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Abstract

DNA cages are ideally suited to make nanostructures which serve as containers for drug
delivery. Using fewer strands to assemble DNA cages is of importance to the design of DNA
molecules with multiple component strands. In this study, we propose a rational assembling
procedure to design and analyze DNA bipyramids with minimum strands. The results show that
the odd-half twist has a major impact on assembling strands required to construct DNA cages
and this method could offer a search of DNA bipyramids with minimum component strands
faster. This research provides new insights into design and synthesis for DNA bipyramid-like
cages from mathematical perspective.

1 Introduction

DNA has long been regarded not only as hereditary materials but also as raw materials for
applications in nanostructures 2. Over the past decades, DNA molecules with desired shapes
have already been designed and synthesized experimentally !, such as tetrahedra
octahedron 8], truncated octahedra 1%, bipyramid '), prims !> 1), These wireframed, cage-

like nanostructures, assembled by multiple DNA single strands, are now considered
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increasingly important materials for biosensors and drug delivery [1*18]. Meanwhile, it is worth
noting that some designed DNA molecules with required topological structures play crucial
roles in overcoming their challenges of structural stability and yield. Also, low cost and simple
structures require good assembling methods in synthesizing DNA nanostructures. One practical
solution to reduce the complexity of theses entangled structures is to use component strands as
few as possible [1°22], Therefore, it is necessary to clarify the procedure to reduce the number
of strands assembled in DNA molecules. Bipyramids, more complex than Platonic solids, have
been synthesized early in 2007 by using six DNA single strands ') and have been used as a
new class of SPECT molecular probes 1231, Our study is aiming at an assembling procedure for
DNA bipyramids with fewest component strands from a theoretical viewpoint.

To better understand the problem, we need to resort to some basic knowledge of
mathematics. From a topological perspective, DNA strands could be interpreted as thin lines
without thickness and each DNA polyhedron is a polyhedral link which turns the DNA single

24251 Thus, DNA polyhedral link serves as an ideal

strand into the component of the link
mathematical model to characterize DNA polyhedra structure 2%, Then, a series of studies
based on this model successfully were carried out to explain some intrinsic properties regarding
the assembly mechanism of DNA polyhedra 27321, Some of these polyhedral links have been
used as templates to construct 3D molecular objects as well 313334, However, this model pays
more attention to the relationship between mathematical variables and becomes weak in actual
use. Using fewer DNA strands to assemble polyhedra is one of the most important practical
issues, for it could result in the low cost and good stability of production. Recent studies have
showed that the odd half-twist has a major impact on the reduction the number of required

strands 1336

1. Furthermore, the positional distribution of odd-half turn DNA strands is discussed
to predict and design DNA configurations of less DNA strands at the structural level ). Odd-
half turn makes it possible for strands to enter neighbouring face, reducing the number of
component strands to construct DNA. Thus, it is of importance to clarify how to introduce odd-
half turn and where to place it. This procedure enables us to generate DNA polyhedral links
easier and faster.

In the previous study, we have constructed and analysed DNA polyhedra from through
computation program 1*7-381, Here, we present an assembling procedure for DNA bipyramids
with minimal component strands based on computer program. This procedure would search for

all permissible topological structures satisfying DNA constructing rules, and select the ones

with minimum number of strands.
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2 Methods

2.1 Vertex and edge

From the viewpoint of mathematics, the cage-like DNA architectures actually consist of
interlocked and interlinked DNA strands. In these structures, three-, four-, and five-arm
junctions, shown in Figure 1, occur on the vertices of polyhedra, corresponding to degree-three,
degree-four, and degree-five vertex, respectively. Note that the two strands of DNA are anti-

parallel.

(a) (b) (©)

Figure 1. Three basic vertex junctions: (a) degree-three vertex; (b) degree-four vertex; (c)
degree-five vertex.

Besides, twisted DNA strands, which form the edges of polyhedra, include half-twists of
two types: 2nt1 half-twists and 2n half-twists. 2n+1 half-twists (Figure 2a left) can be
simplified as odd half-twist (Figure 2a middle), while 2n half-twists (Figure 2b left) can be
simplified as even half-twist (Figure 2b middle). We can find that the odd half-twist changes
the direction of strands (Figure 1a right), but the even half-twist doesn’t 2439 (Figure 2b right).
If each edge of a polyhedron is twisted with even half-turns, the number of strands equals its
face number ). On the other hand, with the odd half-twists available, the strand number is

uncertain and less than the face number 2.
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Figure 2. Two types for twisted DNA strands: (a) 2n+1 half-twists corresponds to the odd half-
twists (turn) and its direction of strands changes; (b) 2n half-twists corresponds to the
even half-twists and its direction of strands remains.
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A tetrahedron example is given to specify the two cases of the sole even half-twists and
the mix of even and odd half-twists. Figure 3a shows a tetrahedron with even half-twists, where
its faces and strands are equal in number; Figure 3b shows a tetrahedron with mix of the odd
half-twists and the even half-twists, where the strands are less than faces in number. Intuitively,

the emergence of the odd half-twists has brought the reduction of strands within the bounds of

A A

Figure 3. Two ways to construct a DNA tetrahedron: (a) a tetrahedron with sole even half-turns
(4 strands); (b) a tetrahedron with mix of the odd half-twist and the even half-twist (2
strands).

possibility.

2.2 Constructing rule

R. Twarock et al. utilized bead configurations to construct DNA dodecahedral and
icosahedral cages with a minimal number of strands [ 3¢, A DNA dodecahedron or
icosahedron requires at least two circular strands and each face of the polyhedron must have
even number of crossings. Under this constructing rule, each face of the bipyramid must have
an even number of half-twists. This ensure that the two oriented strands of each edge are anti-

parallel or oppositely oriented, satisfying structures of the DNA double helix.
2.3 Generate-and-test paradigm

In this step, we must search for all possible types for a DNA bipyramid. In other words,
we need to generate all possible links of a bipyramid, and then test them for DNA strands
according to DNA constructing rule. This step is referred to as generate-and-test paradigm,

further performed in 2.5 Program.
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2.4 Label the diagram

Bipyramid mainly includes triangular bipyramid and pentangular bipyramid, and Figure 4
shows both with labels, in which capital letter stands for its face, lowercase letter for its edge.
Specifically, the lowercase letters are used to tell in detail what type of twisted strands to be

placed on the edges.

(a) (b)

Figure 4. Diagrams with labels: (a) triangular bipyramid; (b) pentangular bipyramid.

2.5 Program

The code in Python for triangular bipyramid is as follows, and it is also applied to the

pentangular bipyramid with only minor modifications.

number of edges = 9

rrr

o, 1, 2, 3, 4, 5, 6, 7, 8 in list correspond to edge a, b,
c, d, e, £, g, h, i, respectively;

(0, 3, 4), (2, 3, 5, (0, 1, 2), (4, 6, 7), (5, 7, 8), (1,
6, 8) correspond to face A, B, C, D, E, F, respectively.

faces_of edges = [(0, 3, 4), (2, 3, 5), (0, 1, 2), (4, 6,
7, (5, 7, 8), (1, 6, 8)]

max_edge weight = 2

rror
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Generate a binary table of 1 and 2, traversing the cases of even and odd for a polyhedron.
The function of increase adds 1 to the binary table on each call, ensuring that all combinations
of 1 and 2 can be traversed.
"
def increase(l):
if l[number of edges-1] < max edge weight:
1l [number of edges-1] = l[number of edges-1] + 1
else:
for i in range (number of edges-1, -1, -1):
if 1[i] < max edge weight:
break
1[i] =1
1[i] = max edge weight
return l.count (max edge weight)
rr
The function of is_valid tests the cases for DNA strands according to the Bead condition:
the number of crossings on each face must be even.
def is valid(l):
for face in faces of edges:
dna = 0
for e in face:
dna = dna + 1l[e]
if dna % 2 != 0:
return False
return True
Produce the parameters of DNA bipyramid links satisfying the Bead condition.
M denotes the number of edges with even half-twists, while N denotes the number of

edges with odd half-twists.

def pd():

es = [1] * number of edges #produce list es with its

elements are 1



185

c2 =0
while c2 < number of edges:
c2 = increase (es)

if is _valid(es):

print (', "'.join(["{}={}".format ('abcdefghiMN' [k],x) for k,x in
enumerate (es+[c2, number of edges-c2])]))

pd ()

3 Results and Discussion

3.1 Triangular bipyramid

The program above obtains all possible cases for constructing the DNA triangular
bipyramids. 16 projections of triangular bipyramids could be drawn according to these basic
parameters. So, how many strands to construct the triangular bipyramids in each case would be
clear. Adding attribute name: strands and organizing the data, Table 1 shows the parameters for
constructing the DNA triangular bipyramids. The value of @ — i taking 1 means putting the odd
half-twist on this edge, while 2 means the even half-twist. Odd denotes the number of edges

with even half-twists, while even denotes the number of edges with odd half-twists.

Table 1. The parameters for constructing the DNA triangular bipyramids

No. a b c d e f g h i odd even strand
1 1 2 1 1 2 2 1 1 1 6 3 2
2 1 1 2 1 2 1 1 1 2 6 3 2
3 1 2 1 2 1 1 1 2 1 6 3 2
4 2 1 1 1 1 2 2 1 1 6 3 2
5 1 1 2 1 2 1 2 2 1 5 4 2
6 1 2 1 2 1 1 2 1 2 5 4 2
7 1 1 2 2 1 2 2 1 1 5 4 2
8 2 1 1 1 1 2 1 2 2 5 4 2
9 2 2 2 1 1 1 1 2 1 5 4 2
10 2 1 1 2 2 1 1 1 2 5 4 2
11 1 1 2 2 1 2 1 2 2 4 5 4
12 2 2 2 1 1 1 2 1 2 4 5 4
13 2 1 1 2 2 1 2 2 1 4 5 4
14 1 2 1 1 2 2 2 2 2 3 6 4
15 2 2 2 2 2 2 1 1 1 3 6 4
16 2 2 2 2 2 2 2 2 2 0 9 6
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There are still some equivalent ones, ambient isotopic in topology, in all 16 types derived
from the program. To put it simply, isotopic links can be obtained from each other by applying
symmetry operations. By means of mathematical or computer method, these isotopic links

37,38, 401 After removing the isotopic links, 6 unique types of

could be removed or filtered out !
DNA triangular bipyramids remain, showed in Table 2, and 16 triangular bipyramids are

classified into six groups:{{1}, {2, 15}, {3, 5, 10}, {4, 6, 8,9, 11, 13}, {7, 12, 14}, {16} } 3],

Table 2. The parameters for 6 unique DNA triangular bipyramids

No. odd even strand
1 6 3 2
2 6 3 2
3 5 4 2
4 3 6 4
5 4 5 4
6 0 9 6

Intuitively, with the increase of edges with odd half-twists, the number of strands to
construct triangular bipyramid decreases. Figure 5 shows the correlation between strands and
edges with odd half-twists for the DNA triangular bipyramids (two data points overlap each
other). Note that No. 1 and No. 2, in Table 2, are distinct types although they have the same

parameters, and they cover up each other due to the same parameters in Table 2.

I ©o - *

o

[ =4

£ o

2

6

g ¥ o * *

el

£

2 o o

o

2

- o~ o * *
T T T T T T T
0 1 2 3 4 5 6

The number of edges with odd half-twists
Figure 5. The correlation between the number of strands and the number of edges with odd
half-twists for the DNA triangular bipyramids.

As we can see, the triangular bipyramids with minimum strands may be the one with
maximum odd half-twists. Therefore, we select No.1 and No. 2 as the optimal types for the
DNA triangular bipyramids. According to their parameters the program works out, we could
draw up the two projections of the triangular bipyramids with minimum strands, shown in

Figure 6.
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(a) (b)

Figure 6. DNA triangular bipyramids with two strands.

3.2 Pentangular bipyramid

We also obtain the DNA pentangular bipyramid with minimum strands by using the same
method. With the increase of structure complexity, the number of isotopic links of the
pentangular bipyramid increases. Though, this does not conflict with the search for DNA
pentangular bipyramid with minimum strands. After removing the isotopic links from 64
pentangular bipyramids, Table 3 shows the parameters for 12 unique DNA pentangular
bipyramids.

Table 3. The parameters for 12 unique DNA pentangular bipyramids

No odd even  strand
1 9 6 2
2 10 5 2
3 10 5 2
4 10 5 4
5 7 8 4
6 8 7 4
7 7 8 4
8 6 9 6
9 9 6 6

10 5 10 6
11 4 11 8
12 0 15 10

Figure 7 shows the correlation between strands and edges with odd half-twists for the DNA
pentangular bipyramids. Similarly, some distinct types having the same parameters may cover
up each other, such as No.2 and No. 3. Generally, the number of strands is negatively correlated
to the number of edges with odd half-twists, just as the fitted linear regression line in Figure 7

shows.
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Figure 7. The correlation between the number of strands and the number of edges with odd
half-twists for the DNA pentangular bipyramids.

As we see, the pentangular bipyramids with minimum strands may be the one with
maximum odd half-twists. So, we select No. 2 and No. 3 as the optimal types for the DNA
pentangular bipyramids. According to their parameters the program works out, we could draw

up the projections of the pentangular bipyramids with two strands, shown in Figure 8.

(a) (b)

Figure 8. DNA pentangular bipyramids with two strands.

4 Discussion

Some general results about bipyramids can be obtained. It can be shown that no bipyramid
can be constructed with a single DNA strand. A single DNA strand would correspond to an
antiparallel strong trace. There is a theorem 42! (Theorem 4.1 in [41] Theorem 2.4 in [42])

which says:
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A graph G admits an antiparallel strong trace strong trace if and only if
G has a spanning tree T such that each connectedcomponent of G - E(T)

has an even number of edges.

Let G be the skeleton of the triangular bipyramid (3-bipyramid). Since |V (G)| = 5 and
|E(G)| = 9, the spanning tree T has 4 edges, and the co-tree has 5 edges. It is clear that all
connected components of the co-tree can not have an even number of edges. Therefore a single
strand design does not exist. This can be generalised to an arbitrarily large bipyramid.

Itis easy to show that arbitrarily large (2k+1)-bipyramid can be made of two DNA strands.
Let 1,2, 3,...,2k+ 1 be vertices of a cycle C. To obtain the bipyramid add vertices a and b and
connected them to each vertex of the cycle C. Let the edges incident to a and b have odd half-
twists and all the other edges have even half-twists. Then this results in a valid DNA design
that is composed of two strands.

It is not hard to obtain numerical results for a few larger bipyramids (7-bipyramid, 9-
bipyramid) and plot the correlation between the number of strands and the number of odd half-

twists. Perhaps this would lead to new interesting conjectures.

5 Conclusions

In this study, we theoretically propose an assembling strategy for DNA bipyramids with
minimum strands based on a computer program. With two of three types of 3-, 4- and 5-degree
vertexes, the triangular and pentangular bipyramids own more complex structure than Platonic
solids. The result shows that the proposed assembling procedure could effectively search for
DNA bipyramids with minimum strands. Meanwhile, the statistic analysis proves that the
number of DNA strands is negatively correlated to the number of edges with odd half-twists.
Although this strategy is theoretical, the techniques for designing and synthesizing cage-like
structures are sophisticated. This theoretical study would enhance and help the design and

synthesize of cages with complex pyramid-like structures.
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