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Abstract

The augmented Zagreb index (AZI) has attracted more and more attentions in
the past years. Some significant mathematical properties of AZI were obtained.
In particular, Lin et al. [MATCH Commun. Math. Comput. Chem. 83 (2020)
167] recently claimed a complete solution to the problem of characterizing n-vertex
tree(s) with maximal AZI. In this note we correct some errors in the paper.

1 Introduction

Let G = (V, E) be a connected simple graphs, where V' = {vg,v1,...,0,_1} and n > 3.
d; = d(v;) will denote the degree of vertex v;. The augmented Zagreb index (AZI)
of G is defined (1] as AZI(G) = 3, cp [did;/(di + d; — 2)]3. This index was shown

to have the best predicting ability for a variety of physicochemical properties among

several tested vertex-degree-based topological indices (see [2,3]). Hence, this molecular
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descriptor has attracted more and more attentions in the past years. Some significant
mathematical properties of AZI were obtained. Most known results can be found in
the review article [4]. For latest developments after the publication of [4] see [5-7]. In
particular, Lin et al. [8] claimed a complete solution to the problem of characterizing n-
vertex tree(s) with maximal AZI, an open problem proposed by Furtula et al. [1]. That
is, the following result was proven in [8].
Theorem 1.1 . If n > 19, then the balanced double star BD,, is the unique n-vertex
tree with maximal AZI.

However, there are some errors in the Case 2 of the proof of Theorem 1.1 in [8]. Since

the problem is so elementary, the errors are worth to be corrected.

2 Preliminaries

To point out and correct the errors in [8], we have to introduce more notations and results.
Let h(z,y) = [vy/(z+y—2)]3 for z,y > 1 with z+y > 3, [(z,y) = h(z,y) —h(z—1,y)
forz >2and y > 1 with z+y >4, and f(z) = (x —2)l(z,1) + h(z,1) = (x — 1)h(z,1) —
(x —2)h(x —1,1) for x > 3.
Lemma 2.1 [9].
(1) h(x,1) strictly decreases with x > 2.
(2) h(x,2) =8.
(3) If y > 3 is fixed, then h(x,y) strictly increases with z > 2.
Lemma 2.2 [10]. For z > 2 and y > 1,
(1) I(z,1) (< 0) strictly increases with z > 3.
(2) I(z,2) =0 for x > 3.
(3) If y > 3 is fixed, then I(z,y) (> 0) strictly increases with 2 < z < y — 1, and
strictly decreases with x > y.
Lemma 2.3 [10]. If y > z > 2, then I(z,y) > l(y,z). Hence h(z + 1,y — 1) > h(z,y) if
y>x+2>3.
Lemma 2.4 [10]. Let # > 3. Then f(z) strictly increases with z, and —1.25 < f(z) < 1.
Besides the above known results, the following two new results are needed.
Lemma 2.5. If y > 7, then l(y + 1,y + 1) > l(y — 3,y + 1) > l(y — 5,y + 1).
Proof. From Lemma 2.2 (3) it suffices to show I(y + 1,y + 1) > I(y — 3,y + 1). Let
9(z,y) = [(y—x+1)/(2y — 2)]*, z < y. Then g,'(z,y) = 3(1 —y)(y — x+ 1)*/(2y — )%,
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and g,”(z,y) = 6(x — 2)(y — 1)(y — x + 1)/(2y — x)®. Hence g,’(z,y) strictly decreases
with < 2 and strictly increases with 2 < <y, and we have
y+Ly+1)—lly—-3,y+1)
=hy+Ly+1) —hlyy+1) = [hly=3,y+1) = h(y -4y +1)]
I (R (R M VTRV {[(y SR W (VR (VRS 1)}3}

e @ | P 0y 57
= (y+1)*{9(0,9) — 9(L,y) — [9(4, ) — 9(5, )]}

= (y+1)*[g,(&,y) — d5(&0,v)]

> (y+1)° [g5(4,9) — 9,(0,)]

—3(y+ 1%y — 1) [(y(;y)lf - (2!;:?2)4} :

where 0 < & <1 and 4 < & < 5. It is easily seen that

(y+1?® (y=3)7 y+1_ y-3
- >0& >
2yt (2y—4)* (2y)* = (2y—4)?
& (y+ 12y —4)° > (y - 3)(2y)*
<16 > 0,
and the conclusion holds. [ |

Analogously, we have the following result.
Lemma 2.6. If y > 7, then I[(y + 1,y) > l(y — 5,y).
Proof. Let g(z,y) = [(y—x+1)/Qy—z—1)]°, 2 < y. Then g./(z,y) = 3(2 —y)(y —
r+1)2/(2y — 2 — 1)* and ¢,"(z,y) = 6(z — 3)(y — 2)(y — 2 + 1)/(2y — 2 — 1)°. Hence

9.’ (x,y) strictly decreases with z < 3 and strictly increases with 3 < x < y, and we have
y+1,y)—Uy—5y)

=hy+1,y) — h(y,y) — [~y — 5,y) — h(y — 6,y)]
IR ) { -5 lwy- 6)13}

@2y—173 (2y—27% | @y-73 (2y—3)

=4’ {g(0,y) — 9(1,y) — [9(6,y) — 9(7,9)]}
= [g4(&,y) — gh(&1,)]

> [4,(6,y) — g4(0,y)]

3 (y+1?®  (y—5)°
=3y°(y - 2) |:(ny 1) - (2y — 7)4} >0,

where 0 < & <land 6 <& < 7. |
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Remark. The best possible of Lemma 2.6 may be I(y + 1,y) > I(y — 4,y) for y > 6.

However, the proof may be difficult, and the same technique used above is not applicable.

3 Correction to the errors

For convenience, let T' be an n-vertex (n > 19) tree with maximal AZI. It is known [10]
that AZI(T) > AZI(BD,) >n3/64+n+3. Let m = (2 =do,y = dy, ...,z = dp, 1"71)
be the non-increasing degree sequence of 7. The known results of 7 can be summarized
as the following lemma.

Lemma 3.1 [8,10]. 1 <t<z2=dy>10,dy =dy=---=dy1 =y >2—12>9, and
3<zx=d; <y.

When Lin et al. [8] proved Theorem 1.1, in the Case 2 (¢t > 2) it was assumed that

hx—2,y+2) > h(z,y) in the Subcase 2.1 and h(x —2,y+1) > h(z—1,y) in the Subcase
2.2. However, they are wrong according to Lemma 2.3. Here we give the correction to
the errors.
Correct proof of the Case 2 in the proof of Theorem 1.1 in [8]. Since the
conclusion holds for n < 64 from the computer search results in [10], we assume n > 65.
Case 1. z <y —5. Let u be a child (a leaf) of v;, and T = T — vu + viu. Then from
Lemmas 2.2 (3) and 2.4 - 2.6 we have

AZI(T)) — AZI(T) = h(y+ 1,2) + h(z — 1,2) + (x — 2)h(z — 1,1) + yh(y + 1,1)
— [h(y, 2) + Wz, 2) + (x — D)A(z,1) + (y — 1)h(y, 1)]
=ly+12)—l(z,2) = flx) + fly +1)

>Uy+1,2)—l(y—5,2)> 0.

Case 2. © >y — 4. From Lemma 3.1 wehave 2n —2 >z + (t — )y +z+n—t—1>
(t+1)y+n—t—>5, which yields y < (n+t+3)/(t+1) and n > y(t+1)—t—3 > 8t+6 > 6t+6.

From Lemmas 2.1 and 3.1 we have

AZI(T) < (t—Dh(y,y+ 1)+ h(z,y+ 1)+ (n —t — 1)h(z,1)

<th(y,y+1) + (n = 3)h(y — 4,1)
n+t+3 n+2t+4

<t —3)h(1,

,m( T )+(n 3)h(1,5)

t (n+t+3)(n+2t+4)7° 125

< : n—3

_8(t+1)3{ n+ 0.5t +25 to =3
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(n+4t+4
< e —

3
1 ) +2n 2 p(t).

t
8
It is easily seen that

,(t)il nAt+4\°  3tn (n+4t+4)?
=8\t 8 (t+1)

- % [(1—2t)n+4(t +1)°]
W [(1—2t)(6t + 6) +4(t + 1)°]
- %7#53)2 [(t +1)(—8t + 10)] < 0.

That is, n(t) strictly decreases with ¢ > 2, and AZI(T) < n(2) = (n + 12)%/108 + 2n.
Thus from n > 65 it holds that

3 12 3
AZIT) < AZI(BDy) < 443> 012 oo

64 108
n? (n+12)3
— >——+101

<= o +32> 108 +1.01n

< n > 64.9626.

The proof is thus completed. |
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