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Abstract

In this manuscript, we discuss a four-dimensional cubic autocatalator chemical
reaction model in continuous form. We investigate the existence of one and only
positive fixed point and then we have obtained some parametric conditions for local
stability of continuous system by using Routh-Hurwitz stability criteria. Moreover,
we discretize the four-dimensional continuous cubic autocatalator chemical reaction
model by using Euler’s forward method and then by using a nonstandard difference
scheme we obtained a consistent discrete-time counterpart of four-dimensional cubic
autocatalator chemical reaction model. Parametric conditions for local asymptotic
stability of one and only positive fixed point of obtained system are also discussed.
It is shown that the obtained system experiences the Neimark-Sacker bifurcation at
one and only positive fixed point by using a general standard for Neimark-Sacker
bifurcation. The discrete-time counterpart of genuine four-dimensional system dis-
plays chaotic dynamics at different standards of bifurcation parameter. Further-
more, the control of Neimark-Sacker bifurcation and chaos is also deliberated by
using a generalized hybrid control scheme, which is based on parameter perturba-
tion and feedback control. Finally, some numerical examples are given to strengthen
our theoretical results.
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1 Introduction

In this article we study a prototype two-cell model using the feedback scheme in every
cell being centered on the cubic autocatalator reaction, which is listed as
A+2B— 3B rate kop,
P A rate kjab?, (1)
B—C rate kyb,

with the following relation for uncatalysed phase
{A—>B rate ksa, (2)

(where, the concentrations of the reactants A, B and P are respectively represented by
a,b and p [1]). In addition, k;(i = 0,1,2,3) are rate constants. We start with the
condition that there is a semi-permeable coating between the cells which permits diffusion
of only one from the reactant classes B or A at any instant. Moreover, the overall
reaction is feeded by using the condition that reactant A is produced by only first-order
decline from its originator P. It is assumed that the production of A from its originator
P at the rate kjab? is comparatively slow process with the following supposition that the
primary concentration of P, explicitly pg, is numerous orders of size larger than that of
the intermediates B and A [1]. In these conditions it is standard to consider the ‘pooled-
chemical’ estimations and make the additional supposition that the concentration of P
remains same all the way through, at its primary value py. Additionally, it is considered
that the rate-defining stage, namely, basic autocatalytic step (A + 2B — 3B) is faster
when compared to uncatalysed reaction step. Yet, this additional reaction can have a
significant influence on the total behavior of the system. Few decades earlier the authors
in [3-8] have widely studied the separated reaction model (1) in a well-stirred scheme
under the effects of pooled-chemical estimation. The authors in [8] and [2] have revealed
that this reaction system may experience some complex designs of behavior. The authors
in [11] have discussed the consequences of slow decline of the antecedent P on the overall
solution. The authors in [1] have extended the work of [12] on this dual-cell problem
centered on the cubic-autocatalator response system (1). Moreover, in their extended
work they have discussed some consequences that the additional uncatalysed response
stage (2) had on the inclusive behavior of the reaction. Merkin et al. [6] have showed

that with a comparatively small influence, this additional step can ensure a key effect on
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the result of the uncoupled system by keeping the result restricted, by not letting the
concentration of B to approach to zero (although it can turn out to be negligible). The
addition of this additional stage to the uncoupled system have extreme impact on the
oscillatory behavior, keeping the oscillatory response restricted all over and giving rise to
an additional point of Hopf bifurcation.

A complete study of complexity in the dynamical behavior, wherever the noncatalysed
stage was not involved, is presented in the article [12]. Moreover, the authors in [1] have
not presented the complete study of complexity in the dynamical behavior that can ascend
due to secondary bifurcations. The equations leading this dual-cell combined system are,

under the pooled-chemical estimate for the reactant P (see [1]),

da
% =kopo — k1bjay — ksar + Da(az — a1),
t1
by,
W :klblal + kg(ll - kgbl + Db(bQ - b])7
111 3)
da (
ﬁ =kopo — k1b3az — ksas + Da(a1 — az),
1
by
E :kleGz + k3a2 — k2b2 + Db(bl — bz)
1

Where, the diffusion coefficients for autocatalyst B and reactant A are Dy, and D, respec-
tively through the membrane separating the two cells. Furthermore, to made the non-

dimensional system of equations from (3), we consider the following transformations [12]:

k
Ti=a; k;,
_ k 4

(i=1,2),t = kot

The terms arising from the decline of the antecedent P give growth to a positive dimen-

_ kopo ﬁ
P Vi
k3

The addition of uncatalysed stage give rise to a dimensionless parameter r = %, which

sionless parameter

will, in common, take comparatively lesser values. The combination through B and A

give rise to the real numbers § = Z and a = %‘ respectively. Moreover, under these
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assumptions the system (3) takes the following form;

dx

d—tl =p — z1yd —rey + a(zy — 1),
d:

o =7 — gy o+ By — 1),
dl‘g 9

—p TR T2y O + a(z; — z),
d:

% =xoy2 — yo + 11y + Blyr — y2),

with z;,y; > 0 for every value of i (see [12]). Some aspects of the common case a # 8 # 0
for system (5) are considered by Askhenaz et al. [13]. Moreover, the authors in [1] have
discussed some qualitative results of system (5) by letting pairing either through B or
through A only. Formerly, it was explained by Lech et al. [1] that, when pairing is
considered by using reactant A only, we must have to take 8 = 0, similarly for pairing
through autocatalyst B we have to take a = 0 in system (5). Here, we consider the
coupling in system (5) through autocatalyst B by taking o = 0. In this case the system
(5) takes the following form:

du

dt

d =uv® +ru — v+ B(z — v),

_ 2
= — uv” —ru,

dw 9

— =p—wz’ —rw

dt /'l‘ b

d
d—j:wzerrwferﬁ(vfz),

where 21 = u,zy = w,y; = v and y» = z. Recently, Din [14] have discussed the rich dy-
namics of discrete-time version of a glycolysis model. Moreover, Din et al. [15] have consid-
ered a discrete-time chlorine dioxide-iodine-malonic acid model for study and discussed
the complexity in that mathematical system. In case of non-intersecting generations,
discrete-time mathematical systems gives efficient computational results as compared to
their counterparts in continuous form [16]. Mostly, global character, boundedness, local
asymptotic stability, persistence, and the presence of positive periodic results can be ar-
gued more effortlessly in case of discrete-time systems as paralleled to their counterparts
in continuous form [17]. There are various mathematical techniques for converting the
differential equations to corresponding discrete counterparts. To achieve this goal the
usual way is to apply standard difference schemes such as Runge-Kutta methods and

Euler approximations. But, numerical inconsistency is experienced with the application
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of usual finite difference methods. Hence, to avoid this numerical inconsistency, one can
apply nonstandard finite difference method given by Mickens [18]. In general, whenever
a nonstandard finite difference scheme is proposed then it is aimed on the preservation
of the following properties of the respective continuous-time system: positivity of results,
boundedness, stability of equilibrium points, existence and nature of bifurcations. Addi-
tionally, the main benefit of the nonstandard finite difference schemes is to maintain the
significant characters of their respective continuous systems. Moreover, the formation of
these type of difference schemes is not straightforward and there are no usual way for their
construction, which is probably considered as major downside of nonstandard difference
schemes [29]. Hence, it is interesting to study the dynamics of discrete-time version of
(6). Formally, by using Euler’s forward method we get the following discrete-time version
of system (6);

Unt1 =tn + 1 (@ — w02 — bun)

Vnt1 =Up + 7 (UnV2 + b, — vy + ¢(20 — v3))

Wpt1 =Wy, + 1 (a — wnzi - bwn) ,

Zntl =2Zn+ 1 (wnz,% + bwy, — zp + (v, — zn)) ,
where 0 < n < 1. To understand similar type of discretization, one can study [15-18].

Moreover, by applying nonstandard finite difference scheme ( see Mickens [18]) we get the

following form of system (7).

(tn + 1)

T @ )
- _n + 1 (upv2 + ru, + B2,)
(I1+n(1+0)) ’ ®)
P (wn +np)
(L+n(+7)

T (w22 + rwn + Bon))
"“ (1 +n(1+5))

Rest of this paper is aimed at the study of the existence of one and only fixed point of
system (8). The local stability of system (8) about one and only positive fixed point of
system (8). The existence of Neimark-Sacker bifurcation about one and only positive fixed
point of system (8). In concern to control the chaos under the effects of bifurcation, we
apply a modified hybrid control approach to system (8). In last section, some numerical

examples are also provided.
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2 Existence of fixed points and linearized stability of
system (8)

From system (8) one can get the one and only fixed point (w., v, Wy, z.). Additionally,
(s, Vs, Wy, 24) Tepresents the unique positive fixed point of system (8). Furthermore, this

equilibrium point is given as:

(u*7v*7w*72*) = a ~N5L~N .
T4

In order to study the stability analysis of system (8)about one and only positive fixed
point, we have the next theorem, which provides us freely applicable necessary and suffi-
cient conditions for all the roots of real fourth order polynomial to have magnitude less

than one (see, Theorem 1.5 of [19]).

Theorem 2.1. Assume the fourth degree characteristic equation
Pt dip® +dop® +dsp+dy =0, (9)

where dy,dy, d3, dy € R. Additionally, let py, pa, p3, pa are Toots of (9) and Dy be any open
disk of radius one. Then, the necessary and sufficient conditions that py, pa, p3, ps € D

are given as:
|d3 +d1‘ <1l4+dy +d27 |d3 — dl‘ < 2(1 — d4)7 dy — 3dy < 3,

and

dy+dy + &2 + d2 + d3dy + dad? < 14 2dydy + dsdy + dydsdy + dS.

Theorem 2.2. Consider the following biquadratic polynomial equation with real coeffi-
cients
Pt dip® + dop® + dap +dy = 0. (10)

Then, necessary and sufficient conditions that all the roots of (10) lie inside the disk of
unit radius are given as follows:

|ds + di| <14 dy+do,

|ds — di] < 2(1 —dy), (11)

dy — 3dy < 3,

d4 + d2 + di + dg + dZdQ + d4d% <1 + 2d4d2 + d3d1 + d4d3d1 + di
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where

dl _ ( 9 T 2(S+2n;12)) 7

|\ 15y ST

2

2
(S+2"“ ) ST(A+T+4Sn)+4Tn(1+Sn)(2+Sn)u? _ 52 o
5 + —B*n

_ B S(1+Sn)
d2 - T2 . ’
g — 2 (S0 (1 820) 1) ASu(14 S @ T4 )82 14 5 (12)
3= SPT2(1+97)? )
d 52(17/32772)4»45'71(1+Sr])u2+4772(1+$n)2u4
4= ,

S2T2(1+5n)?

S=r+u® and T=1+n+pn.

Proof. Let Jiy, v, w.,-) be the jacobian matrix of system (8) about (#, 1Ly #, u) then

J(us weyw.,z) has the following mathematical form

1 _ o 2np?
1+nS S(1+nS) 0 0
— T T
J(u*,v*.,w*‘z*) = 0 0 1 _ogu? (13)
1+nS S(1+Zs)
0 B 7S 1420
T T T

Moreover, the characteristic equation of Jy, v, w,,-,) is given as
4 3 2 _
P+ dip’ +dap” +dzp+dy =0,

where dy, dy, d3, dy are given in (12). Finally, by applying Theorem 2.2, the one and only
positive fixed point (ﬁ 1L, ﬁ ,u) remains stable locally asymptotically if the following

conditions are fulfilled:
‘dg +d1| <14dy erg, |d3 — dl‘ < 2(1 — d4)7 dy — 3dy < 3,

and

dy+do +d3 + d3 + didy + dyds < 1+ 2dydy + dzdy + dydsdy + di.

3 Stability analysis of system (6)

Assume that J*(u, vs, wy, z.) be jacobian matrix of system (6) about <$, 1L, ﬁ, u)

then J* (s, vy, Wy, 2,) has the following mathematical form:

2

77"7/12 7r?f/ﬂ 0 B
r+ 2 1— _ 2rt 0
T (U, Vs Wiy 24) = Ou 50 it —r— _fi
2

r+u2
0 ﬁ T+/LL2 1_5_T+:12
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Additionally, let F(£) = 0 be characteristic equation obtained from J*(u., v, wy, z:) then
F(&) = 0 can be specified as follows

C4£4 + 0353 + 6262 + 615 +co=0, (14)

where

Co=(1428) (r+ 12",
a=21+r+2+7)8)+ 2r(l+8) — D+ (1+B)ut),

r? r(—=1+8
co=1-28+7rd+r+48) +2(r +28)u*+ p* + (Tiyz)z = (Ht; ), (15)
c3:2(71+r+6+;ﬁ+,j;2),
0471

Now, by using Routh-Hurwitz stability criteria for four dimensional system we have the

following Routh array [20]:

N cy cog 0
C3 C1 0 0
€2¢3—CiC4 >
Ra, = , o Co 0 0 s
—cocztci(cacz—cica)
cac3—cicq 0 0 0
Co 0 0 0

where ¢;’s for i = 0, 1,2, 3,4 are given in (15). For stability of system (6) about
(#, I #, u) , it is necessary that all the elements in column one of R, have same
sign [20]. Hence, we have the following result for the local stability of system (6) about

K K
(T+M2 ) My 2’ ,u‘) .

Theorem 3.1. [20] Assume the fourth degree characteristic equation
'+ a8+ o +al+e =0, (16)

where ¢y, 1, ca, c3 and ¢y are given in (15). Additionally, let &, &, &3, &4 are Toots of (16)
and Dy be any open disk of radius one. Then, the necessary and sufficient conditions that
£1,8,8,& € Dy are given as:

co >0,

c3 >0,

1 (cacs — c1cq) — coc > 0,

cy > 0.

Theorem 3.2. Assume the fourth degree characteristic equation

€t 4 38 o+ € ¢ =0, (18)
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where
Co=(1+28) (r+p2)?,
a=20r0+r+2+r8)+ @r(1+8) - D2+ 1+ B8)ud),

e =1=28+r(A+r+48)+2r +28)1% + ' + o + D (19)

c3:2<—1+r+5+u2+ﬁ22),

Cy = 1.
Additionally, let &,&,&3,&4 are roots of (18) and Ds be any open disk of radius one.
Then, &1,&2,&3,&4 € Dy if and only if B> 0,r >0 and p > 1.

Proof. Assume that J*(u., vy, Wy, 2+) be the jacobian matrix of system (6) about (u.,v.,
Wy, z¢). In addition, suppose F(§) = 0 be the characteristic equation obtained from

J*(Us, Vs, Wy, 24). Then, F(&) = 0 can be specified as follows
'+ e+ el +al+ o =0, (20)

where ¢g, ¢1, c2, ¢3 and ¢4 are given in (19). Moreover, from J*(w., v, Wy, z,) we have

o= (1+28) (r + u2)*

) b
1 (Cacs — creq) — o = —4(1+28) (r(L+ 1 + B) + (2r + 8 — D)2 + )’

+ai(as + csaz), (21)
63:2<—1+r+6+u2+ri22)7
Cq4 = 1,
with
ar=2(r(L+7r+(2+7)8) + (=1 +2r(1+ ) + (1 + B)u') ,
ap==2(r(L+7+2+7)8) + (=1+2r(1+8))p? + (1 + B)u?) (22)
ag=1-26+r(4+r+46) +2r +28)u? + p* + iy 4 P

Finally, if we have > 0,7 > 0 and p > 1 then we have
co, €1 (€acs — c164) — cochyc3 > 0.

Consequently, all the conditions of array (15) are satisfied. Which completes the proof of

theorem. m

4 Neimark-Scaker bifurcation

Bifurcation analysis in discrete-time systems is a key attention of current studies due to

the complexity in these systems. Existence of bifurcation is occasionally disapproving in



424

any mathematical model, because there might be unpredictability and annihilation due to
chaos [21]. In this part of article, we examine the parametric situations for the presence of
Neimark-Scaker bifurcation for one and only positive fixed point (u., vy, wy, 2.) of system
(8). In any time dependent mathematical system, when a specific parameter crosses its
critical value, numerous varieties of bifurcations arise from its equilibrium point. Several
dynamical properties of a structure can be deliberated due to occurrence of Neimark-
Scaker bifurcation. Bifurcation frequently arises when the permanence of a fixed point
deviates i.e., qualitative assets of a dynamical system amend. We deliberate Neimark-
Scaker bifurcation for solitary positive equilibrium point (u., v, w., z.) of structure (8) by
means of an obvious standard for Neimark-Scaker bifurcation and taking 7 as a parameter
of bifurcation. Due to appearance of Neimark-Scaker bifurcation, locked invariant circles
are formed. Homogeneously, individual can catch some inaccessible orbits of periodic
performance along with paths that shield the invariant circle compactly. The bifurcation
may be subcritical or supercritical causing in a unstable or stable locked invariant curve,
correspondingly. In command to study the Neimark-Sacker bifurcation in system (8), we
have the next obvious standard of Hopf bifurcation [22]. By means of this standard one

can catch the presence of Neimark-Scaker bifurcation deprived of finding the eigenvalues.

Lemma 4.1. [22] Let Zy1 = g.(Zk) be a discrete dynamical system of dimension n,
where v € R is bifurcation parameter. Let Z, be equilibrium point of mapping ¢,, and
characteristic equation of variational matriz Jiz,) = [Sijlnxn of n-dimensional function

9r(Z) can be written as:

) =+ di&" 4"+ dnaE (23)
where, d; = d;(r,v), i = 1,2,3,......,n and v is control parameter or any other parameter
which is to be determined. Furthermore, suppose that OE (r,v) = 1, O (r,v), ....., O (r, v)

be the progression of determinants defined by (IE(r,v) = det(A; + Ag), i = 1,2,3, ..., n,

where
1 dy dy ... diy
0 1 d] di,Q
A= 0 0 1 . odi_g
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and
dniv1 dniza o dny dy
d7z—i+2 dn—i+2 dn 0
dn_1 dy 0 0 0
d, 0 0 ... 0

Furthermore, the following conditions are satisfied: Y1 Eigenvalue assignment:
O, 1(ro,v) = 0, O 1 (ro,v) > 0, Fy(1) > 0, (—=1)"F,,(=1) > 0, OF(ro,v) > 0, i =

n—3,n—>5,...,1 ori =n—3,n—05,.....,2 according to n is even or odd, respectively. ¥

Transversality condition: [W] # 0. %3 Non-resonance condition: cos(%’:) #
r=rg

0.5F ()05 _y(ro,v)

2
g, or resonance COS( D:72(T01v)

) =0, wherem = 3,4,5, ..., and 0 = =1 + . Then,

there exist Neimark-Scaker bifurcation at r.

Then, by taking n as bifurcation parameter and by using Lemma 4.1, we get the

following result related to the existence of Neimark-Scaker bifurcation.

Theorem 4.1. The one and only fized point (u., Vs, Wy, z) of system (8) experiences the

Neimark-Scaker bifurcation, if the next conditions are fulfilled:

1+dy >0,
1—dy—dy — d3® +dy® — d® (1 + dy) — di2dy + 2dady + dyds (14 dy) = 0,
1+ d4 + dQ — d32 — d43 — d42 — d12d4 — dgdi — d]d3 (1 — d4) > O7 (24)

14+dy+dy+ds+dy >0,
1—d1+dz—d3+(l4>07

where dy, dy, d3,dy are provided in (12).

Proof. By using Lemma 4.1 for a discrete-time mathematical system of 4-dimension, we

have
1 d 1 dQ
A1 = 0 1 dl 5
0 0 1
dy ds dy
Ag=| dy ds 0
dy 0 0

By using Lemma 4.1 for a discrete-time mathematical system of 4-dimension and taking
the characteristic equation (23) of system (8) about its one and only positive fixed point

(ﬁ, 14 ﬁ, ,u>7 then we get the following inequalities and equalities:

Of(p) =14ds >0,
Oy () =1 —dy — dp — ds® + dy® — dy® (1 + dy) — d*dy + 2dady + dads (1 + dy) = 0,
O (n) =1+ dy + do — d3? — dy® — dy® — dy%dy — dod? — dyd3 (1 — dy) > 0,
Fn(l) =1+4+d+dy+ds+dy >0,
4

Fn(—l)zl—d1+d2—d3+d4>0?
(25)
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which confirms the existence of Neimark-Scaker bifurcation in system (8) about

(ﬁ, I, ﬁ, ,u), whenever 7 is taken as bifurcation parameter. | |

5 Chaos control

In dynamical systems, it is preferred that the system be enhanced with respect to some
performance standard and chaos be avoided. In modern days, monitoring disorder and
chaos in discrete-time systems is a subject of boundless attention of various investigators
and applied approaches can be used in numerous fields, for example physics laboratories,
communications, turbulence and cardiology [23]. In discrete-time dynamical systems, con-
trol of chaos can be acquired by expending numerous approaches, namely, pole-placement
method [24], hybrid control technique [25], and state response control technique (OGY
method) [26]. For additional study of these chaos control approaches for discrete-time
schemes, we refer a bibliophile to [27-30] and references are therein. In this part of
manuscript, we simply concentrate on a generalized hybrid control approach [32], which
is centered on feedback control approach and parameter perturbation. In direction to
control the Neimark-sacker bifurcation in system (8), we use generalized hybrid control
approach [32]. Clearly, the modified hybrid control strategy [32] is very easy to apply
and efficient as compared to other control schemes. Moreover, it is applicable to almost
every type of discrete-time dynamical system and it has better results than other schemes
such as, larger length of controlled intervals, wider in application, and easy for computa-

tion [32]. Consider the following an n-dimensional discrete dynamical system:
Snt1 = g(8n,w) (26)

where s, € R", n € Z and the bifurcation parameter for system (26) is w € R. Suppose
w € R is parameter for which system (26) experiences the bifurcation. The purpose of
applying the generalized technique for controlling the bifurcation is to regain the maximum
range of stable region in (26) by reduction of length of unstable region. Hence, we apply
the following generalized hybrid control technique by applying state feedback along with
parameter

Sntk = 939(19) (Smw) + (1 - 0%)971 (27)

where & € N, and 0 < 6 < 1 is control parameter. g is k™ iteration of g(.). For

6 = 1 one has the original system (26). Applying technique (27) on model (8) we get the
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following controlled model:

03 (un + 7’#)

1 =00 ————— 1—60%)u,,
e = ey O
3 Un + 1 (V2 + ruy, + Bzn) .
n :adv ~ 1- 05 n
o Uy T o
n + 77/1‘) :

o =0 (w 1—6%)w,

e =y ey T
2 s
ol e b))

(I+n(1+5)

Furthermore, the variational matrix J* for (28) about (., v, wy, z,) = <$, 1y #, u)

is given as:

3(_ 1 _ 2003 12
146 ( 1+ 1+7](T+,u2)) (r+p2)(1+n( T‘+M2)> 0 0
3
7]03(T+;L2) 3 4 1+7‘+# .
Jt = TEnra 1=+ a5 0 Ju
0 0 j S —
12 ) (L)
2np
0 Bno3 7;«93(r+u2) 1 93 0 1+1th
T+n+B8n 1+n+8n -t a5

29)
Where j;; = lfn+3n and jjo = 14+6° (m - 1> . Finally, we have the following result

related to the local stability analysis of controlled system (28) about (u., vy, ws,2) =
(s it nt)

Theorem 5.1. Consider the following biquadratic polynomial equation with real coeffi-

cients

pi+dipt + dspl + dipy + dj = 0, (30)

where (30) is obtained from J*. Then, necessary and sufficient conditions that all the roots

of (30) lie inside the disk of unit radius are given as follows:
|ds+di| <1+dy+ds, |dy—di| <2(1—d}), dy—3d;<3,

and

A+ dy + &7+ &3+ &P+ dd? < 1 2didy + dyd) + dididy + d5P
6 Numerical Simulation

In this part of article the numerical study of dynamics of (8) is provided.
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Example 6.1. Assume that r = 0.0698, 5 = 0.3469, u = 0.97993 , ug = 0.954166, vy =
0.97993, wy = 0.954166, 2o = 0.97993 and n €]0,1]. Then, the mathematical system (8)
takes the following form:

(un +n0.97993)

Ut = (02 + 0.0608))°
Uy + 1 (upv? 4+ 0.0698u,, + 0.34692,)

Ut = (1+ (1 +0.3469)) )
 (w, +10.97993)

Ot T (22 + 0.0608))

ey = (20 + 1 (Wn22 4 0.0698w,, + 0.3469v,,))

(1 + n(1 +0.3469))

Additionally, in this case the one and only positive fixed point is
(0.954166, 0.97993, 0.954166,0.97993). For aforementioned values of parameters one can
obtain the jacobian matriz J(0.954,0.979,0.954,0.979) as follows:

0.7576 —0.43873 0 0
J(0.954166,0.97993, 0.954166,0.97993) = 0'2%557 1'1(}33 07&?761 _%(312297639

0 0.07596  0.22557  1.11334

The characteristic polynomial P(p) calculated from J(0.95416,0.9799,0.95416,0.9799) is
given by
P(p) = 0.884894 — 3.5178p + 5.37959p% — 3.74191p° + p*. (32)

Moreover, roots of P(p) =0 are given as
p1 = 0.897493 — 0.28178¢, p2 = 0.897493 + 0.28178¢, p3 = 0.97346 — 0.228858:,

ps = 0.97346 + 0.228858:,
with |psa| =1, |p1al # 1, di = —3.7419, dy = 5.37958, ds = —3.5178, and d; = 0.884893.

x

O (n) =1+ dq = 1.88489 > 0,

Oy () =1 —dy4 = 0.115107 > 0,

O3(n) =1—dy —do — ds? + ds® — da® (1 + do) — d1%dy + 2dady + dids (1 + ds) = 0,
D;(n) =14+dy+do— d32 — d43 - d42 - d12d4 - dgdi — dyds (1 - d4) = 0.0761663 > 0,
Fy(1) =1+ dy +do + d3 + dg = 0.00477238 > 0,

(=D)*F)(=1) =1 —dy + dy — d3 + dy = 4.52418 > 0.
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() (d)

Figure 1. Bifurcation diagrams for system (8) for » = 0.0698,8 = 0.3469, u =
0.97993 , up = 0.954166, vy = 0.97993, wy = 0.954166, zp = 0.97993 and

n €]0,1]

Hence, all the conditions for existence of Neimark-sacker bifurcation is satisfied (see
Theorem 4.1). In this case the graphical behavior of each concentration variable is shown
in Fig.1. In Fig.2 some phase portraits are given for variation of n in ]0,1[. Hence, it
can be easily seen that there exists the Neimark-sacker bifurcation when n certainly passes

through n = 0.310602 (see Fig. 2).

Example 6.2. Assume that n €]0,1], 7 = 0.0698,5 = 0.3469,u = 0.97993 , ug =
0.954166,v9 = 0.97993,wy = 0.954166, 2y = 0.97993 and 0 €]0,1]. Then, the mathe-
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matical system (28) takes the following form:

(un +n0.97993)
(1+ 1 (v2 + 0.0698))
U + 1 (unv? 4+ 0.0698u,, + 0.34692,)

(1+n(1 + 0.3469))

(wy, + 10.97993)
(147 (22 +0.0698))
(20 + 1 (w22 + 0.0698w, + 0.3469v,))

(1+7(1+ 0.3169))

+ (1 = 6%)u,,

3
Un+1 =0

+ (1 — 6w,

Un+1 :93
(33)

Wn+1 :93 + (1 - 93>wn7

Zng1 =07 + (1= 6%)z,.

0.99%

03975 g4

(b)

0.8
0.9%

o 094 0975

(c)

Figure 2. Phase portraits for system (8) for r = 0.0698, 3 = 0.3469, 1 = 0.97993 ,
ug = 0.954166, vo = 0.97993, wo = 0.954166, zo = 0.97993 and 1 €]0, 1]

Additionally, in this case the one and only positive fized point is
(0.954166, 0.97993, 0.954166,0.97993). For aforementioned values of parameters one can
obtain the jacobian matriz J(0.954,0.979,0.954,0.979) as follows:

0.691371 —0.558636 0 0
J(0.95416,0.97993, 0.95416,0.97993) = 0‘278997 1'1%617 0 69(1371 98%;2%532

0 0.0912651 0.270997  1.13617
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The characteristic polynomial P(p) calculated from J(0.954166,0.97993,0.954166,
0.97993) is given by

25 24
22
2 2
18
15 15
& S 14
1 12
1
0s 08
06
% o7 02 03 0z 05 05 07 08 a5 1 Y567 02 03 0z 05 a5 07 08 08 1

] 9

(a) (b)
25 24
22
2 2
18
15 186
= e 14
1 12
1
05 08
06

%581 02 03 04 05 08 07 08 09 1 "y 57 0z 03 04 05 05 07 08 05 1
=) 2]
() (d)

Figure 3. Controlled diagrams for system (33) for n €]0,1], » = 0.0698, 3
0.3469, 1 = 0.97993 | up = 0.954166, vg = 0.97993, wy = 0.954166, 29 =
0.97993 and 6 €]0, 1]

P(p) = 0.873804 — 3.41293p + 5.20537p% — 3.65508)" + p*. (34)

Moreover, in this case the equilibrium point (0.954166,0.97993, 0.954166, 0.97993) of sys-
tem (33) is stable for
0 < 0 < 0.8809233539967847.

In this case the graphical behavior of each concentration variable is shown in Fig.3. Hence,
it can be easily seen that bifurcation is controlled for mazimum range of controlled param-
eter 6 for n €]0,1] (see Fig.3). Moreover, in Fig./ some phase portraits are given for

variation of 0 in ]0,1[. Hence, it can be easily seen that there exists the Neimark-sacker
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bifurcation when 6 certainly passes through 6 = 0.8809233539967847 (see Fig. /). In ad-
dition, there is no chance of Neimark-sacker bifurcation for 0 < 6 < 0.8809233539967847
(see Fig. 4(a-c)), and for 0.8809233539967847 < § < 1 the existence of Neimark-sacker
bifurcation in system (33) can be seen easily (see Fig. 4(d-f)).

Example 6.3. Assume that r = 0.0698,5 = 0.3469, u = 0.9999 , ug = 1.0007,vy =
0.97993, wo = 1.0007, zo = 0.97993. Then, the mathematical system (6) takes the following

form:

d ‘
?Z —0.97993 — wv? — 0.0698u,

dv 5

i +0.0698u — v + 0.3469(z — v),

35)
dw f (
d—l: —0.97993 — w22 — 0.0698w,
dz
dt

=wz? 4 0.0698w — z + 0.3469(v — 2),

LE
e
ot

5085 £ 0% 0%

0% LECR
4 0576
og7e. 0%
D™ . 0w 09%
——0a
o3
~ _ %

034 0975

(@) (b) ()

0508

()

Figure 4. Phase portraits for system (33) for n €]0, 1], r = 0.0698, 8 = 0.3469, u =
0.97993 , up = 0.954166, vp = 0.97993, wy = 0.954166, zp = 0.97993 and
6 €]0,1]
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095
1.02f
101f 0.94
~ L00f =
= Z 093
= W =
0.99F
2
st 0.92
0.97F 0.91
0 100 200 300 400 0 100 200 300 400
t it
(2) (b)
095
1.02f
Loif 0.94
= 100} i =
= Z 093
0.99F
2
sl 0.92
0.97F 0.91
0 100 200 300 200 0 100 200 300 400
T : 3
(c) (d)

Figure 5. Plots of system (35) for r = 0.0698,3 = 0.3469, x = 0.9999 , uy =
1.0007,v9 = 0.97993, wp = 1.0007, zp = 0.97993

Additionally, in this case the one and only positive fized point is
(1.0007,0.9793,1.0007,0.9793). For aforementioned values of parameters one can obtain
the jacobian matriz J(1.0007,0.9793,1.0007,0.9793) as follows:

0505244 —0.990902 0 0
J(L0007,0.9703, 1.0007,0.0703) = | OHTA9L2OW6 0 OIESIS
0 0147812 0417249 126176

The characteristic polynomial P(p) calculated from J(1.0007,0.9793,1.0007,0.9793) is
given by

P(p) = 1.09892 — 3.692p + 5.20237p> — 3.53402p° + p*. (36)
In this case the graphical behavior of each concentration variable is shown in Fig.5. More-

over, in Fig.6 some phase portraits are given for variation of r. Hence, it can be eas-

ily seen that there exists the system (35) remains stable about one and only fized point
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(1.0007,0.9793,1.0007,0.9793). In addition, a three dimensional phase portrait is given in

Fig. 6a.

ult)
(b)
0.95 093
0s4f 1 os
RS 1 =09
E =
09| { e
091} q 091
097 098 099 100 101 102 097 098 0% 100 101 102
u(t) wit)
(©) (d)

Figure 6. Phase portraits for system (35) for r = 0.0698, 5 = 0.3469, u = 0.9999 ,
up = 1.0007, vy = 0.97993, wo = 1.0007, zp = 0.97993

Example 6.4. Assume that r = 0.01275, 8 = 0.3469, u = 0.95993, uo = 1.0007, vy =

0.97993, wy = 1.0007, zo = 0.97993. Then, the mathematical system (6) takes the following

form:

du 9

i =0.97993 — uv® — 0.01275u,

at

dv 9

oW +0.01275u — v + 0.3469(z — v),
at

1
= =0.97993 — w2? — 0.01275w,

at

dz 5 aAn

o —WA +0.01275w — z 4 0.3469(v — 2).
at

Additionally, in this case the one and only positive fixed point is

(37)

(1.0007,0.9793,1.0007,0.9793). For aforementioned values of parameters one can obtain

the jacobian matrix
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Figure 7. Plots of system (5) for r = 0.01275,3 = 0.3469, u = 0.95993 , ug =
1.0007,v9 = 0.97993, wp = 1.0007, zp = 0.97993

J(1.0007,0.9793,1.0007,0.9793) as follows:

0.506839 —1.0004 0 0
0K
J(1.0007,0.9793, 1.0007, 0.9793) = 0'41§°9° 1‘2?)712 0 50%839 0_114555

0 0.147812 0.414595 1.26712

The characteristic polynomial P(p) calculated from J(1.0007,0.9793,1.0007,0.9793) is
given by
P(p) = 1.1116 — 3.72793) + 5.23903\% — 3.54791)3 + A1, (38)

In this case the graphical behavior of each concentration variable is shown in Fig.7. More-
over, in Fig.8 some phase portraits are given for variation of r. Hence, it can be easily
seen that there exists the Hopf bifurcation for system (5) about one and only fized point
(1.0007,0.9793,1.0007,0.9793) when the parameter r certainly passes through 0.01275. In

addition, a three dimensional phase portrait is given in Fig. 8a.
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Figure 8. Phase portraits for system (5) for » = 0.01275, 8 = 0.3469, 1 = 0.95993
, up = 1.0007, v = 0.97993, wy = 1.0007, 29 = 0.97993

7 Conclusion

In this manuscript we have studied a two-cell joined cubic autocatalator chemical reac-
tion model [1]. Additionally, during the making of basic structure of model, feedback
in every cell is considered to be centered on the cubic autocatalator under the effects of
pooled-chemical estimations. We have considered the pairing among the cells through
autocatalyst B. We have discussed the local stability of continuous system (6) by using
Routh-Hurwitz stability criteria. Moreover, we discretize the model (6) by using Eu-
ler’s forward method and then by using a nonstandard difference scheme we obtained
a consistent discrete-time counterpart of four-dimensional cubic autocatalator chemical
reaction model (7). It is proved that when the pairing among the cells is taken through
autocatalyst B then the system (8) has only one fixed point. We have discussed the para-
metric conditions aimed at the local asymptotic stability of one and only positive fixed

point of system (8). It is proved that the system (8) experiences the Neimark-Sacker
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bifurcation for bifurcation parameter n at one and only positive fixed point by using
an obvious standard for Neimark-Sacker bifurcation. The discrete-time counterpart (8)
of original four-dimensional system (6) have shown chaotic dynamics at different stan-
dards of bifurcation parameter n. Furthermore, we have controlled the Neimark-Sacker
bifurcation and chaos by using a generalized hybrid control scheme, which is centered on
parameter perturbation and feedback control by taking 6 as control parameter. Finally,
we provided some numerical examples to demonstrate theoretical consequences. From,
numerical study of (6) and (8) one can see that the system (6) remains stable for 5,7 > 0
and p > 1 whereas the system (8) remains unstable under these parametric conditions.
Moreover, through numerical study of system (8) there is no chance for the existence
of period-doubling bifurcation, which verifies the consistency of nonstandard difference

scheme [18] for mathematical system (6).
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