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Abstract

Let G, be the set of graphs with n vertices and H C G,,. For each H € H,
let m(H) = {m;; (H)}, where m;; (H) is the number of edges in H that join a
vertex of degree ¢ with a vertex of degree j. A vertex-degree-based (VDB, for short)
topological index ¢ is discriminating over H if non-isomorphic graphs in H have
different values of . We say that ¢ is weakly discriminating over H if the following
weaker condition is satisfied for every H, H' € H:

p(H)=¢(H) <= mH)=m(H).

Let CT,, be the set of chemical trees with n vertices. In this paper we show that
many of the well-known VDB topological indices are not weakly discriminating over
CT . However, the recently introduced Sombor index is weakly discriminating over
CTy. Also, we give conditions under which a VDB topological index ¢ is weakly
discriminating over an arbitrary class H C G,,.
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1 Introduction

Throughout this paper a graph G = (V| E) is simple, undirected and unweighted, where
V' is the set of vertices and F the set of edges. If there is an edge from vertex u to vertex
v we indicate this by writing uv (or vu). The degree of the vertex v of G is denoted by
d,. A vertex v is isolated if d, = 0. We denote by n; = n; (G) the number of vertices of
G with degree 7 and m; ; = m; ; (G) the number of edges in G joining vertices of degree ¢
and j.

Topological indices are molecular descriptors which play an important role in theo-
retical chemistry, especially in QSPR/QSAR research [22,23]. One important class of
topological indices are the so-called vertex-degree based (VDB, for short) topological in-
dices (see [10,18], and for recent results [1,3,5-7,15-17,24]).

Let G, be the set of graphs with n non-isolated vertices and H C G,,. Let A =
max {A (H) : H € H}. Consider the set

K={({,j)eNxN:1<i<j<A},

lexicographically ordered. Let h = |K| = w. Define the function m : H — R" by

m (H) = (mi; (H)) jyex> where H € . Formally, a VDB topological index is a function
T, : H — R induced by a vector ¢ € R”, defined for H € H as

T (H) =m(H) -, (1)
where “” denotes the dot product over R”. For brevity, we simply write
¢ (H) =m(H) -, 2)

and say that ¢ is a VDB topological index defined over H. Most of the well-known VDB
topological indices studied in mathematical chemistry are induced by symmetric functions
of the form ¢ (x,y). In other words, the vector ¢ € R” has components (¢ (@ 9)) eyexe
where ¢ (z,y) is a symmetric function.

From expression (2), we easily deduce that if H, H' € H, then [19]
(H)=¢(H') < [m(H)-m(H)] ¢=0<+= [m(H)—m(H)] Lo

For the well-known VDB topological indices ¢ € R”, the perpendicularity condition above

occurs very frequently in most of the important classes of sets H studied (connected
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graphs, trees, chemical graphs, etc ...). In other words, non-isomorphic graphs of H have
equal value . This degeneracy property has been investigated extensively in mathemat-
ical chemistry [8,9,13].

In [19], the concept of discrimination of a VDB topological index was generalized to
equivalence relations defined in . Specifically, if ~ is an equivalence relation defined in
H, then ¢ discriminates on H with respect to ~ if the following condition holds: for all
H H €H,

o (H) = p(H') <= H ~ H.

In this case we say that ¢ is discriminating over H with respect to the equivalence relation
~. When we consider the isomorphism relation ~ on #, then we recover the usual concept
of discrimination. But there are other interesting equivalence relations, for example,

in [19, Example 2.2] we consider the equivalence relation defined on #,
H~H < m((H)=m(H). (3)

If a vertex-degree-based topological index ¢ is discriminating over H with respect to the

relation (3), then we simply say that ¢ is weakly discriminating over H. Since
H~H = m(H)=m(H'),

it follows that if ¢ is discriminating over H (in the usual way), then ¢ is weakly discrim-
inating over H.

Naturally a question arises: which VDB topological indices are weakly discriminating
over H? In Section 2 we study the case H = CT,,, the set of chemical trees with n vertices.
Specifically, we show in Examples 2.1 and 2.2 several well-known VDB topological indices
which are not weakly discriminating over CT,,: the Randi¢ index [20], the first Zagreb
index [12], the sum-connectivity index [25], the harmonic index [26], first hyper-Zagreb
index [21], and the reciprocal sum-connectivity index [15]. On the other hand, we show
in Theorem 2.3, that the recently introduced Sombor index [11] is weakly discriminating
over CT,,.

In Section 3 we give conditions under which a VDB topological index ¢ is weakly
discriminating over an arbitrary class H C G,,. Concretely, we show that if the components
{¢i,j}(i7j) ek of ¢ are linearly independent over the set of integers Z, then ¢ is weakly
discriminating over H. As a byproduct, we show that if the components {99iaj}(i,j)eK are

distinct algebraic numbers, then the exponential e¥ is weakly discriminating over .
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2 Weakly discriminating VDB topological indices
over CT,

Which VDB topological indices are weakly discriminating over H? Let us see some
examples when H = CT,, the set of chemical trees with n vertices. In this case
K={(,j) e NxN:1<i<j<4},
and since my 1 (T) = 0 for all T € CT,, when n > 3, all VDB topological indices ¢ are
vectors in R:
© = (P12, 01,3, P14 2,2, P2.3, P24, P33, P34, Paa) -

Example 2.1 The Randié index is induced by the symmetric function ¢ (x,y) = ——, so

its associated vector is

_ ( 1 1 11 1 1 1 1 1>
V3T R VI d)

It turns out that the Randi¢ index is not weakly discriminating over CT,,. In fact, consider
the trees S and T depicted in Figure 1. Let p be a positive integer. In the tree S there are
4dp + 1 wvertices of degree 4. In the tree T there are 3p + 1 vertices of degree 4, there is a
path with p > 1 edges between vertices u and v, and there is a path with p edges between
vertices w and z. By a counting arqgument, one easily sees that S and T are trees with
20p + 9 wvertices. Moreover,

mi2 (S) = 8]9 + 4, ma4 (S) = 8]) -+ 4, my.4 (S) = 4])7
and m; ; (S) =0 for all other values of i,j. On the other hand,

ml,z (T) = 6]) =+ 47 m212 (T) = 2])7 m2,4 (T) = 12p + 47

and m;; (T) = 0 for all other values of i,j. In particular, m (S) # m (T). However,

#(S) =9 (T) = (6v2+1)p+3v2.

1 2 3 Ap  |Ap+1

S T

Figure 1. Trees with equal Randi¢ index but different m-structure.
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Example 2.2 Consider the following VDB topological indices induced by the function

@ (2,y):
o () Name
T4y first Zagreb index
(x+7y)° first hyper-Zagreb index
T

= sum-connectivity index
z+y

Vx +y | reciprocal sum-connectivity index
2 harmonic index

z+y

All these VDB topological indices have the following property in common:
e(L,3)=¢(2,2); ¢(1,4)=9(2,3); ¢(2,4)=¢(3,3). (4)
Hence, for every U € CT,,

eU) = ¢(1,2)miz(U) +¢(1,3) (miz (U) +map (U)) +
@ (1,4) (m1a (U) +maz (U)) + ¢ (2,4) (M2 (U) +mz3 (U)) +
@ (3,4)m34 (U)+ ¢ (4,4) mqa (U).

So a condition that implies that two trees S, T € CT,, have equal value of ¢ is the following:

mas (S) +mas (S) =mys (T) +mep (T);

M4 (S) +mays (S) = ma (T) +mas (T); 5)
maa (S) +mys (S) may (T) +ms3(T);

m;; (S) =m;; (T) for the other values of (i,7) € K.

Consider the trees S, T € CT,, shown in Figure 2. There is a path with p > 1 edges between

vertices u and v in the tree S, and there is a path with p+6 edges between vertices w and

z in the tree T'. Note that

miz2 (S) = 2, mi3 (S) = 67 771174 (S) = 0, ma 2 (S) =D; 7n2,3 (S) = 47
Mo (S)=0; my3(S)=4 ms4(S)=0; mys(S)=0,

and

mig (T)=2; mis(T)=0; mia(T)=4; meo(T)=p+6; mas(T)=0;

Clearly, conditions (5) hold so ¢ (S) = ¢ (T). However, m(S) # m (T), which implies

that none of these VDB topological indices are weakly discriminating over CT .
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D e

Figure 2. Trees with equal ¢ but different m-structure.

Hence, many of the well known VDB topological indices are not weakly discriminating
over CT,, as we have seen in the previous examples. However, the Sombor index is weakly
discriminating over CT ,, as we shall see in our next result. Recall that the Sombor index

is induced by the symmetric function SO (z,y) = /22 + y?, so the SO vector is given by
50 = (\/5 V10,V17, 22,13, 2\/573\/575,4\@) . (6)
If T is a chemical tree with n vertices, then

SO (T) = \/g (777/112 + 2m24’4) + \/5 (2777/212 + 3m3,3 + 4m4,4)
-‘r\/ﬁ’ﬂll,(} + \/ﬁm174 + \/ﬁmz;j + 5m3‘4‘ (7)

We will also use the following well-known relations:

2myy +mig +miz+mig = m

M1+ 2Moo + Moz + Moy = 2ns

mig +Maos+2mgs+mzs = 3ng

My + Moy +may+2myy = 4ny (8)

Theorem 2.3 The Sombor index SO is weakly discriminating over CT .

Proof. Let T € CT,, and set m; ; = m, ; (T') and n; = n; (T). By (8)

12n 12 (ny + ng + n3 + ny)

18p + 6(] - 10m3‘3 — 18771474 — 27m274

+16my 3 + 15my 4 + 10mo 3 + Tms 4, (9)

where

p= ng + 27712’4 (10)
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and

q= 2m2,2 + 3m3,3 + 47’TL414.

(11)

Assume now that 7" € CT, is such that SO (T') = SO (T"). Set mj; = m;; (") and

n; =n; (T"). Since

{5, V2,v/5,V10, V13, \/ﬁ}

is a linearly independent set over Z, it follows by (7) that

3
Il

! !
my o+ 2771274

2m'2)2 + 3m§,)3 + 4mg>4

'
|

and
! !
my3 = TVLL3, mi4 = m174
/ !
M3 = My3, M3zg = M3y

Again by (8), (12), (13), and (14),

12n = 12(n} +ny +nj +nj)
= 18p+ 6g — 10my 5 — 18mj 4, — 27Tmy,

+16m1,3 + 15my 4 + 10m2,3 + 7m3,4.

Now from relations (9) and (15) we conclude that

10 (g3 — miy 5) + 18 (myq — m)) ) + 27 (moy —mj,) = 0.

The general solution of the Diophantine equation

10z + 18y + 272 =0

is
r = —b4 + b4k
y=27-27k ,
z=2-—2k

where k € Z. Hence, from (16) we deduce

mss3 — mé)S = —bH4+ 54k,
Myy — mﬁM = 27— 27k,

!
Moy — Moy = 2 — 2k’7

(15)

(16)
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for some k € Z. On the other hand, from (11), (13), and (17),

2(moy —mby) = 3(mhs—mas) +4 (mly, — maa)

= 3(54 — 54k) +4(—27 + 27k).

Hence,

mag2 — m,212 =27 — 27k.

Now by (10), (12), and (17),

mys —mi, =2 (mhy —may) =22k —2).

Consequently,
myg —mh, =4k — 4.
From (14),
myz—mis = 0
mia—my, = 0
ma3 — 777/23 =0
mgzaq4 — mgA = 0.

Adding the left sides and right sides of relations (18)-(26), we obtain

S omiy— Y ml; = (=54 +54k) + (27 — 27k) + (2 — 2k)
1<i<j<4 1<i<j<4

(27— 2Tk) + (4k —4) = 2k —2.

Since

n—1= E m;; = E m;

1<i<j<d 1<i<j<d

it follows from (27) that k = 1. Thus, from relations (18)-(22),

— ! _ I . !
7n3,3 = m3>3 m4,4 = m474 mo 4 = m274
— ! . ’
Moo = Mgy M12 =My,

Finally, from (14) and (28),
m(T)=m(T").

(21)

(22)

(27)

(28)
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3 Conditions which assure the weakly discrimination
property on an arbitrary class

In our next result we give conditions on a VDB topological index which assures the weakly

discrimination property over an arbitrary class H C G,,.

Theorem 3.1 Let ¢ € R* be a VDB topological index defined over H C G, such that
{V’M}(i.j‘)eK is a linearly independent set over Z, the set of integers. Then ¢ is weakly

discriminating over H.
Proof. Let H, H' € 1 and assume that ¢ (H) = ¢ (H'). Then

0=(m(H)—m(H)) o= (mi;(H)—m;(H)) i,
(i.g)eK
Since my; (H) —m,; (H') € Z for all (i, 5) € K and {9i;}; ;s Is a linearly independent
set over Z, m; j (H) —m;; (H') = 0 for all (i, j) € K. Consequently, m (H) =m (H'). W
Remark 3.2 The converse of Theorem 3.1 does not hold. For instance, the Sombor index
is weakly discriminating over CT,,. However, the components SOy 2,503 3, and SOy 4 are

2v2,3V2, and 4v/2, respectively. Note that
350272 + 2303’3 + (—3) SO4.4 =0,
so the components of SO are not linearly independent over Z.

Besicovitch’s Theorem can be used to construct many examples of VDB topological

indices that are weakly discriminating over H C G,,.

Theorem 3.3 [4] (Besicovitch) Let n > 1 be any integer and py, ..., px distinct positive

prime numbers. The set of n* radicals,
{ o Vpy® g™ 0 <m) <n, 1<i < k} :
is linearly independent over Z.

Example 3.4 Consider the sum-connectivity Gourava index ¢ € R® induced by the sym-
metric function ¢ (x,y) = \/ﬁ [14]. Then ¢ is weakly discriminating over CT,. In
fact,

(V5 VT 1 V2 VT VEXT V3XE VIO V2 X3
e\ T T 4 0 1 190 12 )
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1t follows easily from Besicovitch’s Theorem that the set of components of ¢ is a linearly
independent set over Z, and by Theorem 3.1, the sum-connectivity Gourava index is weakly

discriminating over CT .

Based on Besicovitch’s Theorem we can introduce weakly discriminating topological

indices over arbitrary classes H C G,,.

Definition 3.5 The prime topological index is defined as follows: let H C G, A =
max{A(H): He H} and h = w. Consider the sequence of the first h prime num-

' ] ioal inder TI — h
bers {piyj}(i,j)eK' Then we define the VDB topological index 11 = {1 /pi’]-}@j)eK e R"

Clearly, by Besicovitch’s Theorem and Theorem 3.1, IT is weakly discriminating over

H.

Example 3.6 If H is the set of chemical trees, then 11 € R® is the vector
= (x@ﬂx/ﬁﬁx/ﬁx/ﬁx/ﬁ@@)

and for a chemical tree U,

nw) = \/imm + \/gml,g + \/gm1,4 + \ﬁmzz +
V1lmgz + V13mgy + V1Tms s + V19m3 4 + V23my 4.

We next show how to construct weakly discriminating VDB topological indices ¢ over
H C G,, when all the components of the vector ¢ are different. First we recall a classical

result from algebra. Let A be the field of algebraic numbers.

Theorem 3.7 [2] (Lindemann-Weierstrass’s Theorem) If aq,. .., «, are distinct alge-

braic numbers, then e, ... e* are linearly independent over A.

In [19], the exponential of a VDB topological index ¢ € R" over H C G,, was defined
for H € H as
e’ (H)=m(H)-e’,

where e? € R" has components {e“”’vf}(i’j)eK.
Theorem 3.8 Let ¢ € R* be a VDB topological index defined over H C G, such that all

components of ¢ are distinct algebraic numbers. Then e? is weakly discriminating over
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Proof. Since {cpisj}(i‘j)eK are distinct algebraic numbers, it follows from Theorem 3.7
that {e¥“/} ;o) are linearly independent over A. But Z C.A. Hence {e®/}, . are

linearly independent over Z, and the result follows from Theorem 3.1. |

Example 3.9 The components of the Sombor index over CT,, are distinct algebraic num-

bers:

50 = (\/5, V10,V/17,2V/2, m,m,wzam) .

It follows from Theorem 3.8 that e3© is weakly discriminating over CT,,.
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