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Abstract
The Sombor index of a graph G is defined as

S@) = > Vidau)?+da(v)?

weE(G)

where d(u) denote the degree of the vertex u in G. In this article, we determine the
extremal values of the Sombor index of trees with some given parameters, including
matching number, pendant vertices, diameter, segment number, branching number,
etc. The corresponding extremal trees are characterized completely.

1 Introduction

Let G = (V(G), E(G)) be a connected simple graph with order |[V(G)| = n and size
|E(G)| = m. If a connected graph T satisfies that m = n — 1, then the graph T is called
a tree. Let n;(G) be the number of vertices of G with degree i and m; j(G) the number
of edges of G joining a vertex of degree i and a vertex of degree j. We will also use n;
and m; ; for short when there is no risk of confusion. As usual, we denote the star and
path on n vertices by S, and P,, respectively. Let Ng(u), or N(u) for short, be the
neighbor set of the vertex u € V(G). For a vertex u € V(G), its degree dg(u) is equal
to the number of vertices in G adjacent to u, that is dg(u) = |Ng(u)|. In particular, let
A(G) = max{dg(v) : v € V(G)}, i.e., the maximum degree of G. For v € V(G), G — v is
the graph obtained from G by deleting v and its incident edges. If X C E(G), then we
use G — X to denote the graph formed from G by removing the edges in X. Similarly,

!Corresponding author: hlchen@ccsu.edu.cn (Hanlin Chen)


https://doi.org/10.46793/match.87-1.023C

24

G + X denotes the graph obtained from G by adding all edges in X. If X = {uv}, we will
write G — uv and G + wov for simple. A vertex having degree one is said to be a pendant
vertex and a vertex with degree greater than two is called a branching vertex. An edge
having a pendant vertex as an endpoint is called a pendant edge. If P = vgvy ... vy is
an induced sub-path of length k of G and dg(vo) = 1, dg(v1) = -+ = dg(vk—1) = 2 and
dg(v) > 3, then we call P a pendant path of G. We denote the set of all pendant vertices
in graph G by PV(G). If a graph G with vertex set V(G) = {dg(v1), dg(v2), ..., dg(va)}
and dg(vi) > dg(v2) > -+ > de(vs), then we call (dg(vi), dg(v2), - .., dg(v,)) the degree
sequence of G.

In order to predict some important physicochemical and bilogical properties of chem-
ical compounds, hundreds of molecular structure descriptors (topological indices) have
been introduced and studied by scholars from the field of mathematics or chemistry in the
past decades. One of the most famous types is the so-called degree-based topological in-
dices. The first Zagreb index, second Zagreb index, Randi¢ index, Harmonic index, Atom-
Bond-Connectivity index are all belong to this type. Nowadays, finding sharp bounds on
degree-based topological indices for graphs under some given constrains has been one
of the hottest research topics attracting many researches’ attention. For some extremal
results on degree-based topological indices, one may refer to [1-4,6,8,12,13,15,16,18].

Motivated by the geometric interpretation of the degree radius, Gutman [11] recently
put forward the Sombor index. The Sombor index of a graph G, denoted by S(G), is

12 of all edges of G, that is

S(@) = Y Vda(w?+d(v)”.

weE(G)

defined as the sum of the weights of (dg(u)? + dg(v)?)

It was shown that two degree-points have equal degree-radii if and only if they coincide,
that is they share the same degree-coordinates, which is of great values and useful in
chemical applications [11]. After reading the first paper on Sombor index, Deng, Tang and
Wau in [10] found that the Sombor index is useful in predicting physico-chemical properties
with high accuracy compared to some well-established and often used indices. They also
obtain a sharp upper bound for the Sombor index among all molecular trees with fixed
numbers of vertices. Very recently, Cruz, Gutman and Rada [9] obtained the extremal
Sombor indices for chemical graphs, chemical trees and hexagonal systems. Extremal
values on the Sombor index of unicyclic graphs and bicyclic graphs have been studied by

Cruz and Gutman [7]. Wang, Mao, Li and Furtula [17] investigated the mathematical
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relations between the Sombor index and some other well-known degree-based descriptors.
Moreover, some Nordhaus-Gaddum-type results are also obtained in their paper. Along
this line, many extremal problems could be extended to the Sombor index.

The main goal of this paper is to derive some sharp bounds on the Sombor index of

trees having some given parameters.

2 Preliminaries

In this section we give some useful lemmas which will be used frequently in the sequel

section.

Lemma 2.1 Let ¢(z,y) = /22 + y2 — /(v — 1)2 + 32, where > 1 and y > 0, then the

function ¢(x,y) is strictly increasing with x and strictly decreasing with y.

Proof. Note that 2?[(z — 1)2 + 3% — (z — 1)%(2? + ¢*) = y*(2x — 1) > 0 for > 1 and
y > 0, which means z1/(x —1)24+y% — (x — 1)\/22 +y? > 0 for > 1 and y > 0, then

we have
09(w,y) x - z—1 o (x—1)2+y2—(x—1)\/x2+y2>0
o T Erg e rrd V@t e
and
9¢(xy)  y y <0
dy \/x2+y2 \/(:1;71)2+y2
for x > 1 and y > 0. Thus we complete the proof. |
/'7\\\\ Ve \

t Ul
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Figure 1. The path-lifting transformation: G and G’ in Lemma 2.2.

Lemma 2.2 Let G be a graph and P = vivy...v; an induced sub-path in G, where
dg(v1) 2 2 and dg(vy) 2 2. G = G —{vyew : w € N(ve) \ {ve-1}} + {viw - w €
N(uvg) \ {vk—1}}. The process from G to G' will be called path-lifting transformation, see
Figure 1. Then we have S(G) < S(G").
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Proof. Let ¥(z,y) = Vd+a2+A+y2 - /4+ (z+y—1)2— /5, where z > 2 and
y > 2. Then it is easy to verify that

61/1(x,y) x r+y—1 _ /A (z+y—1)2—(c+y—1)Va+aZ

— _ <0
O Vi+a? i+ (zty—1)2 Ve[ /ar @ty 02
and
MW(x,y) vy rty—1l  _ u /B e )R

)

dy ity Jit@ry-—1p2 Va1
implying the function ¢ (x,y) strictly decreases with = > 2 for fixed y > 2, and strictly
decreases with y > 2 for fixed & > 2. For convenience, we let dg(v1) = z > 2 and
dg(vi) =y > 2 in the following discussion.
Case 1. k> 2.
Then it follows that

S(G)=S(G) =V + 2+ /2 +y+ ) 22 + dg(w)?

weNg(v1)\{v2}
+ Z VI dew)? —V12+22 — /2 4 (z+y—1)2

weNG (vie)\{vk—1}

- Z Vi +y—1)?2+de(w)?

wENG (v1)UNG (vr)\{va,vk—1}

V222 + /242 = VI2+ 22— /22 + (2 +y — 1) = 9(a,y)
<P(2,2) = VR + R+ VR 4+ 2 V12122 /22 (2+2-1)2
=4v2 — /5 — V13~ —0.1848 < 0,

implying S(G) < S(G").
Case 2. k=2.

Note first that 14+ (z +y — 1)> — (2> + ¢*) = 2(ay —z —y) + 1 > 0 for 2 > 2 and
y > 2, then we have

S =S =Vat+y+ 3 VawdswP+ Y VP da(w)?

weNg(v1)\{v2} weNg (v2)\{v1}

~VET ey -1 - > Vit y D2 T dg(w)?

wENG(v1)UNgG (v2)\{v1,v2}

<Valtyr— 1+ (@ +y—-1)2<0,

which means S(G) < S(G").
Thus, the proof is completed. |
Applying the path-lifting transformation, the following result can be obtained imme-

diately.
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Corollary 2.3 Let T be a tree of order n > 3, then 2\/5(71 —-3) + 25 < S(T) <
(n—1)v/n? — 2n + 2. The lower bound attains if and only if T = P, and the upper bound
attains if and only if T = S,,.

Proof. Let T be a tree different form the star S,, then by finite steps of using the
path-lifting transformation one can arrive the star S,. Thus by Lemma 2.2 we have
S(T) < S(S,) = (n — 1)v/n% — 2n + 2. On the other hand, if T % P,, then after proper
times of applying the path-lifting transformation on P, one can get the desired tree T'.

Again by Lemma 2.2 we have S(T) > S(P,) = 2v2(n — 3) + 2v/5. |

3 Main results

In this section, we determine the extremal values of Sombor indices of trees with some
given graphic parameters, such as matching number, pendant vertices, segments, branch-

ing vertices, and so forth.

3.1 The maximum Sombor index of trees with a given matching
number

For an edge subset M C E(G), if all edges in M have no common endpoints, then we call
M is a matching of graph G. A matching M is a maximum matching if there is no other

matching M’ of G such that |M’

> |M|. The number of edges in a maximum matching
of graph G is called the matching number of G, denoted by 5(G). A maximum matching
M with |M

= [ also said to be a S-matching. If M is a matching, the two ends of each
edge of M are said to be matched under M, and each vertex incident with an edge of
M is said to be an M-saturated. If every vertex of G is M-saturated, then we call M a
perfect matching. Let .7, s be the set of trees with n vertices and matching number 3.
Let T? be the tree obtained from the star .S, .1 by subdividing 8 — 1 pendant edges in
Sp_pt1. 1t is obvious that TP € }, 5 and it has a perfect matching for n = 23. The two

trees T and Tz‘aﬁ are illustrated in Figure 2.

Lemma 3.1 [5,14] (i) If T € app and § > 2, then T has a pendant vertex whose
unique neighbour is of degree two. (ii) If T € , 5 and n > 23, then there is a B-matching

M and a pendant vertex v such that M does not saturate v.
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n—26+14.

Figure 2. The trees T} (left) and Tzﬂﬁ (right).

Lemma 3.2 Let T € 7, 3 with the mazimum Sombor index and M is a $-matching of
T.

(i) Ife=wv € M, then e is a pendant edge of T.
(i) If v is not a pendant vertex of T, then v is M-saturated.

Proof. (i) Suppose to the contrary that e = uv € M but it is not a pendant edge of T. Let
T' =T —{uw:w e Np(u)\ {v}}+{vw: w e Np(u)\ {v}}. It is clear that T € 7, 5. By
Lemma 2.2 we have S(T") > S(T'), a contradiction to the choice of T'. (ii) If T' = S,,, then
the result follows immediately. If T2 S,, and v is not a pendant vertex in 7', then we can
see that there is a vertex u € Nyp(v) and u is not a pendant vertex. If v is not M-saturated,
then we have uv ¢ M. Let 7" =T — {uw : w € Nyp(u) \ {v}} + {vw : w € Nyp(u) \ {v}},
and it is easy to see that 7" € 7}, g. By Lemma 2.2 we have S(T") > S(T'), a contradiction
to the choice of T'. |

Theorem 3.3 Let T € Japp, then S(T) < /1+ B2+ (8 — 1)(vV5 + /4 + B2) with
equality if and only if T = TQ%

Proof. We prove the result by applying induction on f. If § = 1,2, then we have
TT) > P, T TP, Therefore, the result is true for 8 =1 and 8 = 2. Suppose
that it is true for T € Foyp, k = 1,2,...,6 — 1. Weset T € Fop4 such that S(T) is
maximum. Let M be a perfect matching of T. By Lemma 3.1 (i) there is a pendant vertex
uw in T adjacent to a vertex v of degree two. Then, uv € M. Let T/ =T — u — v, then
T" € Jop-95-1. By induction hypothesis, we have S(T”) < S(TQ‘?{}Z). Let w € N(v)\{u}.
Assume that dr(w) = z, Np(w) = {wy,ws, ..., we_1,v} and dr(w;) = t;, then dp(w) =
x —1and dp(w;) = t; for i = 1,2,...,2 — 1. By Lemma 3.2 (i), there exist at least
pendant vertices in 7. Note also that 7" has a perfect matching. Hence there is at most
one neighbors of w with degree one. Thus, there exist at least 5 — 1 pendant vertices

not adjacent to w in T, that is, z < 28 —1— (8 — 1) = . Moveover, since w is not a
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pendant vertex of 7', by Lemma 3.2, there exists some t; = 1. Without loss of generality,

we assume that t; = 1 and to,t3,...,t,—1 > 2.

z—1 -1
S(T)=S(T)+VIE+ 2+ V2 + 22+ ([ 422 =Y (/2 + (z— 1)
i=1 i=1

=S(T") + V5 + mﬁi [\/t$+x2— \/t,2+(x—1)2]

<S(Ty ) + Vo +Va+ a2+ VI+a? — 1+ (z—1)2
+(z—2)[Vi+a2— A+ (z—1)]

=S(Ty; ) + V5 + VA+ a2 + ¢z, 1) + (z — 2)¢(x,2)

<S(Tyh) + VB + A+ B2+ ¢(8,1) + (B — 2)¢(5,2)

=143+ (8- 1)(Vo+ 4+ B?).

The equalities above hold simultaneously if and only if T" = Tfﬂilz, ty=1and ty =t3 =
---=t,—1 =2 and x = 3, which means that 7" = Tzﬂﬂ. Thus, the proof is completed. W

Theorem 3.4 Let T € 5, then S(T) < (n —28+1)\/1+ (n—B)2+ (8 —1)[V5 +
4+ (n— B)?] with equality if and only if T = T7.

Proof. It n = 2,3, then T 2 T) = P, and T = T) = P, respectively. Thus the result
is true for n = 1,2. If n = 283, then the result holds by Theorem 3.3. Next, we suppose
the result holds for all trees in .7 g with ¢ < n —1 and t > 26. Let T be a tree in 7, 3
with maximum Sombor index and M a S-matching of 7. By Lemma 3.1 (ii) there exists
a pendant vertex v such that T'— v also contains a S-matching. Let w be the unique
neighbor of v, dr(w) = x and Nr(w) \ {v} = {wi,ws,...,we—1}. Set T' =T — v, then it
is obvious that 7" € 7,1 3. Moreover, we have x <n —1— (8 — 1) = n — [ since there
are at least 8 — 1 vertices saturated by M in V(T)\ {w, v, w1, wa, ..., w,—1}. Without loss
of generality, we assume that dr(w;) = dr(w2) = -+ = dr(w,) = 1 and dp(wy) > 2 for
s+1 <k < x—1. By Lemma 3.2 we know that every matching edge of 7" is a pendant edge
and every non-pendant vertex is M-saturated. Hence, the number of pendant vertices of
Tisn—f. Thus, s+1<n—pF—(8—1)=n—20,1e., s <n—25. By Lemma 2.1 and

induction hypothesis, we have

S0) =S + VI + Y V(P + 7 — ) + @ 1
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=S(T)+V1+a22+s[VI+a?—/1+(z—1)? ZqﬁxdTwl

i=s5+1

<ST)+V1+a2+s-g(x, 1)+ ZqszQ

=S(T)+V1+a22+s- ¢(x,1) + l(xsis—m)(m)

<SS+ 1+ (=2 +s-dn—F,1)+(n—F—s—1)pn—p5,2)
ST )+ V1+m—B)2+s-¢(n—B,1)+(n—F—s—1)p(n—p5,2)
=S(T,_) +V1+ =B+ (n—pF—1)d(n—B,2)+s[p(n—B,1) — d(n—5,2)]
<S(T70) + VI+ (=B + (n— 5 = 1)g(n — B,2)

+(n=28)[g(n — B,1) — ¢(n — B,2)]

=(n—-28+1)/1+(n-B)2+(B-1)[V5+ 4+ (n-p).

The equalities above hold simultaneously if and only if 7”7 = Tﬂ Lr=n—p3,s=n—-203
and dr(wy) =2 forn — 28+ 1<k <n— 8 — 1, which means T = T5. [ |

3.2 The maximum Sombor index of trees with given number of
pendant vertices

Let 7%, , be the set of trees with n vertices in which there are p pendant vertices. Let
Y, be the broom graph, i.e., the tree obtained from the star S, by replacing one of its
pendant edges by a path of length n — p. The following result shows that the boom Y, ,

is the unique tree in 4%, , with the maximum Sombor index.

Theorem 3.5 Let T be a tree in #,,, then S(T) < (p—1)3/1 + p2++/4 + p2+2/2(n
p — 1) + /5 with equality if and only if T = Yn,p‘

Proof. If p=2orp=n—-1,then T =P, =Y, 0or T = S, =Y, , 1. Thus, the result is
true for p = 2 and n — 1. Now, we assume that 3 < p < n — 2 and the result holds for
the trees in 54, ,, where ' <n—1andp’ <p—1. Let T € 5, and v € PV(T). If
w is the neighbor of v and Np(u) = {v,us, ug, ..., u;—1}, then dr(u) =t < p and there is
at least one vertex in Np(u) with degree greater than two. Without loss of generality, we
assume that dr(u;) > 2 and dp(w;) > 1,i=1,2,...,t — 1. Now, weset T/ =T — v.

If dr(u) = 2, then dT/(u) = land T" € J#,_1,. By induction hypothesis, we get
S(T) < S(Yno1p) = (p— D/1+p?+ /4 +p2+2v2(n — p— 2) + /5. Thus, we have

S(T) =S(T") + V5 + Vdp(u1)? + 22 — \/dy(uy)? + 12
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<p-DVI+P+ VAP +2V2(n—p—2)+V5+2V2 -5
=p—DVI+p+ A+ +2V2(n —p—1) + V5.

The equality holds if and only if 7" =Y}, ,_1 and dy(u1) = 2, which implies that T = Y,, .
If dp(u) > 3, then dy/(u) > 2 and T € H,_1 1. By induction hypothesis, we have

-1 t—1
S(T)=S(I") + VE+ 12+ > /P +dr(w)* =Y/t = 1) + dr(uw:)?

<SYpoipo1) + VE2+ 124 i [\/tZ +dr(u)2 —/(t—1)2+ dT(ui)Z]

<SYn-1p-1) + V212 4+ t—2)(VE+1- \/(t 1)
+VEEFA—\/(t—1)2+4
=S(Yn_1p1) + VE+ 1+ (t—2)o(t, 1) + 6(t,2)

<SVo1p1) VPP + 1+ (p=2)6(p, 1) + ¢(p,2) sincet <p

=p—DVI+P+VA+pP+2V2(n—p—1)+ V5.

The equalities above hold simultaneously if and only if 7" =2 Y,,_1 ,_1, dr(u1) = dr(us) =

-+ =dp(u—1) =1 and t = p. Thus, we get T = Y], ,, completing the proof. |

3.3 The maximum Sombor index of trees with a given biparti-
tion

If G is a bipartite graph with n vertices and its vertices can be partitioned into two parts
V, and V; such that |V,| = p, |V,| = ¢ and there are no edges joining pairs of vertices
belong to the same part of its partition, then we say that G possesses a (p, ¢)-partition.
Let 2,4 be the set of trees with n vertices and a (p, g)-partition.

Let Hy(s,t) be the tree of order n obtained from a path P, = vjvs ... v, by attaching
s and t pendant vertices to each terminal vertices of Py respectively, where s+t =n — ¢,
s>t>1and ¢ > 2. Hs,t) is, sometimes, also called double broom graph. If ¢ = 2,

then we call Hy(s,t) as a double star, and denote it by S, ;.
Lemma 3.6 S(Hy(n—(—1,1)) > S(Hy(n—0—2,2)) > --- > S(Hg([%q, L”T’Zj))

Proof. Let T = Hy(s,t). it is suffices to show that S(H,(s,t)) > S(He(s — 1,t + 1)) for
s > t+2. For convenience, let 7" = Hy(s —1,¢t+1). Then, dr(vi) = s+ 1, dr(ve) =t +1,
dr(v1) = s and dp(ve) =t + 2.
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If ¢ = 2, then by the definition of Sombor index we have

S(T) = S(T) =s/12+ (s + 124+ /(s + )2+ (t + 12+ t3/12 + (£ + 1)2

—(s=DVI2+ 82— /2 (t+2)2— L+ 1)/ 12+ (1 +2)2

=(s—Dg(s+ 1, 1)+ /(s + 12+ (t+1)2— /s> + (t+2)2

—t- ot +2,1) + 12+ (s + 1)2 — /124 (£ +2)2
S(s—Dpls+1,1) —t-o(t+2,1)

S[é(s+1,1) — ¢t + 2, 1)]t > 0.

If ¢ > 3, then

S(T) = S(T) =s/12+ (s + 12+ /(s + 12+ 22+ /(t + 1)2 + 22+ t/12 4 (£t + 1)2

—

—(s—DVI2+ 82 —Vs2+22 — /24 (t+2)2 — (t+1)\/12+ (t + 2)2

=(s—Dp(s+ 1, 1)+ /(s + 12+ 22+ /(t +1)2 +22 — V52 + 22
V2 (22—t Pt +2,1) + 12 (s 12— /12 4 (t +2)2
>(s—=1Dp(s+1,1)—t-p(t+2,1) + P(s + 1,2) — p(t + 2,2)

S[(s+1,1) — ¢t + 2, 1)t — p(t+2,2) + d(s +1,2) > 0.

Thus, we get the desired result, completing the proof. |

Theorem 3.7 Let T be a tree in Byq, then S(T) < \/P*+ @+ (p— 1)/1+p*+ (¢ —
1)\/1+ ¢?, with equality if and only if T = S, ,.

Proof. If p = 1, then the unique tree in %, is S1,-1. If p =2, then %y, = {S2,-2} U
{Hs(s,t): s+t=n—3and s > ¢t > 1}. By and Lemmas 2.2 and 3.6 we have

S(Top-2) > S(Hs(n —4,1)) > S(Hs(n — 5,2)) > -~ > S(Hs([%52], [%52]))-

Therefore, our result holds for p = 1,2.

Next, we assume that p > 3 and the result holds for all p’ satisfying that p’ < p — 1.
Note that V,, N PV(T') # 0, we assume that v € V,, N PV(T), Nr(v) = {u} and Np(u) =
{v,u1,ug, ..., uz—1}. It is clear that Np(u) C Vj, then dp(u) = < p. Since T 2% S,
there exists at least one neighbour of u with degree greater than two. Without loss
of generality, we assume that dr(u;) > ¢, ¢ = 2,3,...,2 — 1. Let 7" = T — v, then
T € $,-1,4 By induction hypothesis, we have S(T") > S(T,-14) = V/(p— 1>+ ¢ +
(p—2)/T+ (p— )2+ (¢ — 1)y/1 + ¢ Thus, we have
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S(T) — S(T") =Va2 + 12 + i [\/{lT(Ui)Q + 22 — \/dp(u)? + (z — 1)2}

V2 + 2+ (-2 VI+z2— 1+ (z—1)7]
+ Vdr(ur)? + 22 — \/dp(ur)? + (z — 1)2

=Va? + 12+ (& = 2)(2, 1) + ¢l dr(ur))

SVPP+ P+ (p = 2)0(x, 1) + ¢(x, dr(u))

VPP + 12+ (p = 2)6(p, 1) + o(p, dr(ur)).

p—1
Moreover, combining with )~ d(u;) 4+ dr(v) = p+¢—1 yields that dr(u:) = ¢g. Therefore,
=1

S(T) <S(T") + Vp* + 12+ (p = 2)6(p, 1) + ¢(p, q)
NVo-124+E+(p-2)V1I+p-1)2+(@-1)V1+¢
+ VP2 + 1+ (p—2)9(p, 1) + ¢(p,q)

=VpP’+@+p-DV1i+pP+(g—DV1I+g

The equalities above hold simultaneously if and only if T" = S,_1 4, @ = p, dr(u1) = ¢

and dr(ug) = dr(us) = -+ = dr(up—1) = 1, which imply that T = S, . |

3.4 The maximum and second maximum Sombor indices
of trees with a given diameter

Let 9,4 be the set of trees with order n and diameter d. We give the maximum and
second maximum Sombor indices of trees among Z, 4 in this subsection. A tree is said
to be a caterpillar if we delete all pendant vertices makes it a path. Let Cyy 4,

caterpillar obtained from the path P = vyvjvs - - - vg by attaching ¢; edges to the vertex v;,

i=0,1,2,...,d—1,d. Clearly, T = Cy 4, 1, belongs to 9,4 if and only if ty = t; =0,

n—d—1

—_—

Vo U1 Vi—1 Vi Uit1 Vq-1Vd

Figure 3. The tree Tj(n —d — 1).
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Let Tf;yd denote the tree obtained from the path P = vgv; ... v4 by attachingn —d —1

edges to the vertex v;, see Figure 3.

Theorem 3.8 Let T be a tree in D q\{T}, 4}, then
S(T) <25+ (d—DV2+ A+ (n—d+ 12|+ (n—d—1)y/1+ (n—d+1)?

with equality if and only if T =T, i=2,3,..., [4].

Proof. Let T € %,d\{ﬂid} be the tree with maximum Sombor index and P = vgv; ... vg4
a diametrical path of 7. We first show that T' is a caterpillar. Suppose that 7" is not a
caterpillar, then there exists a non-pendant edge wv;, where u € V(T)\{vo,v1,...,v4}-
Using the path-lifting transformation on the edge uv;, then by Lemma 2.2 we get a new
tree 7" € Py 4 such that S(T") > S(T). A contradiction to the choice of T. Thus, the
tree T' can be denoted by Coy .1, 10 and dp(v;) = d;, i = 0,1,...,d. Without loss of
generality, we always assume that d; > d; and 7 < j. There are three special trees which
will be used in the following proof, see Figure 4, where 3 < i < d — 2 for 75. In the
following we assume that 7' % T,i,d, then exist two vertex v; and v; such that dr(v;) > 3
and dr(v;) > 3. We consider the following two possible cases.

Case 1. vv; € E(P), ie,j=1i+ 1

We denote Ny (v;) = {u1, ua, . . ., Uag;—2, Vi1, Vs }, Np(v;) = {wi, wa, . .., Wa,—2, Vi, Vi1 },
dr(vi—1) = « and dr(vj41) = y in this case.

If T'= Ti, then

S(T) = S(Th ) =(n—d—1)[\/12+ (n—d)> — /12 + (n—d + 1)2] + /32 + (n — d)?
V2 (n—d+1)2+ V312 - V22 12
~(V(n—d+1)2+22 — /32 4 22)

<VBH12-V22+ 12— (V/(n—d+1)2+ 22 — /32 + 22)
VL2 V2 + 12— (VA2+22-V32+22)  byn—-d>3

=6(3,1) — 6(4,2) = —2v5 + V10 + V13 — 3 = —0.704307 < 0.

A contradiction to the choice of T'. Thus, T' % T}.
Let T' = T — vjwy + vswy. Then, T € 2, s\{T\ 4}, dr'(vi) = d; + 1, dpv = d; — 1 and

S(T') = S(T) =v/2% + (@i + 12 + (d; — 1)/ T2+ (d; + 12 + (d; — 3)y/12 + (d; — 1)?
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+\/y2+(dj—1)2— \/x2+d§—(di—2)\/m
—(d; - 2)\/@ - \/m
=¢(di +1,7) — ¢(d;,y) + (di — 2)¢(di +1,1) — (d; — 3)¢(d;, 1)
VIR -\ d
>¢(di + 1,2) — ¢(d;,y) + (di — 2)$(di + 1,1) — (d; = 3)d(d;, 1)
+ \/12 +(d;j +1)2— \/12 + d3
=¢(di +1,7) — ¢(d;,y) + (di — 2)¢(di +1,1) — (d; — 3)(d;, 1)
+o(d; +1,1) > ¢(di + 1,2) — ¢(dj,y) + (d; = 3)[¢(di + 1, 1) — ¢(d;, 1)]
To(d; +1,1) > ¢(d; + 1,1) — ¢(dj,y) > ¢(d; +1,1) — ¢(d;, 1) > 0.

We get a contradiction that S(T") > S(T).

Case 2. vv; € E(P), ie., j>i+2.

We denote Np(vi) = {ur,ug,. .., Ug—2,vi-1,vi41}, Np(v;) = {wi, ..., we 2,51,
vj41}, dr(viz1) = @ and dr(vj41) = y in this case.

If T =T, or T = Tj, then we can get that

S(T) = S(Th,) =(n—d—1)[\/12+ (n—d)>2 — /12 + (n — d + 1)?]
V2 n—d?— /2 F (n—d+ 12+ VR 12— 2+ 12
—(Vn—d+1)2+22-32+22)
VR 12—V 12— (/(n—d+1)2+22—/32122)
VR 12— V22 4 12— (VA2 4+22 - V32 +22)  sincen—d >3
=6(3,1) — 6(4,2) = =25 + V10 + V13 — 3 = —0.704307 < 0

and

S(Ts) = S(Th,) =(n—d —1)[\/12+ (n—d)> — /12 + (n — d + 1)2]
+V2+(n—d?— /24 (n—d+1)?
+2(V32 12— V22412) — (\/(n—d+1)2 +22 — /32 + 22)
QW12 V2 4+12) — (V(n—d+1)2+22 — V32 +22)

QW3 F 12— V224 12) - 2(VA2+ 22 - V32 +22)  byn—d>3

=2¢(3,1) — 26(4,2) = —4v/5 + 210 + 213 — 6 ~ —1.40861 < 0.

A contradiction to the choice of T. Thus, T' 2 Ty and T' 2 T5.
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Let T =T — vjwy + v;wy. Then, T" € —@n,d\{Té,d}ﬁ de/(Ui) =d;+1, dT//(Uj) = dj -1

and

S(T") = S(T) =/7+ (@ + 17 + (ds = )V/TF (& + 17 +(d; - 3)y/12 4+ (d; — 12

T (= D2 VB L 42+ (d - 1
—r @ - - -2 e @
RV R YL R VL

—6(d; +1,) — B(ds, ) + (di — 2)6(d; + 1,1) — (d; — 3)6(d; 1)
+o(d;+1,2) )+ VI [ R - 12
>¢(di +1,2) — (dn )+ (di = 2)¢(di +1,1) = (d; = 3)¢(dj, 1)
12+ (12— 12

=¢(d; + 1,2) — ¢(dj, y) + (di — 2)¢(d; + 1, 1) — (d; — 3)p(d;, 1)
+o(d; +1,1) > ¢(di + 1,2) — ¢(dj, y) + (d; = 3)[¢(d; +1,1) — ¢(d;, 1)]
Fo(dy +1,1) > 6(d; +1,1) — 6(d;, ) > 6(d; +1,1) — 6(d;,1) > 0.

We get a contradiction that S(T7") > S(T).
Therefore, from the discussion above we conclude that T' is a caterpillar with only

one vertex v; on the diametrical path such that dr(v;) > 3. Note that T % T;d, then

T=T:,i=23,...,[%] ]
n—d—2 n—d—2 n—d—2
Vo V1 Vg _7;{1 Vo U1.”U1 .i)d—l Vd Vo U1 Vd—1 Vd
T1 T2 Td

Figure 4. The trees T1, T» and T3 in the proof of Theorem 3.8.

Theorem 3.9 Let T be a tree in 9,4, then

S(T)< (n—d)y/(n—d+12+1+/(n—d+1)2+4+2(d - 3)vV2+ V5,
with equality if and only if T =T} ..
Proof. Fori=2,3,..., ]'g] by direct calculation, we have

S(T;,nfdfl) - S(T;iz,nfdfl) = (/)(27 2) - ¢(27 n—d+ 1) > 0.
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Thus, the result follows immediately by Theorem 3.8. |
Theorems 3.8 and 3.9 show that among all trees of order n with diameter d the tree T,L 4
possesses the maximum Sombor index and the trees which attain the second maximum

Sombor index belong to {T} ;:i=2,3,..., [413}.

3.5 The minimum and maximum Sombor index of trees with
given number of segments

A segment of a tree is a path-subtree whose terminal vertices are branching or pendant
vertices. The so-called starlike tree is a tree contains exactly one vertex of degree greater
than two. Let %, be the set of trees of order n with exactly & segments. Then it is easy
to see that the path P, is the unique graph in .%, ; and the set %, » = 0. Thus, we only

need to consider %, , for 3 <k <n — 2 in this subsection.

Lemma 3.10 If T is a tree in F,; with minimal Sombor index, then T must be a chem-

ical tree, i.e., the tree does not contain a vertex of degree greater than four.

Proof. Suppose to the contrary that there is a vertex v with dr(v) > 5. Let P =
Vg1 - . . VU471 be a longest path in 7' containing v = v;. Then one can pick two vertices u
and w such that u,w € Np(v) \ V(P).

Casel. i=lori=1.

Then the vertices in Ny(v)\{v2} or Nr(v)\ {v;—1} are all pendant vertices in this case.
We only consider the case of ¢ = 1 and the the case of i = [ can be proved analogously.
Let 7" = T — {vu,vw} + {vou, vow}. It is obvious that 7" also belongs to %, ;. One can
see that dp(v) = dr(v) —2, dpv(vg) = 3 and the degrees of the rest vertices are unchanged.

Thus we have

S(T) = S(T') =(dr(v1) = D)\/dr(v1)? + 12 + /dp(v1)? + dr(v2)?
— (dr(v1) = 4/ (dr(vr) = 2> + 12 = /(dr(v1) = 2)2 + dr(v2)?
—Vdr(0)2+32 - V12 +33 - V12 4+ 33
>3y/dr(01)? + 12 — \/dp(v1)?2 + 3% — 2V/10
>3V52 + 12 — V52 + 32 — 2V/10  since dp(vy) = dp(v) > 5
~3.1416 > 0,

a contradiction.
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Case 2. 2<i<[-—1.

By previous case it holds that dr(v;) < 4 and dr(v;) < 4. Without loss of generality,
we suppose that dr(v;) = max{dr(w) : w € V(T)} > 5. Let 7" = T — {vju,v,w} +
{vi41u, 1w}, Since for any vertex z € N(v;) \ {u, w} we have dr(v;) > dr(z), then it
is easy to verify that \/dr(vi)? + dr(2)? — /(dr(vi) — 2)% + dr(2)? = é(dr(vy), dr(2)) +
o(dr(v) — 1,dr(2)) > ¢(5,5) + ¢(4,5) and \/dT(vl)2 +12 — \/32 +dp(v)?2 > VA2 +12 —
V32 4+ 42. So, we have

S(T) — S(T") =+/dr(v;)? + dp(u)? + \/dr(v;)? + dp(w)?
+ Y dr(vi)® + dr(2)?
zeN (v;)\{u,w}
+/dr ()2 + 12 — /3% + dp(u)?

VAP = 30 (o) =2+ dr(2)? - VB dr(w)?

EN()\fuw)

> > {\/dT(Ui)2 +dp(2)? = /(dr(v;) = 2)2 + dT(Z)Z]

z€N (vi)\{u,w}

+/dp(v)? + 12 — /32 + dp(v)? > 3[6(5,5) + (4, 5)] + V42 + 12
—V32 142 =15v2 - 3V34 + V17 — 5 ~ 2.8435 > 0.

Thus, a contradiction to the choice of T. The proof is completed. |

Lemma 3.11 If T is a tree in F, , with minimal Sombor index, then T' contain at most

one vertex of degree four.

Proof. From Lemma 3.10 we know that A(T) < 4. Now, we suppose to the contrary that
there are at least two vertices v; and v; having degree four in T" and let P = vov ... vjvi41
be a longest path in 7" containing v; and v;. Then one can pick two vertices v and w such
that {u,w} € V(P) and {uv;,wv;} C E(T). Let T" = T — {uw;, wv;} + {wvig1, woi }.
Then we can see that 7" also belongs to .%, ;. Now, we consider the following four cases
respectively.

Case 1. | = j and vv; & E(T).

S(T) = S(T') =& +dr(wf + VE +dr(w) + Y V& +dr(y)?

YEN (w\ (v}
+ > V2 4 dp(2)? + V2 12 — /32 + dp(u)?
SEN()\ w41}

VEEGR - Y /ET AP

YyEN (vi)\{u}
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a contradiction.

Case 2. | # j and vv; € E(T).

=P +dru)? + V2 +drw)+ Y

S(T) —

a contradiction.

Case 3. [ # j and vv; € E(T).

S(T) -

>

- > V32 +dr(2)? — V32 4+ 32

2N (v)\{w,vr41}

> Y (VET@)?

yEN (vi)\{u}

\/32+dT )>+

V2412 - V3243

+ Y (\/42+dT — /3 1 dr(

zeN(vj)\{w,vig1}

>3¢(4,4) + 20(4,4) + VA2 112 — /32 1 32
=5(4v2 — 5) + V17 — 3v/2 ~ 3.1647 > 0,

yeN (vi)\{u}

)

\/42 + dT(y)2

+ Z VA2 +dp(2)? + \dr(n)? + 12 = /3% + dr(u)?
z€N(v;)\{w}
VB AW - Y VFE ()
YEN (vi)\{u}
- > V() — V() + 3
z€N (v;)\{w}
> ¥ (\/41+dT — /32 +dr(y) )Jr\/dT(Uz)“rl2
yEN (vi)\{u}
SVEEPEE 3 (VR - R )

2N (vj)\{w}

>3¢(4,4) +20(4,4) + V22 + 12 — V22 + 32
=5(4v2 — 5) + V5 — V13 ~ 1.9148 > 0,

=42+ dp(u)? + /42 + dy(

(w)2+ V42 +42 +

Z \/ 42 +dT(y)2

yEN (vi)\{u,v;}

+ Y VP+di(?)

2EN (v;)\{w,vi}

24 \dp(v)? + 12 —

— V32 —dr(w)? — Z V32 +dr(y)?

V32 + dr(u)?

YEN @)\ {u;}
- Y VB Hdr(2P = Vr(w) + P - V£ 3
z€N (vj)\{w,v;i}
3 (\/42+dT — 3+ dr(y) >+\/dT v)? + 12

yEN (vi)\{uv;}
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NEEPTE Y (VETGEE - VR aGR)

2N (vj)\{w,vi}

>20(4,4) + 2¢(4,4) + V22 + 12 — V22 + 32
=16v2 +v5 - V13 >0,
a contradiction.

Case 4. | = j and vv; € E(T). Let Np(v;) = {u,vj,v;-1, 2} and note that, in this

case, the vertex v; has three pendant vertices as neighbors. Thus we have

S(T) — S(T") =v/42 + dr(u)? + /42 + dp(2)? + /42 + dr(vi_))? + V42§ 42
+3V12 4+ 42 — /32 £ dp(u)? — /3% + dp(2)?

— /3t dp(vi)? — 2v/32 + 32 — 2V/12 4+ 32

SVA2 £ 42+ 3V12 + 42 — 2/32 132 — 2¢/12 + 32
=3v17 — 2v/2 — 2/10 ~ 3.2163 > 0,

a contradiction.
Therefore, combining the four cases above we can conclude that the tree with minimal
Sombor index contains at most one vertex of degree four. |
Using a similar method previously used by Borovi¢anin (see Lemma 2.3 in [4] for

detail), we can obtain that

Lemma 3.12 Let T be a tree in F, ) with minimal Sombor index. If ny = 0, then

ny =ng+2 andk is odd. If ng =1, then ny = n3+4 and k is even. Moreover, if ny =0

thenm:%, na=n—k—1andny =& = =1, 1fn4:1fhenn1:%, ng=n—k—1
(mdngz%.

Lemma 3.13 (i) Let P = vivs...w; be a segment of a tree T € F,, i, such that dp(vy) =
3, dr(vy) = 3 ordr(v) = 4, where t > 3. Let uy be a pendant vertex of T and uy the
unique neighbor of uy, satisfying dr(us) = 2 or dr(ug) = 3 (here, us may coincide

with vy). T =T — vivg — ve_1v; + Vi_1uy + v1v,. Then we have S(T) > S(T").

(i) Let vy, v9,u1,ug be the vertices of a tree in Fpy such that vive,uyus € E(T),
dr(v1) = dr(ve) = 3, dr(ur) = 4 and dp(ug) = 2 or dr(us) = 1. Let T' be ob-
tained form T by deleting edges vivy, uiug and then adding edges viug, uivy, i.e€.

T' =T — v1vg — ugus + viug + ugve. Then we have S(T) > S(T").
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(ili) Let vy,v2,vs,u1,ug be the vertices of a tree T in Fyp such that vive, vavs, uruy €
E(T), dr(v1) = dr(v2) = 2, dr(vs) =3, dr(ui) = 1, dr(us) = 3 or dr(uz) = 4. Let
T =T — vjvy — V03 + uv2 + v1vs. Then we have S(T) > S(T").

Proof. (i) If dr(v;) = 3 and dr(uz) = 2, then it holds that

S(T) — S(T") =v/22 + 32 + V22 + 32 — /32 1 32 — /22 1 22 ~ 0.140035 > 0.

If dp(v,) = 3 and dp(ug) = 3, then it holds that

S(T) — S(T') =22 + 32+ V12 + 32 — V32 + 32 — V12 + 22 ~ 0.28912 > 0.

If dr(v;) = 4 and dr(ug) = 2, then it holds that

S(T) — S(T') =vV22 + 32 + V42 + 22 — /22 122 — /32 42 ~ 0.24926 > 0.

If dr(v;) = 4 and dr(ug) = 3, then it holds that

S(T) — S(T') =V12 + 32+ V42 122 — /12 422 — /32 1 42 2 (0.39846 > 0.

(ii) If dp(vy) = dr(v2) = 3, dr(u1) = 4 and dr(uz) = 2, then

S(T) — S(T') =v/32 + 32 + V42 + 22 — /32 + 22 — /32 + 42 ~ 0.109225 > 0.

If dr(v1) = dr(ve) = 3, dr(uy) =4 and dr(ug) = 1, then

S(T) = S(T') =V/32 + 32 + V42 + 12 — /32 + 12 — /32 + 42 =~ 0.203469 > 0.

(iti) If dp(v1) = dr(ve) = 2, dr(uy) = 1 and dr(v3) = dr(ug) = 3, then

S(T) — S(T') =V12 + 32 + V22 + 22 — /22 + 32 — /12 + 22 ~ 0.149086 > 0.

If dr(v1) = dr(ve) = 2, dr(uy) = 1, dr(vs) = 3 and dr(ug) = 4, then

S(T) — S(T') =12 + 42 + V22 + 22 — /22 + 42 — /12 4 22 ~ 0.243329 > 0.

Thus, we are done. |
Let m = (3,3,...,3,2,2,...,2,1,1,...,1) and m = (4,3,3,...,3,2,2,...,2,
k—1 k—1 k+3 k k—1
= k= = =5 ke
1,1,...,1). Now let us define some families of trees which will be used later. Let F!,
k44 ’
=

denote the set of trees with degree sequence m; and mg3 = "%‘5 M3 = k—?, Mmyg = k%“

)
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Moy = W for 3 < k < 225 and k is odd. Let F2 . be the set of trees with degree

3k—2n+5
==t for

sequence 7 and mg33 = kT7 Mog =n—k—1,mos=n—k—1 m3=
25 <k <n—2and kis odd. Let F?, be the set of trees with degree sequence 7 and

mLz:%,mM:n—%—& m273:k—4,m2‘4:L2’k, m3,4:%for4§k§10

and k is even. Let ]-'jfk be the set of trees with degree sequence m and m;, = k#,
Moo =N — %k—S, Moz = —%4, mg3 = %, mgy =4for12 <k < 2”—;6 and k is even. Let

]:7?,19 be the set of trees with degree sequence m and mis =n—k—1, my3 = %k —n+3,

meg=n—k—1 mg3= %, mgq =4 for k > @ and k is even.

Theorem 3.14 Let T be a tree in F, .

(i) If3 <k <2222 and k is odd, then S(T') > 3(k73)ﬁ+(k2+3)(m+\/5) +(2n — 3k —5)v2
with equality if and only if T € }'}Lk

(i) If 222 < k < n—2 and k is odd, then S(T) > JE3WVICR209VI0 4 () _fp
1) (V13 + V/5) with equality if and only if T € ]-',%’k‘

(ili) If4 < k < 10 and k is cven, then S(T) > PSRV | (9, _ 31 _ 6)\/2
with equality if and only if T € fsk

(iv) If12<k < 2”—;6 and k is even, then S(T) > (\/5+m)(k+24)+3‘/§(k712) + \/5(271 —3k—
6) + 20 with equality if and only if T € F .

(v) If 25 <k <n—2and k is even, then S(T) > (V5 +V13)(n —k — 1) + @(Sk -
2n 4+ 6) + 3T‘/i(k —12) + 20 with equality if and only if T € Fy .

Proof. Let T be a tree in .%, , with minimal Sombor index. From Lemmas 3.10-3.12, we

get that the degree sequence of T is m; for odd k, and 75 for even k. If 3 < k < % and

k is odd, then it can be verified that ms3 = k—zd, Ma3 = %7 myg = %, M2

by Lemma 3.13. Thus we get the desired result (i). By a similar discussion (ii)—(v) can
be proved, we omit them here. |
In the following, we are going to determine the maximum Sombor index among all the

tree of order n with given number of segments.

Theorem 3.15 Let T be a tree in Fp,y, we have S(T) < (k — V1 + k% + V4 + k> +
V5 +2v2(n — k — 2) with equality if and only if T = Y.
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Proof. We can first claim that the tree 7" which maximizes the Sombor index must be a
starlike tree. Otherwise, there is a non-pendant path segment in 7. By the path-lifting
transform one can get a tree 7" such that 7" € %, and S(T”) > S(T'), a contradiction.
Now, suppose that T' 2 Y}, ;, then there are at least two pendant paths P = vjv,...vsw
and P’ = ujus ... ugw, where w is the unique branching vertex in 7, such that s > ¢ > 2.
Let T =T — w_quy + ug_1v1. We have

S(T") — S(T) =V T 4+ 2V2 VBT~ V5 =2v2 V5 - ’

V1I+E+V4+ k2

3
>0V/2 —Vh— —— 2 ~(.149086 > 0,
- VIF3Z4+ Vi3

a contradiction. Thus we conclude that the maximal tree in %, is isomorphic to the
broom Y, ;.. | |

It is well-known the fact that the number of vertices of degree two in a tree T is equal
to |[V(T)| — k — 1, where k denote the number of segments in 7. Thus Theorems 3.14
and 3.15 also determine the the minimum and maximum Sombor index of trees of order

n with given number of vertices of degree two.

3.6 The minimum and maximum Sombor indices of trees with
given number of branching vertices

Let ., be the set of trees of orders n with b branching vertices, where 1 < b < ”T’Z We

determine, in this subsection, the minimum and maximum Sombor indices in J, ;.

Lemma 3.16 If T is a tree which minimizes the Sombor index in Ky, then T can not

contain a branching vertex of degree greater than three.

Proof. Suppose to the contrary that the tree 7' contains a branching vertex of degree
greater than three, and let u be such a vertex whose degree is maximum, i.e, dr(u) =
A(T) > 4. Assume that P = vgvy ... 0;—1u(= 0;)Vi41 ... V41 is a longest path containing
win T. Let dyp(u) = x, Np(u) = {vi—1,Vig1, U1, s, . . ., Ug—o}, dp(uy) = d;j and dp(v;) = ks,
i=0,1,...,0+1,j=1,2,....,2 —2. Denote by w; € V(T) \ V(P) a pendant vertex
connected to u via uq, i.e., there is a path wyws, ..., w,u in T, where r > 1 and u; may
coincide with some w;, i =1,2,...,r. Let T = T — uuy + wyus.

If wy # uy, then

S(T") = S(T) =\/(x = 12+ k2, + /(e — 12 + 2, + f N

J=1,j#2
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+ V22 + dp(u2)? + /22 + dp(w)? — /22 + k2,
r—2

B \/ZZ +k - Z \/‘%2 + d?‘ — V12 +dr(w,)?
j=1

=6(2, dr(ws)) — ¢(a, ki1) — ¢(x, kit1) — Z oz, d;)

Jj=1,j#2

+\/22+dT (ug)? \/x2+dT (ug)?
<2, dp(ws)) + /22 + dp(u)? — /22 + dp(us)?
$(2,2) + /2% + dr(u2)? — /22 + dr(uz)?

$(2,2) + V22 + 22 — Va? + 22 since dr(up) < @
<H2,2) +VRH 22— VI2 142 bya >4
=V5—2v2 <0,

A

I/\

a contradiction to the choice of T

If w3 = wy, then
r—2

ST~ ST =flw— 12+ k2, + w12 4R+ 3 e -2+ 2
j=3

+ V22 4 dp(ug)? + /22 4 (z — 1)2 — yJa2 + k2,

-2

— 22+ k2, — e+ — V12 a?

<.
[N}

r—2
=2+ (2 =12 =V + 22 = §(, ki) — S, kisa) — > 6(x,d;)
j=3

+ \/22 + dp(ug)? \/I2 + dr(ug)?
VP22 VI 22+ 2 1 dr(us)? — /2 + dp(uz)?
<H(2,2) + V22 + 22 — Va2 22
<H2,4) + VR + L2 -V L2
=45 — V17— 4vV2 <0,

a contradiction to the choice of T. Thus, we complete the proof. |

Lemma 3.17 If T is a tree which minimizes the Sombor index in A, ;, then the degree
sequence of T is (3,3,...,3,2,2,...,2,1,1,...,1).
— L
b n—2b—2 b+2
Proof. Let n; be the number of vertices of degree ¢ in 7. In view of Lemma 3.16 we

have that there exist only vertices of degree one, two or three in 7. By the Handshaking
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Lemma we have ny + 2ny + 3ng = 2|E(T)| = 2(|V(T)| — 1) = 2(ny + na + n3) — 2, which

leads ny = n3 + 2. Since n3 = b we attain the desired result that the degree sequence of

Tis(33....32.2.“2.11.... 1). [ ]
b—2 b+2
n—2i
Let Tl be the set of trees with degree sequence (3,3,...,3,2,2,...,2,1,1,...,1) and
—_—
b n—2b—2 b+2
each tree in '7;1,) satisfies that my o = b42, ma o = n—3b—4, my3 = b+2 and my 3 = b—1 for
b< ”;3. Let 7,2, be the set of trees with degree sequence (3,3,...,3,2,2,...,2,1,1,...,1)
‘ , b 2b-2 b+2
n—2b—

and each tree in 7:,217 satisfies that my, =n—20—2, m13=30b—n+4, mog=n—2b—2

and mg3 =b— 1 for b > ";3
Theorem 3.18 Let T be a tree in J, .

(i) If1<b <252, then S(T) > 3v2(b— 1) + (b+2)(V13+ V5) +2v/2(n — 3b — 4) with
equality if and only if T € 7;117

(i) If 252 < b < 22 then S(T) > 3v/2(b— 1)+ (n—2b—2)(v/13+V/5) +V10(3b—n+4)
with equality if and only if T € T?,.

Proof. The result follows by Lemma 3.13, Lemma 3.16 and Lemma 3.17 and some basic
computations. |
In the following, we proceed to determine the maximum Sombor index among all the

trees of order n with given number of branching vertices.

Lemma 3.19 If T is a tree which mazimizes the Sombor index in ., then T contains

only pendant vertices and branching vertices.

Proof. Suppose to the contrary that there exists at least one vertex of degree two in 7.
Then there must exist a branching vertex w which adjacent to a vertex u of degree two.
Let Np(u) = {v,w} and 7" = T — uwv + vw. Obviously, T’ € J#, ;. Let dp(w) = s+ 1,
Nr(w) = {u,wy,ws, ..., ws}, dr(w;) =p; fori=1,2,...,s, and dr(v) = t. It holds that

S(T Z\/dT )2 + dp(w:)? + /12 + (dr(w) + 1)2

+V/(dp(w) + 1)2 + dp(v Z\/dT — dr(w;)?

f\/22+dT — /22 + do( )

:Z\/<s+1)2+p?+\/12+<s+1)2+\/<s+1)2+t2
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—Z S24pE— V2482 V22412

>\/12 (s4+12=V2+2+/(s+1)2+12—V22+12>0,
a contradiction. Thus the proof is completed. |

Lemma 3.20 If T is a tree which maximizes the Sombor index, then T contains at most

one vertex greater than three.

Proof. Suppose to the contrary that there are two vertices u and v with dr(v) =

t >
dr(u) =1> 4, and let N(u) = {u1, uz,...,wu}, N(v) = {vi,ve,..., 0}, d(u;) = z;, d(v;)
>

y;, and u; locate in the path connecting u to v (u; may coincide with v). Then dr(u;) > 2

and dp(w;) = 7, > 1 for i = 2,3,...,1. Let p(z,y) = /(z +1—3)2+ 32 — /22 + 2.

Then by calculating the derivative of the function one can see that ¢(z,y) is strictly
decreasing with y for fixed z. From the inequality of arithmetic and geometric means
VTY < % < \/’CZTTJ2 one can get that \/m > 2“'7\/%_3, which will be useful
in the following proof. We can construct a new tree 7" =T — {uu; : 4 < i <1} + {vu; :
4 < <1} such that T € .

Case 1. wv & E(T).

Let f(l—&-l)( )—ZW—W-i-Q\/i—}—\/* 3, then for > 4 we have

Hy(2) = V2(z — 1) ~

2 :
2\/1‘21»1 - 2\/Z2+4 > \/i(x -1)- 2\/12 >3V2 -

which means h;(z) is strictly increasing with « > 4. Then we have
3 l ¢
ST = ST =332+ 3132w a2 e 3+ 3) 4y
i=1 i=4 i=1
l ¢ l t 3
> N > Ve =Y el + 3 elty) — Y e(3.2)
i i i=4 i=1

>Zaptt +thtt ©(3,2) — 2¢(3,1)

:(t+l73) (t+l—3) +82— (1= 3)VE+ 12— V212 — ¢(3,2)

—2p(3,1) > LHBOHED) (1 3) V212 — VU2 — (3,2) — 2(3, 1)
=(1 = 3)(V28? — VP + 2) + Y2LLID) _ 3 9) —9p(3,1)

>VACTDD _ o(3,9) — 20(3,1) > YD _ o3 9) — 9p(3,1)

=214+ 1)(1-3) - 2VE+1—VE+4+2/10+ V13 = hy(])
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>hi(4) = 22 — 2v5 + 2V10 + V13 — 2V17 ~ 0.747293 > 0,

a contradiction.
Case 2. w € E(T).
Without loss of generality we set u; = v and v; = u. Let ho(z) = gr(az -3)—

2v2% + 14 2V/10. It is easy to verify that hy(x) is strictly increasing with 2 > 4. Then
3 1
S(T) = S(T) =Y (/32 + a2+ /3 +({t+1-32+> \[(t+1-3)>+a?
i=2 =4
t l t
+Z\/(t+l—3)2+y§—Z\/l2+x§—z,/t2+y,?—\/t2+l2
i=2 i=2 i=2

t

1 3
> eltw) + 3wl ) = D ¢(3.w)

=2

o+ s

>3 et ) + > ltt) - 20(3.1)

=t 1=V +T=32+82 — ([ =3V — V2t —1) — 20(3,1)
> DB (1= 3)VE + 2 — V21(t — 1) — 2¢(3,1)

=(1 = 3)(V2t — VB + £2) + 2D _ 903 1)

2\/§(t+1;4>(173) —2p(3,1) > \/5(4+l;4)(l—3) —20(3,1)

=L2J(1 - 3) — 2V +1+2V10 = hs(])

>ho(4) = 2v/2 — 217 + 2¢/10 = 0.906771 > 0,

a contradiction to the maximality of T" in JZ, ;.

Therefore, we complete the proof. |

Lemma 3.21 IfT is a tree in %, with the mazimum Sombor index, then mg ,—op41(T) =

n—3
1 for1<b< 5=

Proof. Form Lemma 3.19 and Lemma 3.20 we have that the degree sequence of T is

(n—2b+1,3,3,...,3,1,1,...,1). Let u be the maximum degree vertex of T, i.e. A(T) =
SN— ——

b—1 n—b
dr(u) =n —2b+1 > 4. Suppose to the contrary that ms, o1 > 2, then there are at

least two branching vertices adjacent to u. As a matter of fact, one can always choose two
branching vertices w and v which satisfy that dr(w) = dr(v) = 3, where w has a pendant

vertices w; as neighbor and uv € E(T). Let T" = T — uv — ww; + uw; +wu. It is easy to
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see that the degree sequences of 7" and 7" are the same, implying that the obtained tree

T’ also belongs to %, ;. We have

S(T) = S(T)=y/(n—2b+ 12+ 12+ V3 +32—\/(n—20+1)> + 32 — V32 + 12

SVER P+ V3R V23R V3412
=17+ 3v2 -5 — 10 ~ 0.2035 > 0,

a contradiction to our choice of T'. Thus, we complete the proof. |
Let 7,2, be the set of trees in ., ;, with degree sequence (n—2b+1,3,3,...,3,1,1,...,1)

’ —_——— —
b—1 n—b

and satisfying that m; 3 =b, m33 =b— 2, my,_gp41 =1 — 2b and Mg p_opt1 = 1.

Theorem 3.22 Let T be a tree of order n and having b branching vertices, where 1 < b <
222 then S(T) < 3(b—2)v2+b0vV10+ (n—2b)/T+ (n — 20+ 1)2+ /9 + (n — 2b + 1),
the equation holds if and only if T € T},

Proof. Let T be a tree in %, ;, with the maximum Sombor index. According to Lemma 3.19

and Lemma 3.20 we have that the degree sequence of T is (n—2b+1,3,3,...,3,1,1,...,1).
——

b—1 n—b
For b = "T_Z, the result follows immediately. Furthermore, for 1 < b < "2;3, by Lemma

3.21 we can claim that T' € 7;31, It is easy to get that the Sombor index of trees in 7;317
is 3(b—2)v2+bv10+ (n — 2b)y/1+ (n — 2b+ 1)2 + /9 + (n — 2b + 1)2. Therefore, we
complete the proof. |
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