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35900, İzmir, Turkey
necla.kircali.gursoy@ege.edu.tr

(Received July 24, 2021)

Abstract

The energy of a graph is defined to be the sum of absolute values of eigenvalues
of its adjacency matrix. The Sombor index of a graph is a novel topological index
of a graph. In this paper, we study relations between energy and Sombor index of a
graph G in terms of its degrees. Moreover, we give upper bound for a regular graph
in terms of its Sombor index.

1 Introduction

The graph energy and topological index of a graph are very attractive due to their im-

portance in mathematical chemistry. The graph energy was introduced by Gutman in

1978 [5]. After that, graph energy is continued to be researched by Gutman [6], Zhou

et al. [16], and Li et al. [11]. Also, the energy of a vertex is developed by Arizmendi et

al. [1]. Moreover, many researchers examine the bounds for graph energy in [8,10,15,17]

and also, the energy of the regular graphs are analyzed in [7, 12,14].

Recently, a new topological index which is called Sombor index is introduced by Gut-

man [9] in the chemical graph theory. At the same time, the Sombor index of graphs is a

popular work area and newly has been studied in [2, 3, 13].
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This paper is concerning with graph energy and Sombor index. In Section 2, we give

some fundamental definitions and theorems which will be useful for the rest of the paper.

In Section 3, bounds for graph energy are given in terms of its Sombor index. Finally,

relation between Sombor index and graph energy is studied for some graph classes in

Section 4.

2 Preliminaries

Let G be a simple undirected graph without isolated vertices. Let V (G) and E(G) denote

the set of vertices and set of edges of G, respectively. For any vertex x ∈ V (G), the

degree of a vertex x is denoted by dx which is the number of vertices adjacent to x. The

maximum degree of a graph is the largest degree among the vertices of G and denoted

by ∆(G). The minimum degree of a graph is the smallest degree among the vertices of a

graph and denoted by δ(G).

Let G be a graph and let A = A(G) ∈ Mn(M) be its adjacency matrix. The energy of

the graph G is given by

ε(G) =
n∑

i=0

|λi|,

where λi’s are the eigenvalues of the adjacency matrix of G.

The trace of a matrix M is denoted by Tr(M) and its absolute value (MM∗)1/2 is

denoted by |M |. So energy of G is given by

ε(G) = Tr(|A(G)|) =
n∑

i=1

(|A(G)|ii).

Next we give the energy of a vertex introduced in [1].

Definition 2.1. The energy of a vertex xi ∈ G is denoted by εG(xi) and defined by,

εG(xi) = |A(G)|ii, for all i ∈ {1, 2, ..., n},

where |A| = (AA∗)1/2 and A(G) is the adjacency matrix of the graph G.

Let G = (V (G), E(G)) with V (G) = {x1, . . . , xn}. The energy of a graph is the sum

of its vertex energies,

ε(G) = εG(x1) + · · ·+ εG(xn),

so that one can say that the energy of a vertex is a refinement of the its graph.
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Let e = xy ∈ E(G) for a graph G. Then from [4], one can decompose the energy of

an edge as,

ε(e) =
ε(x)

dx
+

ε(x)

dx
(1)

so that energy of a graph is

ε(G) =
∑

e∈E(G)

ε(e) =
∑

e=xy∈E(G)

(
ε(x)

dx
+

ε(x)

dx

)
. (2)

The next theorem gives that the energy of a graph is bounded by square root of the

degree of its any vertex.

Theorem 2.2. [1] Let G be a graph and x ∈ G be any vertex. Then we have εG(x) ≤
√
dx.

The equality holds if and only if G ∼= K1,n where x is the center vertex.

Theorem 2.3. [1] Let G = (V (G), E(G)) be a graph with at least one edge. Then for all

xi ∈ V (G),

εG(xi) ≥
di

∆(G)
.

Equality holds if and only if G ∼= Kd,d.

If G = (V (G), E(G)) is a graph with u, v ∈ V (G), then its Sombor index is

SO(G) =
∑

uv∈E(G)

√
u2 + v2

where du and dv are degrees of vertices u and v, respectively.

3 Energy and Sombor index

This section has devoted to the bound results of graph energy in term of its Sombor index.

Theorem 3.1. Let G be a graph with maximum degree ∆(G). If ε(G) is its graph energy

and SO(G) is its Sombor index, then ε(G)∆(G)3 ≥ SO(G).

Proof. Let G be a graph with vertex set V (G) and edge set E(G). Let e = xy ∈ E(G)

for x, y ∈ V (G). Since ε(e) = ε(x)
dx

+ ε(y)
dy

, by Equations (2.1) and (2.2) then we get,

ε(G) =
∑

e∈E
ε(e) =

∑

xy∈E(G)

(
ε(x)

dx
+

ε(y)

dy

)
.
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It follows that,

∑

e∈E(G)

ε(e) =
∑

xy∈E(G)

(
ε(x)

dx
+

ε(y)

dy

)
≥

∑

xy∈E(G)

(
ε(x)

d2x
+

ε(y)

d2y

)

=
∑

xy∈E(G)

(
ε(x)d2y + ε(y)d2x

d2xd
2
y

)
.

By Theorem 2.3, we have

∑

xy∈E(G)

(
ε(x)d2y + ε(y)d2x

d2xd
2
y

)
≥

∑

xy∈E(G)

(
dx

∆(G)
d2y +

dy
∆(G)

d2x

d2xd
2
y

)

≥
∑

xy∈E(G)




√
dx

∆(G)
d2y +

dy
∆(G)

d2x

dxdy




≥
∑

xy∈E(G)

(√
d2x + d2y
∆(G)3

)
.

Therefore we conclude that, ε(G)∆(G)3 ≥ SO(G).

When G is a regular graph, one can obtain tight bounds in terms of degree.

Theorem 3.2. Let G be a ∆-regular graph. If ε(G) is its graph energy and SO(G) is its

Sombor index, then ε(G)∆(G)2 ≥ SO(G).

Proof. Let G = (V (G), E(G)) be a graph. Let e = xy ∈ E(G) for x, y ∈ V (G). Since

ε(e) = ε(x)
dx

+ ε(y)
dy

by Equation (2.1), then we obtain that,

ε(G) =
∑

xy∈E(G)

(
ε(x)

dx
+

ε(y)

dy

)
≥

∑

xy∈E(G)

(
ε(x)

d2x
+

ε(y)

d2y

)

=
∑

xy∈E(G)

(
ε(x)d2y + ε(y)d2x

d2xd
2
y

)
.

Since G is a regular graph, then εG(x) ≥ 1 for all x ∈ V (G) by Theorem 2.3. It follows

that we can obtain

∑

xy∈E(G)

(
ε(x)d2y + ε(y)d2x

d2xd
2
y

)
≥

∑

xy∈E(G)

(
d2x + d2y
d2xd

2
y

)
.

Then we get
∑

xy∈E(G)

(
d2x + d2y
d2xd

2
y

)
≥

∑

xy∈E(G)

(√
d2x + d2y
dxdy

)
.
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It follows that,
∑

xy∈E(G)

(√
d2x + d2y
dxdy

)
≥

∑

xy∈E(G)

(√
d2x + d2y
∆(G)2

)
.

Therefore, ε(G)∆(G)2 ≥ SO(G).

Next we give a lemma which will be used in the next theorem.

Lemma 3.3. Let m and n be real numbers. If m,n > 1, then

m2 + n2 < mn
√
m2 + n2.

Proof. Note that
√
2mn ≤

√
m2 + n2, whenever m,n > 1. This leads to

√
2mn ≤

√
m2 + n2 <

√
m2n2. It follows that

√
m2 + n2 < mn. This completes the proof.

Theorem 3.4. Let G be a graph with δ(G) ≥ 2. Then we have ε(G) ≤ SO(G).

Proof. Note that ε(G) =
∑

xy∈E(G)(
ε(x)
dx

+ ε(y)
dy

). From this we get,

ε(G) =
∑

xy∈E(G)

(
ε(x)

dx
+

ε(y)

dy
) =

∑

xy∈E(G)

(
ε(x)dy + ε(y)dx

dxdy

)
.

Then by Theorem 2.2, we can deduce that

∑

xy∈E(G)

(
ε(x)dy + ε(y)dx

dxdy

)
≤

∑

xy∈E(G)

(
dxdy + dydx

dxdy

)
,

since εG(x) ≤ dx and εG(y) ≤ dy.

The inequality for real numbers d2x + d2y ≥ 2dxdy from algebra implies that

∑

xy∈E(G)

(
dxdy + dydx

dxdy

)
≤

∑

xy∈E(G)

(
d2x + d2y
dxdy

)
.

Then by Lemma 3.3, we get

∑

xy∈E(G)

(
d2x + d2y
dxdy

)
≤

∑

xy∈E(G)

√
d2x + d2y = SO(G)

since dx, dy ≥ 2 by assumption δ(G) ≥ 2.

Theorem 3.5. Let G be a regular graph. Then ε(G) ≤ SO(G)2. The equality holds if

G ∼= K2.
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Proof. The energy of a graph can be calculated as:

ε(G) =
∑

e∈E(G)

ε(e) =
∑

e=xy∈E(G)

(
ε(x)

dx
+

ε(y)

dy

)
.

Then we get
∑

xy∈E(G)

(
ε(x)

dx
+

ε(y)

dy

)
=

∑

xy∈E(G)

(
ε(x)dy + ε(y)dx

dxdy

)
.

Since G is regular, it follows that,

∑

xy∈E(G)

(
ε(x)dy + ε(y)dx

dxdy

)
≤

∑

xy∈E(G)

(
d2x + d2y
dxdy

)

≤
∑

xy∈E(G)

(d2x + d2y)

= SO(G)2

by Theorem 2.2. Also if G ∼= K2, then by Theorem 2.2 and 2.3, one can easily conclude

that ε(G) = SO(G)2.

4 Energy and Sombor index relations of graph classes

In this section we give some relations of graph energy and Sombor index for some graph

classes.

Theorem 4.1. Let G be a complete graph with n vertices. Then

SO(G) =
n(n− 1)

2
√
2

ε(G).

Proof. Assume that G is a complete graph with n vertices. Then it is clear that ε(G) =

2(n− 1). Since dx = (n− 1) for any vertex x ∈ Kn, then Sombor index of Kn is

SO =
∑

e=xy∈E(G)

√
d2x + d2y

=
∑

e∈E(G)

√
2(n− 1)2

=

(
n

2

)
(n− 1)

√
2.

Therefore, we get

SO(G) =
n(n− 1)

2
√
2

ε(G).
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Theorem 4.2. Let G be a complete bipartite graph Kn,n. Then

√
2

8
ε(G)3 = SO(G).

Proof. Since G = Kn,n, then combining Theorem 2.2 and Theorem 2.3 implies that

εG(x) = 1, for any vertex x ∈ Kn,n. It follows that ε(Kn,n) = 2n. Also,

SO(Kn,n) =
∑

xy∈E(Kn,n)

(√
2n2
)
= n3

√
2.

Combining the arguments leads to

√
2

8
ε(Kn,n)

3 = SO(Kn,n).
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