,j} U {0}) if Sk,j es \ A ( )

During this subsection, let us for all s;; € S denote the value fi(sy ;) by my, ;. Clearly, the
map fi : S — [0,n], s; — My is order-preserving. For every sp; € S, let ny; = My j+J.

The numbers ny, ; specify distinct, well-defined interface bonds ey, ;: For any given k €
[m], the set {sp ; € S|k’ = k} contains, by construction, ord(ig) elements s <s Sp2 <s
... <8 Sgord(iy)- Since fi is order-preserving and has the codomain fi : S — [0,7], it follows
that the corresponding numbers 77 ; satisfy 0 < 71 < s < ..o < Mg oragy) < 1, and
consequently we have 0 < ng1 < ngo < ... < Npord(y) < 17+ ord(ig). The interface iy
contains, according to Theorem 4, |i| = n+ord(i;) bonds ey, . . ., €k ntoragiy)- Therefore,
for every s ;, the bond ey, ; is an element of 7; and is different from all other Chn
with j # 5.

Let us now set K, = {ej, HERE } We have ensured by construction that every
interface i; contains exactly ord(i;,) elements of K,: |K, Nix| = ord(ix), meaning that the
set K, satisfies condition (a) of the Third Rule of interface theory given in Theorem 7.

Next, we need to show that the set K, satisfies conditions (a) — (c) of the Second Rule
of interface theory given in Theorem 6 (and consequently condition (b) of the Third Rule):
Consider an arbitrary fragment f of B, denote by ¢, the interface of f which contains the
first interface bond of f, and denote by 4, the other interface of f. According to Def. 16,
the DIBs of f satisfy, for applicable values of j = 1,2,.. ., the cover relations s; ; <s s, ; and
Srj <s S141. Since fi is order-preserving, it follows that 7y ; < m,.; and M, ; < My i1,
and therefore n; ; < n,; and n,; < ny ;1. Note now that the interface bond e, is located

to the left of the interface bond e, j,, which in turn is located to the left of e;;,,1; therefore,
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ni; < npj ensures that e;,, ; is located to the left of e, ,, ;, and n,; < ny ;1 ensures that
€rn,; 18 located to the left of €l Thus, the sequence of double interface bonds of the
fragment f, from left to right, is given by

if ord(4;) 4+ ord(i,) is even,
if ord(4;) 4+ ord(s,) is odd.

€rn, ora

Mer,ord(ir)

€lng 1y Crinets Clingos Crpgy - -+ s "
elJLl,ord(zl)

Comparison to the sequence of interface bonds of f

€11, Er,1,€12,€r2; - -5 {er'ord(ir) %f Ord(l:l) N ord(z:,,) %S evem
Clorai)  if ord(i;) 4 ord(i,) is odd,
shows that all the conditions of the Second Rule, Theorem 6 are satisfied.

With this, we have seen that the two conditions (a) and (b) of the Third Rule of
interface theory given in Theorem 7 are satisfied; consequently, Theorem 7 states there
exists exactly one Kekulé structure K with K; = K.

It remains to show that this Kekulé structure K indeed satisfies conditions 1-3 of
Lemma 23. It is clear from the construction of K, and the fact that K; = K, that
A= pg (because pug(si;) = posg (Skj) —J = nkj—J = Mu,; = fi(sg;) for all s, ; € S and
the domains of both maps are identical). First, we show condition 3 by demonstrating
that A = Ag:

By construction of p and fi, for all s ; € A, we have fi(sg;) = p(sk,;) € [n] and
/Nl,(é‘kﬁj) > max ({ﬁ(b’k/’j/) | Skt g € S, Skt <S8 Sk,j} U {0}) (20)

for the following reason: For every sy € A, we have fi(sp ) = p(sp ) < p(sp;) =
fi(sg,;) since p is strictly order-preserving. For every sy s € S\ A, by Eq. (19) there are
two possibilities: fi(sy ) = 0 < p(sk;) = fi(sk ), or there exists an element sy v € A
with spr j» <s sp j for which fi(si ;) = p(spr ;). Since sy v € A and since p is strictly
order-preserving, we have fi(sg ;1) = p(Spr j7) < p(sk,;) = fi(sk,;)- It follows from Eq. (20)
and i = pui that statement (i') of Lemma 29 is not satisfied for s ;, which shows that
sk € Ak, demonstrating that A C Ak.
On the other hand, for every s ; € S\ A, we have by construction in Eq. (20)

fiskj) = max ({p(sw ) | s € A swjr <s sk} U{0}). (21)

Since fi is order-preserving, any sy € S with sy j» <s s ; must satisfy fi(sw ) < fi(sk;),

and therefore it is clear that

A(sk,;) = max ({f(sw ) | sy € S, swy <s suj} U{0}). (22)
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It follows from Eq. (22) and i = pux that statement (i') of Lemma 29 is satisfied for sy,
which shows that s;; € S\ Ak, demonstrating that S\ A C S\ Ax and consequently
Ak C A

This shows that A = Ak, demonstrating correctness of statement 3 of Lemma 23.

It is now obvious that

tix (Skg) = fi(sky) (23)
_ (k) if s € A (24)
max ({/L(sk’,j’) | Sk g € A, Sk i <8 Sk‘j} @] {0}) if Skj € S \ A
_ ,“/(Sk,j) if Sk,j € Ak (25)
max ({u(sw ) | sw o € A, swy <s sk} U{0}) ifsp; €S\ A

which demonstrates correctness of statements 1 and 2 of Lemma 23.

Every Kekulé structure K’ satisfying conditions 1-3 has to satisfy u

A== pix|a,
and thus according to Lemma 32 is identical to K, ensuring that there is only one such

Kekulé structure, concluding the proof. |



