MATCH MATCH Commun. Math. Comput. Chem. 86 (2021) 729-753

Communications in Mathematical
and in Computer Chemistry ISSN 0340 - 6253

On the Reduced Sombor Index
and Its Applications

Hechao Liu!, Lihua You'*, Zikai Tang?, Jia—Bao Liu?

1School of Mathematical Sciences, South China Normal University,

Guangzhou, 510631, P. R. China
hechaoliu@m.scnu.edu.cn, ylhua@scnu.edu.cn
28chool of Mathematics and Statistics, Hunan Normal University,
Changsha, Hunan 410081, P. R. China
zikaitang@163.com
3School of Mathematics and Physics, Anhui Jianzhu University,
Hefei, Anhui 230601, P. R. China
liujiabaoad@163.com

(Received February 16, 2021)

Abstract

Based on elementary geometry, a novel vertex-degree-based molecular structure
descriptor was recently introduced by Gutman in the chemical graph theory, defined
as 80red(G) = X ypen(c) V(du — 1)* + (dy — 1), where d,, denotes the degree of
vertex u in G, and named as reduced Sombor index. It was demonstrated that the
reduced Sombor index can help to exert modest discriminative potential and pre-
dict physico-chemical properties of molecules, and it performs with slightly better
predictive potential than the Sombor index [10,27]. Based on the results of testing
predictive potential of reduced Sombor indices, it may be successfully applied on
modeling thermodynamic properties of compounds [27].

In this paper, we obtain some bounds for reduced Sombor index of graphs with
given several parameters (such as maximum degree A, minimum degree §, matching
number /3, chromatic number y, independence number «, clique number w), some
special graphs (such as unicyclic grahs, bipartite graphs, graphs with no triangles,
graphs with no K,41 (2 <7 <n—1)) and the Nordhaus-Gaddum-type results. We
also characterize some extremal molecular graphs. Then we obtain the expected
values of reduced Sombor index in random polyphenyl chains. At last, we apply
the reduced Sombor index to graph spectrum and energy problems.

*Corresponding author



-730-

1 Introduction

In this paper, notations and terminologies used but not defined here can refer to Bondy
and Murty [3]. Inspired by Euclidean metric, a novel vertex-degree-based molecular struc-
ture descriptor was recently introduced by Gutman in the chemical graph theory, the

reduced Sombor index [17], defined as

SOra(G) = > V(du =12+ (d, — 1)

weE(G)

(reduced) Sombor index was developed as the geometric representation of vertex-degree-
based molecular structure descriptor, and any vertex-degree-based descriptor can be
viewed as a special case of a Sombor-type index [18].

Since the first paper [17] on the Sombor indices was published, a flood of papers
were created to report the properties of Sombor indices. Recently, the Sombor index
was studied on trees, unicyclic graphs and bicyclic graphs [6,29], molecular graphs [5,10].
Moreover, the mathematical properties of Sombor index were studied in [9,18,25,33]. Also,
in [10,27] chemical applicability of Sombor indices was considered. One can refer [22,23]
for more and some other details on the Sombor indices.

The rest of the paper is organized as follows. In Section 2 we obtain some bounds for
reduced Sombor index of graphs with a given several parameters (such as maximum degree
A, minimum degree §, matching number 3, chromatic number Yy, independence number «,
clique number w), some special graphs (such as unicyclic grahs, bipartite graphs, graphs
with no triangles, graphs with no K,1 (2 <r <n—1)) and the Nordhaus-Gaddum-type
results. In Section 3 We characterize the extremal graphs among molecular graphs. In
Section 4 we obtain the expected values of reduced Sombor index in random polyphenyl
chains. In Section 5 we apply the reduced Sombor index to graph spectrum and energy

problems. In Section 6 we conclude this paper.

2 On the reduced Sombor index of graphs
2.1 Simple graphs

Here are three simple properties of reduced Sombor index.

Lemma 2.1 [10] Let G be a simple graph with n vertices. Then

0 < S0,ed(G) < SO,ea(K,) = gﬂ(ﬂ —1)(n—2),
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with left equality iff G = tKy U (n — 2t) Ky where 0 <t < | ], right equality iff G = K,,.
Lemma 2.2 [10] Let G be a simple connected graph with n vertices. Then
SOrea(Pr) < S0rea(G) < SO;ea(Kn),
with left equality iff G = P,, right equality iff G = K,.
Lemma 2.3 [10] Let T be a tree with n vertices. Then

SO'red(Pn) S SOred(T) S SOred(Sn)

with left equality iff T = P,, right equality iff T = S,,.

In 2014, Gutman et al. [20] proposed the reduced reciprocal Randi¢ (RRR) index,
which is defined as RRR(G) = >, +/(d, —1)(d, —1). By the definition of reduced

weE(G)
Sombor index, we have

Theorem 2.4 Let G be a simple connected graph. Then
Sored(G) > \/iRRR(G)7
with equality iff G is a regular graph.

Let G be a simple connected graph with no pendent vertices. Denote ¥(G) =

> —L __then ¥(G) - RRR(G) > m?. By Theorem 2.4, we have
weE(G) (du—1)(ds—1)

Theorem 2.5 Let G be a simple connected graph with m edges and no pendent vertices.

Then
V2m?

(@)’

§0,04(G) >
with equality iff G is a reqular graph.

In the following we consider the bounds of simple graphs with given some parameters.
Denote A, § the maximum and minimum degree of G, then we have the following results.
Theorem 2.6 Let G be a simple connected graph with n vertices. Then

2 2
%n(;((? —1) € 50,0(G) < gnA(A ~1),

with equality iff G is a reqular graph.
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Proof. Tt is obvious that nd < Y. d, = 2m < nA, with equality iff d, = A or § for all
v € V(G). Then we have e

(1) SOea(G) = Y /(du— 12+ (dy — 1)2 > V2m(6 — 1) > Lnd(6 — 1), with
equality iff d, = & for::ﬁ (3 )e V(G).

(2) 50,04(G) = gE;(G) V(d, =12+ (d, — 1)2 < V2m(A — 1) < LnA(A - 1), with
equality iff d, = A for all v € V(G). |

Lemma 2.7 [18,25] Let G be a simple connected graph with n vertices, m edges. Z4(G)
is the first Zagreb index of the graph G. Then
T(ZQ(G) —2m) < 50,04(G) < Zy(G) — 2m,
with left equality iff d, = d, for any wv € E(G), right equality iff G = 5K, for even n.
Since Z,(G) > % with equality iff G is a regular graph (see [14]). By Lemma 2.7,

we have

Theorem 2.8 Let G be a simple connected graph with n vertices, m edges. Then

S0,¢a(G) > @(Zm —n),

with equality iff G is a reqular graph.
Since Zy(G) < n(2m —n + 1) with equality iff G = K,,, K1 ,_1 or 3K, (see [35]). B
Lemma 2.7, we have
Theorem 2.9 Let G be a simple graph with n vertices, m edges. Then
S50,¢a(G) < (2m —n)(n — 1),
with equality iff G = S K, for some even n.

In order to obtain the minimum value of the reduced Sombor index of unicyclic graphs,

we need the following lemmas.

Theorem 2.10 Let G be a simple connected graph with n vertices, m edges. Then
(1) SO,eq(G) > vV2m (6 — 1),
(2) 8O,ea(G) > 2(2m(2 — 1) + L(A - §)%) > V2m(2 —1).
with equality iff G is a regular graph.
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Proof. (1) By Lemma 2.7 and Z,(G) > 2md, with equality iff G is a regular graph. Thus
S0,¢4(G) > v/2m(8 — 1), with equality iff G is a regular graph.

(2) By Lemma 2.7 and Z,(G) > % + 3(A = 6)?, with equality iff dp = -+ = d,,_y =
ditdn (s0e [1]). Thus SOpea(G) > 2(2m(22 — 1) + L(A = §)%) > V2m(2 — 1), with
equality iff G is a regular graph. |

In the following, we obtain the minimum unicyclic graphs with respect to reduced
Sombor index.

Theorem 2.11 Let G be a unicyclic graph with n vertices. Then
(1) SOea(G) > v/2n(5 — 1),
(2) SO,ea(G) > V21 + Y2(A = §)* > V/2n,
with equality iff G = C,,.

Proof. For unicyclic graph G, n = |V(G)| = |E(G)| = m. Combine with Theorem 2.10,

we obtain the conclusions. |
Since Zl & >d&+dE+ W with equality iff dy = --- =d,_1 = %, where

dy > dy > -+ >d, (see [§8]). By Lemma 2.7, we have

Theorem 2.12 Let G be a simple connected graph with n vertices, m edges. Then

_ _ 2
50,¢4(G) > g (A? +6%+ w - Qm) 7

with equality iff G is a reqular graph.

Let I" be the class of graphs with ds = d3 = --- = d,,, and A, the second maximum
degree of G. Since Z,(G) > A%+ % + ?1(:1—1)22) (Ag — 8)? with equality iff G is a regular

graph or G € I (see [13]). By Lemma 2.7, we have that

Theorem 2.13 Let G be a simple graph with n vertices, m edges. Then

Y

SOrea(G) = 72 (N L@m=AP 2 =2

n—1 Jr(n—l)2

(As— 0 — 2m) 7

with equality iff G is a reqular graph.
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2.2 Simple graphs with no triangles

In the following we consider the bounds of simple graphs with no triangles or K, (2 <

r<n-—1).

Theorem 2.14 Let G be a simple connected graph with n vertices and no triangles. Then

my/(0—1)2+(n—-0-1)2, if A+5<m
myB 1P Fm—A—1P, if Até>n

SOred(G) S {

Proof. Since G be a simple connected graph with n vertices and no triangles, then
dy+d, < nfor every uv € E(G). Let f(x) =2+ (n—2—2)? where § —1 <2 < A—1.
It is obvious that f'(z) < 0 for z € [0 — 1,5 — 1], f'(z) > 0 for x € [ — 1,A —1].
Thus (1) if A+8 <n, then \/(d, — 1)2+ (n—1—-d,)2 < /(6 —1)2+ (n—1-10)% (2)
if A+6>mn, then /(d, =124+ (n—1-d,)2 < /(A=1)2+ (n—1—A)2 From the

definition of reduced Sombor index, we have
(1) If A+ 6 < n, then
SO(G) < Y Vdu =12+ (n—1-d,)2<my/(0—1)2+ (n—0— 1)
2)IEA+S gE:,((t;l)len

SO,(@) < Y Vde-12t(n-1-d2<m/B-12+n—-A—12 =

wel(G)

With the help of the following properties, we can obtain other bounds of simple graphs

with no triangles or K,;; (2<r <n-—1).

Theorem 2.15 Let G be a simple connected graph with minimum degree 6 and |E(G)| =
m. Then
Sored(G) < ZQ(G) - \/é((\/i_ 1)6 + 1)m7

with equality iff G is a regular graph.

Proof. Without loss of generality, we suppose d,, > d, for every uv € E(G). It is obvious
that \/(d, —1)2+ (d, — 1)2<d, — 1+ (vV2-1)(d, — 1) =d, — V2 + (V2 — 1)d,.
From the definition of reduced Sombor index, we have

S50,a(G) = Y \/(du —1)2+(d,—1)2 < > (dy + (V2 = 1)dy — V2) =
weFB(G) weE(G),du>dy
> o(du+dy) — > [(2 - V2)d, + V2] < Zy(G) — V2((V/2 = 1)6 + 1)m, with
weF(G) weFE(G),dy>dy
equality iff G is a regular graph. |
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Theorem 2.16 Let G be a simple connected graph with n vertices, minimum degree §

and no triangles. Then
SO0rea(G) < m(n — V2 — (2= V2)d),
with equality iff G = Kn n.
Proof. Since G be a simple connected graph with n vertices, minimum degree J and no

triangles. Then Z,(G) < mn with equality iff G is a complete bipartite graph (see [35]).

Combine with Lemma 2.15; the conclusion holds. |

Theorem 2.17 Let G be a simple connected graph with n vertices, minimum degree §

and no K,+1 (2<r<n-—1). Then

SO,a(G) < 2r = 2mn —V2((V2-1)6 + 1)m,

with equality iff G is a reqular complete r-partite graph.

Proof. Since G is a simple connected graph with n vertices, minimum degree § and no
Ko (2<r <n—1). Then Z,(G) < Z=2mn with equality iff G is a complete 2-partite
graph for r = 2 and a regular complete r-partite graph for r > 3 (see [37]). Combine with

Lemma 2.15, the conclusion holds. |
Except the above results, we also have the following results.

Theorem 2.18 Let G be a simple connected graph with n vertices, m edges, and minimum

degree 6. Then

2
S0,ea(G) <m ( ml tn—(2+V2) - (2- ﬁ)a) 7
with equality iff G = K,.
Proof. Since G is a simple connected graph with n vertices, m edges, and minimum degree

§. Then Z,(G) < m(2% +n—2) with equality iff G = K,,, K; o1, or K1 UK, (see [35]).

n—1

Combine with Lemma 2.15, the conclusion holds. |

Theorem 2.19 Let G be a simple connected graph with n vertices, m edges, and minimum

degree 6. Then

S50,.4(G) < n(2m—n6)+g ((52 +14+ (6= 1)/ +1)2 +4(2m — né)) —V2((V2-1)5+1)m,

with equality iff G is a reqular graph.



-736-

Proof. Since G is a simple connected graph with n vertices, m edges, and minimum degree

8. Then Zy(G) < n(2m—nd)+2(82+1+(6—1)4/(0 + 1)2 + 4(2m — nd)) with equality iff

G is a regular graph or G = K ,,_; (see [35]). Combine with Lemma 2.15, the conclusion

holds. | |

2.3 Bipartite graphs (with given matching number)

In the following we consider the bounds of bipartite graphs (with given matching number).
The monotonicity of reduced Sombor index is obvious.
Lemma 2.20 Let G be a graph and u,v € V(G), then

(1) ife=uv & G, then SO,.q(G) < SO,a(G + €);

(2) if e =uv € G, then SO,c4(G) > SO,ca(G — €).

Theorem 2.21 Let G be a bipartite graph with n vertices. Then

o) < (51151 (51" (15 )"

with equality iff G = Ky 2.

Proof. Since G is a bipartite graph with n vertices, we suppose p > ¢. Then by Lemma
2.20, SOyed(G) < SOrea(Kpq). Thus SO,eq(G) < SOed(Kpq) = pgr/(p— 1)+ (g —1)2 =
pn—p)/(p—1)2+(n—p—1)72

Let f(z) = z(n — z)y/(z —1)2+ (n —z — 1)%, where [2] < 2 < n — 1. It is obvious
that f'(z) = z(”_m)(h_gfi’;;ffﬁi:BZH"_Z_UQ] <Ofor [§] <z <n—1. Thus SO,4(G) <

pn = p)V/(p =1+ (n—p -1 < [5115]/(T5T = 1D+ ([5] - 1)?, with equality iff

>~
G = Kz u
X w;
: Vi Zr :
K Wy
Yr %
Uy Vi
Ug Vb

Figure 1: Bipartite graph B(r,t,a,b).

Let B(r,t,a,b) be the bipartite graph obtained from Gy = K, ,i, and Gy = K14
by joining each vertex of r-part in G to each vertex of t-part in Gy, where r,t,a,b are

non-negative integers, see Figure 1.
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Lemma 2.22 [7] Let G be a bipartite graph of order n with bipartition (X,Y) and
matching number 3. Then there exists a bipartite graph G' = B(r,t,a,b) such that
(1) I(G") < I(G) for the topological index I which decreases with addition of edges;
(2) I(G") > I(G) for the topological index I which increases with addition of edges,
with equality if and only if G = B(r,t,a,b) for some non-negative integers r,t, a,b, where
r+t=0,r+t+a=|X|andr+t+b=1Y].
Lemma 2.23 If bipartite graph B(r,t,a,b) 2 Kiitriirars. Then SO,eq(B(r,t,a,b)) <
Sorczi(K7'+L,T+L+a+b) .

Proof. From the definition of reduced Sombor index, we have
SOred(Kr+t,r+t+a+b) - SOred(B(T7 t7 a, b))

=(r+t)r+t+atd)/r+t+at+tb—1)2+(r +t—1)2

—rr+aVr+tra—12+ @ —12—rt/(r+t+a—1)2+(r+t+b—1)2

—t(t+b)/(r+t+b—1)2+ (t - 1)2

> (rt+b)+tir+a)/r+rttatb—1)2+(r+t—1)2

—rt/(r+t+a—12+(r+t+b—1)2

> rt [\/4(r+t+a+bf1)2+4(7‘+t71)27\/(r+t+a71)2+(r+t+b71)2]

B Ar+t+a+b—124+40r+t—-1)2 - (r+t+a—-12—-(r+t+b—1)2
- L/4(r+t+a+b—1)2+4(r+t—1)2+\/(r+t+a—1)2+(r+t+b—1)2]
> 0.

|

In the following, we obtain maximum bipartite graphs with given matching number.

Theorem 2.24 Let G be a bipartite graph with n vertices and matching number 3. Then

50,¢4(G) < SOrea(Ksn—p) = Bn = BV (B =12 + (n = § — 1)2,
with equality iff G = Kg,_g.
Proof. Suppose that G is a bipartite graph with n vertices, bipartition (X,Y), and
matching number /3, such that its reduced Sombor index is as large as possible.

By Lemma 2.20, 2.22, there exists a bipartite graph B(r, t, a, b) such that SO,.q(G) <
SO,eq(B(r,t,a,b)) with equality iff G = B(r,t,a,b), where r +t = 3, r +t+a = | X| and
r+t+b=1[Y].

By Lemma 2.23, SO,cq(B(r,t,a,0)) < SOred(Kritritrars) with equality iff G =

[0

Kyttrttvats, 1.6 G = Kg, 3. This completes the proof.
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2.4 Simple graphs with given chromatic number

Denote by X(n, x) the set of connected graphs with n vertices and chromatic number x.

By the monotonicity of reduced Sombor index and the definition of X (n, x), we have
Theorem 2.25 Let G € X(n,x). Then
S()red(G) S SOred(Knl,ng,,..,nx)7

X
with equality iff G = Ky, ny....ny, where > ni=n.
i=1
The Turdn graph T, ; is a special complete multipartite graph K, 5, n, with |n; —
njl < 1for 1 < 4,5 < k. Further describing the maximum reduced Sombor index in
K\ no is still an open problem. Therefore we propose the following conjecture.

seenTlx

Conjecture 2.1 Let G € K, Then

SOred(G) S SOred(Tn,x)v
with equality iff G = T, .
2.5 Simple graphs with given independence number

Let CS(n,a) be the complete split graph with n vertices and independence number .
In the following, we obtain maximum simple connected graphs with given independence

number.

Theorem 2.26 Let G be a simple connected graph with n vertices and independence

number . Then

S50,.4(G) < \@(n ; a) (n—2)+an—a)/(n—a—12+ (n—2)2
with equality iff G = CS(n,a).

Proof. Since G is a simple connected graph with n vertices and independence number a.
By Lemma 2.20, we have

S0,04(G) < 50,4(CS(n,a)) = \/é(";“) (n—2)+an—a)y/(n—a—1)2+ (n—2)2,
with equality iff G = C'S(n, a). |
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2.6 Simple graphs with given clique number

Theorem 2.27 Let G be a simple graph with n vertices and clique number w. Then

V2 (1 3
SO0,ea(G) > - (E +2m@2n—1)—n ) ,

with equality iff G is a k-regular graph and w = 21

Proof. Since G is a simple graph with n vertices and clique number w. Then Z,(G) >

dmn + Z—z —n® with equality iff G is a regular graph of degree k and w = Lo (see [15]).

Combine with Lemma 2.7, the conclusion holds. | |

2.7 Nordhaus—Gaddum-type results

Theorem 2.28 Let G be a simple graph with n vertices. Then

gn{QLgJZfZ(nfl)LgJ +(n—=2)(n—1)} < SOea(G)+S0,ea(G) < gn(nfl)(anL

with left equality iff G is a | §]-regular graph, right equality iff G = K,, or G = K,.

Proof. Since |E(G)| + |E(G)| = (2) and v/(d; — 1)2+ (d; — 1)2 < v2(n — 2) for i ~ j in
G or G. Thus SO,.4(G) + SO,.a(G) < (2)V2(n — 2) = “Zn(n — 1)(n — 2), with equality
iff G2 K, or G=K,.

On the other hand, we have SO,¢4(G) = > \/(d; — 1)2+ (d; — 1) > g S(d; — 1)+

inj inj
(d; — 1)) = 2 32(di — 1)(d; = 1). And SO,ea(@) = X /(n—2—d)P T (n—2—d;)° >
i=1 i
L [(n—2—d)+(n—2—d;)] = L zl:(n—Z—d,;)(n— 1—d;). S0 80,e4(G)+50,.4(G) >

i~j =1
L2 S (di—1)(di— 1)+ (n—2—d)(n—1—d3)] = Y2 S22 —2(n—1)di+ (n—2)(n—1)] >
=1 i=1
?n{QLgJZ —2(n—1)|5] + (n—2)(n — 1)}, with equality iff G is a |} |-regular graph. B

3 On the reduced Sombor index of molecular graphs

A molecular graph is a graph with maximum degree at most 4. Cruza et al. [5], considered
the Sombor index of molecular graphs. In the following, we obtain the extremal molecular
graphs with respect to reduced Sombor index. Let G be a molecular graph. Denote by

n, the number of vertices of G with degree z, m,, the number of edges connecting a
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4
vertex with degree z and a vertex with degree y. Thus, n = > n;. Let P = {(z,y) €
i=1
NxN:1<x<y<4} thenn= 3 ’%yyfm%y. Reduced Sombor index can be writed
(z,y)eP
as SO,.4(G) = > (=124 (y — 1)% myy.

(z,y)eP
Theorem 3.1 Let G be a molecular graph with n vertices. Then
50,4(G) < 6V2n,
with equality iff G is a 4-reqular molecular graph.
Proof. For convenience, we denote Q@ = {(z,y) € P : (z,y) # (4,4)}. Since n =
Ehmgy, then myg = 2(n— 35 =Hm, ). From the definition of reduced Sombor

(zy)epr - (z9)€Q
index, we have

S0,eq(G) :3\/§m44 + Z V(e =12+ (y—1)2my,

(z,y)€Q
T +y
=6v2 - T —1)2 —1)2 T
V2 [n Z o Myy | + Z V(e =12+ (y —1)%myy,
(zy)€Q (z,y)€Q

=6Von+ Y ( (x71)2+(y71)276\/§x;y) My

(z,y)€Q

=6v2n+ Y ( (m—1)2+(?}—1)2—6ﬁ$2y

Z
(z,y)eP

) Mgy < 6v2n .

with equality iff \/(z —1)2+ (y —1)2 = 6\/5% for (z,y) € P, then (z,y) = (4,4), ie.,

G is a 4-regular molecular graph. |

The minimum reduced Sombor index of molecular graph is obvious.

Theorem 3.2 Let G be a molecular graph with n vertices. Then
0, if n=0(mod 2);
SOTEd(G) 2
2, if n=1(mod 2).
And SO,eq(G) = 0 with equality iff G = 5P, SOpea(G) = 2 with equality iff G =
=3Py U Ps.

By Lemma 2.2 and 3.1, we have the following result.
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Theorem 3.3 Let G be a connected molecular graph with n vertices. Then
V2(n = 3) +2 < 80,.(G) < 6V2n,
with left equality iff G = P,, right equality iff G is a connected 4-regular molecular graph.

Deng et al. [10] obtain the maximum value of the reduced Sombor index and the
corresponding extremal graphs for all molecular trees. Let CT,, be the set of molecular
trees with n vertices.

Lemma 3.4 [10] Let T € CT,, n > 5. Then
(2+V2)n+2—5V2, n = 2(mod 3);
SO(T) <4 (2+V2)n+1+3V13-13v2, n=1(mod 3);
2+ \/§)n +2V10 — 9v/2, n = 0(mod 3).

(0] @ 3
Figure 2: Three types of maximum molecular trees.
The corresponding maximum molecular trees are depicted in Figure 2.
If n = 2(mod 3) (n > 5), the maximum molecular trees are (1) of Figure 2.
If n = 1(mod 3) (n > 13), the maximum molecular trees are (2) of Figure 2.

If n = 0(mod 3) (n > 9), the maximum molecular trees are (3) of Figure 2.

Exponential reduced Sombor index is defined as

eSOrad(G): Z eV (du=1)2+(dy~1)%
weE(G)

We conjecture that the maximum molecular trees of exponential reduced Sombor index

and reduced Sombor index are the same.
Conjecture 3.1 Let T € CT,, n>5. Then
2(n+1)e* + %(TZ*5)€3\/§7 n = 2(mod 3);
e*%rea(T) < 1(2n+1)e® + 1(n — 13)eV2 4 3¢VB, n = 1(mod 3);

2ne® + i(n— 9)e3V2 4 2¢V10, n = 0(mod 3).

The corresponding maximum molecular trees, also see Figure 2.
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4 The expected values of reduced Sombor index in
random polyphenyl chains

Random network theory is an important part of network science. In recent years, there
are many results about the extreme values of topological indices of random molecular
graphs, such as [24,28,32,34,39] and references cited therein. The polyphenyl chains are
special molecular graphs. A polyphenyl chain PPC), with h hexagons can be regarded as
a polyphenyl chain PPC}_; with h — 1 hexagons to which a new terminal hexagon Hj
has been adjoined by a cut edge. For h > 3, the terminal hexagon Hj can be attached
in three ways, which results in the local arrangements, we describe as PPC}, PPC2, and

PPC3, respectively, see Figure 3.

PPC,! PPCy? PPC;?

Figure 3: The three types of local arrangements in polyphenyl chains.

Suppose that the change from PPC},_; to PPC}, is a random process. The probability
from PPC}_1 to PPC), is p1, p2 and 1 — p; — po, respectively, see Figure 3. p;, p are
constants, irrelative to h. Thus, the process is a zeroth-order Markov process. With
associating probabilities, such a polyphenyl chain is called a random polyphenyl chain.
We denote it by PPC/(h;p, p2).

Denote by M; = PPC(h;1,0) the polyphenyl meta-chain, O, = PPC(h;0,1) the
polyphenyl orth-chain, P, = PPC/(h;0,0) the polyphenyl para-chain, respectively.

Recall that m,,(G) is the number of edges connecting a vertex with degree z and a

vertex with degree y in G. Thus
50,ca(PPC) = V2my2(PPCy) + V5mys(PPCy) + 2v2ms 5(PPC),).

Denote by Ej, = E[SO,eq(PPC(h;p1,p2))] the expected values of reduced Sombor index
of random polyphenyl chain PPC(h;p;,ps2). In the following, we determine Ej,.

Theorem 4.1 Let PPC(h;p1,p2) (h > 2) be a random polyphenyl chain. Then
Ep, = [(3V2 — 2V5)ps + 4(V2 + VB)|h 4+ 2(2V5 — 3v2)ps + 2(V2 — 2V/5).
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Proof. When h = 2, then Ey = E[SO,.4(PPC(2;p1,p2))] = 10v/2 + 4/5.
When h > 3, moo(PPC)), mos(PPCY), ms3(PPC),) depend on the three possible
constructions(see Figure 3).

Case 1. PPC),_; — PPC}, with probability p;.
TnQ’Q(PPC}L) = mgyg(PPChfl) + 27
mz)g(PPC}lt) = mZ,S(PPChfl) -+ 47
m;;;(PPC,%) = m3’3(PPC}L_1) + 1

Thus, SO,eq(PPCE) = SO,ea(PPCh_1) + 4(v/2 + V/5).
Case 2. PPC),_; — PPC?, with probability ps.

mQQ(PPCﬁ) = mzyg(PPChfl) + 3,
ma3(PPC}) = myz(PPCy_1) +2;
m;;;(PPCf) = mg,g(PPCh_l) =+ 2

Thus, SO,eq(PPC?) = SOyeq(PPCl_1) + Tv/2 4 21/5.
Case 3. PPC),_; — PPC}, with probability 1 — p; — ps.

mQ’Q(PPCE) = mZ’Q(PPC}L_l) + 2,

TTLQ’:;(PPCS) = TTLng(PPCh,]) + 47
m3)3(PP02) = TTL3,3(PPCh,1) + 1.
Thus, SO,eq(PPC}) = SO,ea(PPCh_y) + 4(v/2 + V5).
Thus, Eh = E[SOred(PPC(h,pl,pg))] = plsO,Ed(PPC',IL)+p2SOred(PPCZ)+(1—pl—
P2)SO0,ea(PPC}) = SO,ea(PPCh_1) + (3v/2 — 2V/5)ps + 4(V2 + V/5). Since E[E}] = Ey,
then

By = B+ (3V2 — 2V5)py + 4(V2 + V5).

Since above equation is a first order constant coefficient linear difference equation, we

can easily get Ej, = [(3v/2 — 2v/5)p2 + 4(vV2+V5) A +2(2v5 — 3v/2)ps +2(v2 — 2/5). B

Recall that M), = PPC(h;1,0) is the polyphenyl meta-chain, O, = PPC(h;0,1) is
the polyphenyl orth-chain, P, = PPC/(h;0,0) is the polyphenyl para-chain. By Theorem

4.1, we have
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Corollary 4.2 The reduced Sombor index of My, O, and Py, are
S50,0a(04) = (732 + 2v5)h — 4/2;
SOred(Mh) = SOrcd(Ph) = 4(\/§+ \/g)h - 2(\/§ - 2\/5)

Corollary 4.3 Among all polyphenyl chains PPC},, we have
(TV2+ 2V5)h + 4V5 — 6v/2 < SO,0a(PPC)) < 4(V2 +V5)h — 2(V2 — 2V/5),
with left equality iff G = O, right equality iff G = Pp, or G = M,

Denote by PCj, the set of all polyphenyl chains with h hexagons. The average value
of reduced Sombor indices among PC}, can be characterized as
SO (PCh) = o c | > 80,lG).
bl Gepe,
Since each element in PCj, has the same probability of occurrence, we have p; = ps =

1—p1—p2 = % Then we have

Theorem 4.4 The average values of reduced Sombor index among PCy, is

We find that the average values of reduced Sombor index with respect to { My, Oy, Pp.}
are SO;-ed(Mh)-*-SOrgz(@n)+SOm1(7’h) — 2(3\/5_;'_ 2\/5)h _ g\/g = 5040, (PCy).

The expected values of (reduced) Sombor index for random hexagonal chains, random

phenylene chains can be obtained by a similar method.

5 Applying reduced Sombor index to graph spectrum
and energy problems

5.1 Reduced Sombor spectral radius and energy of simple graph

Let G be a simple graph, the adjacent matrix A(G) is defined as

1, wiu; € E(G);
(A(G))i; =
0, others.
Let the eigenvalues of A(G) be A\(G) > X\(G) > --- > A, (G) and A\ (G) is the spectral

radius of G. The energy of G is defined as E4(G) = Z [Ai] (see [19]). The energy

levels of the electrons in the molecule represent the ugcnvalucb of the graph. The energy
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of graphs has a wide range of applications in science and engineering, such as satellite
communications, face recognition, processing of high-resolution satellite images, etc.

The reduced Sombor index is defined as SO,ea(G) = 3 /(di — 1)2 + (d; — 1)

uiu;€E(G)

Similarly, we propose the reduced Sombor matrix

\/(dz — 1)2 + (d] — 1)2, ’LL,L'U]' c E(G),
0, others.

(5n(G))is = {

Let the eigenvalues of S,.(G) be u1(G) > us(G) > -+ > p1,(G), and p1(G) is the reduced
Sombor spectral radius of G. The reduced Sombor energy of G is defined as Es(G) =
S Il

Theorem 5.1 Let G be a simple connected graph with n (n > 3) vertices, mazimum
degree A and minimum degree 6. Then
V2(8 = 1)\ < iy < V2(A = 1A,

with equality iff G is a connected regular graph.

Proof. (1) Let X = (21,29, ,x,) be a unit eigenvector of G corresponding to A;. By
Rayleigh Quotient, y1; > X28X = XTS, X =2 Y /(d,— 12+ (d; — 1)2xz; >
uiu €E(G)
2v2(6 — 1) ZE(mmj = V200 - DXTAX = V2(5 — 1)XAX = V/2(6 — 1), with
UUFE o

equality iff d; = d; for all u;u; € E(G), i.e., G is a connected regular graph.
(2) Let Y = (y1,92,-- ,yn) be a unit eigenvector of G corresponding to py. By
Rayleigh Quotient, yy = L5Y = Y78y = 2 > V(di—1)2+(d — 1)y <

YTy

ujuj€E(G)
2V2(A-1) Y yiy; = V2(A - 1));T,A;/ < V2(A = 1))\, with equality iff d; = d; for
uiuj €E(G)
all w;u; € E(G), i.e., G is a connected regular graph. ]

Theorem 5.2 Let G be a simple connected graph with n (n > 3) vertices, m edges,
mazimum degree A and minimum degree 6. R(G), Z,(G) are the Randic index and first
Zagreb index of G. Then

(1) p1 > V2(0 — 1)(d — 2m) with equality iff G is a d-regular graph.

(2) py > @R(G), with equality iff G is a regular graph.

(3) (6 — 1)\/@ < < V2A(A — 1), with equality iff G is a connected regular

graph.
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(4) % <y < (A =1)4/2(2m —n+ 1), with left equality iff G is a connected
reqular graph, right equality iff G = K,.
(5) > %, with equality iff G is a regular graph.

Proof. (1) Since A\ > d — %, with equality iff G is a d-regular graph (see [16]). By
Theorem 5.1, the result holds.
(2) Since Ay > L >\ /did; = @ with equality iff G is a regular graph (see

uiu €EE(G) Y
(16]). By Theorem 5.1, the result holds.

(3) Since % <\ <A, with left equality iff G is a regular or semiregular graph,
right equality iff G is a regular graph (see [36]). By Theorem 5.1, the result holds.

(4) Since % < M < V2m —n+ 1, with left equality iff G is a regular graph, right
equality iff G = K, or G = K, (see [21]). By Theorem 5.1, the result holds.

(5) Since Ay > % (see [11]). By Theorem 5.1, the result holds. ]

Some of the following properties are similar to some other spectral radius and energy,
such as Randi¢ spectral radius and energy, etc. (see [2,38]). For convenience, let F,.(G) =

> [(di—1)*+(d;—1)?]. We first obtain the relationship between the reduced Sombor
uiu;€E(G)
spectral radius gy and F.

Theorem 5.3 Let G be a simple graph with n vertices. Then

2(n—1)F,

)

m <
n

with equality iff G is the graph without edges or a complete graph.

Proof. By Cauchy-Schwarz inequality, we have (3 p1;)? < (n—1)(3_ p2). Since Y p; =0
i= i=2 i=1

=2 i

and iluf =tr(S?) =2 > [(d;—1)*+(d; —1)*] = 2F,, then p? < (n—1)(2F, — 1i3),

g uiuj€E(G)
so iy < 1/%, with equality iff po = pg = -+ = p,. ie., G is the graph without
edges or a complete graph (see Proposition 1 of [38]). | |

In the following, we obtain the relationship between the reduced Sombor energy Es(G)

and F).
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Theorem 5.4 Let G be a simple graph with n vertices. Then

(1) Es(G) < V2nF,, with equality iff G is the graph without edges or all vertices of G
have degree one.

(2) Es(G) > 2V/F,., with equality iff G is the graph without edges or a complete bipartite

graph with possibly isolated vertices.

(3) Es(G) = \/n(n — 1) VD? + 2, where D = |tz -+ ja| = |det(5,(G))]-
(4) Bs(G) = H el

(5) Es(G) = §/BnFy, — (] = [l

(6) Es(G) > /20, —n[3](1 = 1[5 ]) (|| — lual)2.

Proof. (1) By Cauchy-Schwarz inequality, Fs(G) = \/(Z lwil)? < \/le |pil? =
i=1 =1 =1
JnS 2 = o xir(S2) = \/2n > [(di =12+ (d; —1)2] = 2nF,, with left
i=1

uju; €E(G)
equality iff py = |pa] = -+ = |pal, ie., G is the graph without edges or all vertices

of G have degree one (see Theorem 4 of [2], Proposition 3 of [38]).

(2) [Es(G)? = [é il = Zuz +2 3wyl = iu? 20 > payl =

1<i<j<n i=1 1<i<j<n
n n n
SR =2 =S =4 X [(di— 1P+ (d; — 1] = 4B, thus
i= i=1 i=1 wiu  €E(G)

Es(G) > 24/F,, with left equality iff G is the graph without edges or a complete bipartite
graph with possibly isolated vertices (see Proposition 6 of [38]).

(3) We know the fact that for any a; > 0 (i = 1,2,--- ,n), then @oatotta >
Z l1ai 11151

n 7
Yy ay. Thus Zo— > "(n—;‘)/l;“/MWj‘ Y HlWi‘%H) = l_[llml2 =
i#j i= i=
VD2 Then Y |wllp;] = n(n — 1)¥/D?. By the proof of (2), we have [Eg(G)]* =
i#j

2F, + 3 |pil|pjl, thus we have Eg(G) > \/n(n — 1)V D? + 2F,.
i7#j

(4) Since > a? + rRY_b? < (r + R)(X1, aib;), where rb; < a; < Rb;, a;, b; (1 <
i=1

i=1

i < n) are nonnegative real numbers, 7, R are real constants (see [12]). Then > ||| +
=1

il pn Z 12 < (|l + |} (2 Ipil x 1) By proof of (2), we have Zl|m\2 = 2F, and

_Z il = Bs. Thus 2F, + | ||| < (Iim| + |ia|) Es, so Es(G) > 2kl

(5) Since E a; Z b — (E aib)? < (M My — myms)?, where a;, b; are nonnegative
real numbers ]\11 = ma:c1<L<n{az} M, = max1<L<n{b} my = mini<i<p{ai}; me =

min<icn{bi} (see [26]). Thus 313" [l (32 [1l)? < %2 (Ja] ~ pa])2, then 2nF, — F3 <
i=1 i=1 i=1
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2l = )%, L Es(G) 2 51/8nFy = n2([m] = [1al)?.
(6) Since |n > aib; — > a; Y bil <n|2](1— [ 2])(A—a)(B—b), where a < a; < A4,
=1 =1 =

b<b; < B, a;, b; (1 <i<n)are nonnegative real numbers, a, b, A, B are real constants

(see [4). Thuss n 3> plls| = 32 ol 3= ] < 311 = 3131l = [mal) s | = s
By proof of (2), we have Zn: |wi)? = 2F, and ZW:|;L1| = FEg. Thus |2nF, — (Es)? <
n[2](1 = 212 (]| - \un\7):21 By the conclusi(l;llof (1), 2nF. > (Es)®. So Es(G) >
V20— 31 = 22D ] — laal) u

5.2 Sombor energy of the splitting graph

Let G be a simple graph, the splitting graph S’(G) (see [30]) is obtained from G by
taking a new vertex v’ corresponding to each vertex v of G and adding edges between v’
and all vertices of G' adjacent to v. See Figure 4 for example. Rencently, S. K. Vaidya
and K. M. Popat [31] obtained the relationship between the energy of G and the energy
of §'(G), which is E(S'(GQ)) = v5E(G). Here, we obtain the relationship between the
Sombor energy of G and the Sombor energy of S'(G) in the regular graph, which is
Es(S'(G)) = 2Es(G). Without causing confusion, we still denote Es(G) the Sombor

energy of G in this subsection.

Uy

G S(G)

Figure 4: An example for the graph G and its splitting graph S'(G).

Suppose G is a regular graph, then the Sombor matrix S(G) of G is
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Uy Usg us Up,
m 0 VE+&E 3+ V24 d2

us | \/d3+ &3 0 Va3 +d3
uz | V/B+dE B+ dE 0

Va3 + &2

S(G) =

un \ VB +di R+ dy Ay 0
where d; is the degree of vertex u; (1 <i <n) of G.

The Sombor matrix S(S’(G)) of splitting graph S'(G) is

Uy Us U, u) uh ul,
u 0 VE+13 NGER 0 VEFE o B2
uy | V3413 0 Vi 42 13+ 172 0 13+ 172
u | VE+E R+ 0 VR 2 0
) 0 VIE+E N 0 0 e 0
uy | 1R+t 0 VI +12 0 0 0
up \ 2+ 2+t 0 0 0 0

where ¢; = 2d; is the degree of vertex u; (1 < i < n) of S'(G), t; = d; is the degree of

vertex u; (1 <i<n) of S'(G).

Thus,
25(G 35(G
sy~ | @ V@
55(G) 0

The Sombor spectrum of S'(G) is

2 2=y,
n n
where u; (1 <14 < n) is the eigenvalue of S(G) and HTMM are the eigenvalue of
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Thus,

Qif

Z

i 2414 2-14
_ZUH( B + B )

i=1

=2 Z || = 2E5(G)
i=1

In addition, it is easy to know the relationship between the energy and Sombor energy.
If G is a k-regular graph, then Eg(G) = v2kE(G). If G is a (k,t)-semiregular graph,
then Eg(G) = Vk? + t?E(G).

6 Concluding remarks

Owing to the fact that the predictive potential of the reduced Sombor index is slightly
better than Sombor index [27], it is more meaningful to study the properties of the reduced
Sombor index. In this article, we obtain a large number of important properties of reduced
Sombor index. These results could be of some interest to researchers working in chemical
applications of graph theory, random graph theory and spectral graph theory. In the
following, we propose some novel indices.
The exponential reduced Sombor index is defined as
S0rea(@) = Z eV/(du=1)7+(dy—1)%
weE(G)
The reduced Sombor coindex is defined as

= > Vld =17+ (d— 1),

w¢E(G)

The reduced eccentricity Sombor index is defined as

S0.G) = > Ve -1+ (e - 172,

{uv}CV(G)

where €, denotes eccentricity rate of vertex u in G.

Similarly, we propose the reduced eccentricity Sombor matrix

{ \/(51‘—1)2-"-(6]‘—1)2, 17&]1

0, others.

(S(G))y =

Let the eigenvalues of S.(G) be v1(G) > 15(G) > -+ > v,(G), and v (G) is the reduced

eccentricity Sombor spectral radius of G. The reduced eccentricity Sombor energy of G
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is defined as Es.(G) = i, |v|. Any eccentricity-based descriptor can be viewed as
a special case of a eccentricity Sombor-type index. It is, of course, also interesting to

consider the properties of these novel indices, we intend to do it in the near future.
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