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Abstract

The spectrum-based graph invariant £(G), known as (ordinary) energy of a
graph G, is defined by £(G) = 3°1"; |Ai], where A; > Ay > -+ > A, are the eigenval-
ues of G. Recently introduced resolvent energy of a graph is a type of graph energy
based on resolvent matrix and defined by ER(G) = Y% ;(n — A;)~!. The resolvent
Estrada index EE,(G) and resolvent signless Laplacian Estrada index SLEE,(Q)

n — n —
are defined by FE,(G) = (1 - nA:i) 1 and SLEE,(G) = (1 - 27;1"72) 1, re-
spectively, where ¢1 > qo é 1 > qp are signless Laplacian cig;orivalucs of graph G.
Using some classical and recently obtained analytic inequalities we obtain several
new lower and upper bounds for these graph invariants and improve some of the
existing ones. In addition, some relations between the ordinary graph energy £(G)

and the resolvent energy ER(G) are established.

1 Introduction

The topological index of a graph is a graph invariant that represents the number associ-
ated with the graph which correlates its structure. The interest in studying topological
indices is mainly due to their use as one of the fundamental tools in QSPR/QSAR mod-

eling employed in different fields of chemistry in order to describe and predict physical
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properties and biological activities of organic compounds from their molecular structures.
In parallel, graph theory and complex network analysis tools are expanding to new poten-
tial fields of application from molecules to populations, social or technological networks
such as genome, protein-protein networks, power electric power network or internet.

Let G = (V(G), E(GQ)), V(G) = {v1,va,...,0,}, be a simple graph on n vertices and
m edges.

Denote by A(G) the adjacency matrix of G, and by Ay > Ay > --- > X, its eigenvalues.
The (ordinary) energy of graph G is defined as [14]

£(G) :Zm.

This graph invariant was introduced in the 1978, and since then hundreds of papers have
been published concerning its chemical and mathematical properties. Due to the success
of the concept of graph energy, a number of other ”graph energies” have been introduced,
based on different matrices associated with graphs. The most important properties of
graph energy can be found in the monographs [22] and [19], and the references cited
therein.

For a square n x n matrix M with eigenvalues Aj, Ao, ..., \,, its resolvent matrix,

denoted by Ra(z), is defined as [24]
Ru(2) = (2L, — M),

where [, is the unit matrix of order n, and z is a complex variable which is different from
eigenvalues of matrix M.
Recall that spectral norm of matix M is defined as || M|| = max|);|. For any symmetric
7

matrix M and |z] > ||M

, the resolvent matrix Ry (z) exists and ||R(2)]] < m
Having in mind that all eigenvalues of n-vertex graph satisfy the condition A; <
n—1,47=1,2,...,n, [6], in paper [18] it was proposed to choose z = n. Thus, the

numbers 0 i = 1,2,...,n, represent eigenvalues of matrix R4(n) = (nl, — A)~*

_ .
and det(R4(n)) = 1_1:[1 n—X\

By analogy with ordinary graph energy, the resolvent energy of graph G is defined
as [18]

7
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Article [18] provides some interesting properties of ER(G) related to the definition of

ER(QG) via spectral moments and characteristic polynomial of a graph such as

1 My (G
ER(G)=~3 Z(k ),
k=0

k
where My,(G) = Y. M\, k=0,1,2,... is the k-th spectral moment of G’ which is equal to
i—1

the number of seif—returning walks of length &, and

- 262

where ¢(G, z) is the characteristic polynomial of the graph G.
Notice that the resolvent energy belongs to a general class of cumulative vertex cen-
trality measures based on closed walks [11]. The mention class of functions contains graph

invariants of the form

o0
P(G) = aMi(G),
k=0
with the sequence of positive real numbers c¢q, 1, ... chosen such that Maclaurin series

i cra® converges to some function f(z).
= Some bounds for FR(G) in terms of parameters n, m and ng, where ng is the nullity
of a graph, have also been obtained in [18]. Additional properties of ER(G) can be found
in the recent papers [1], [10], [13], [31]. Recently, in the paper [32] several new bounds for
ER are obtained.

The resolvent Estrada index of a graph, put forward by Estrada and Higham in [11],

is defined as

s -3 (1- )

=1

The resolvent signless Laplacian Estrada index [16] is defined as

n -1
SLEE,(G) =Y (1 o 2) :

i=1

where q; > ¢2 = --- > q, are signless Laplacian eigenvalues of a graph. These graph
invariants are defined for all graphs on n vertices except for complete graph K.
Analytic inequalities plays an important role in obtaining and improving bounds for
many spectrum-based graph invariants.
Using some classical and recently obtained analytic inequalities we estimate ER(G)—1
and ER(G)—det(Ra(n)). By using these results we obtained some new bounds for ER(G)

in terms of n, m, Ay, A, and det(R4(n)).
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In the same manner we obtain new bounds for ER(G), and upper bounds for EE,(G)
and SLEE,(G), which are stronger than upper bounds previously reported in the litera-
ture.

In addition, we establish some relations between ordinary and resolvent graph energy

which are of significant interest due to the paper [28].

2 Preliminaries

In this section we recall some analytic inequalities for real number sequences that are of
interest for the subsequent considerations. In addition, we prove an equality that will be
used in the rest of paper.

Lemma 2.1. 23] Let a = (a;) and b = (b;), i = 1,2,...,n, be two sequences of non-
negative real numbers of the same monotonicity and p = (pi), i = 1,2,...,n sequence of

positive real numbers. Then

sz‘ Zpi(libi > Zpiai sz‘bi» (1)
=1 =l =1 i=1

Equality in (1) holds if and only if a1 = ay =---=a, orby =by =+ =Db,.
Lemma 2.2. [23,29] Let a = (az) and p = (pi), i = 1,2,...,n, be two sequences of

positive real numbers such that Zp, =land 0 <r <a; < R<+4o00,i=1,...,n
i=1

r,R € R. Then

n n

Pi
L L

sza,+rRZai_r+R, (2)

i=1 i=1 ’
with equality if and only if R=a1 =as =---=a, =1 or R=a; =ay =--- = a, >
g1 =+ =ap,=r, for somek, 1 <k <n-—1.

Lemma 2.3. [26] Let a = (a;) and p = (p;), i = 1,2,...,n, be two sequences of positive
n

real numbers such that > . p; =1 and 0 <r < a; < R < 400, i=1,...,n, R € R.
i=1

Then

szaz o <\/ 7 ) ®)
The equality holds if and only sz =a=a=-=a,=T.

Lemma 2.4. 21] Let a = (a;) be a sequence of positive real numbers such that 0 < r <

a; <R<+o0,i=1,...,n,r,ReR. Then

zn:aiaig 1+ a(n) (\/?—\/;)2 n?, (4)
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where a(n) = | 7] (1_%@) :1(1_%)_

The equality holds if and only if R=ay =ay =---=a, =r or R=a, =ay = --- =
g > Qg1 = =a, =7, fork=|%].

Lemma 2.5. [3,23] Let a = (a;) and b = (b;), i = 1,2,...,n, be two sequences of real
numbers such that a < a; < A< +oo andb<b; < B< +o0,i=1,...,n, a,b,A, B €R.
Then

< n*a(n)(A —a)(B —b), (5)

niaibi - iaiibi
=1 =1 =1
where a(n) = % {SJ (1 - % {SJ) = i (1 - %)

The equality holds if and only if a; = as = -+ =a, orby =by = --- =b,.

Lemma 2.6. [5] Let a; > ag > -+ > a, > 0 be real numbers. Then

S on (H) > (Jar - v (©)

with equality if az = az = -+ = ap_1 = \J/a10y.

Lemma 2.7. [25,30] Let a; e R*,i=1,...,n. Then

(nl)ZaiJrn(Hai) ><Z\/a> >Zai+n(n1)(Hai>n_ (7)

FEqualities on both sides of inequalities (7) hold if and only if a1 = as = -+ = ay.
Lemma 2.8. [2,27] Let © = (x;) be a sequence of non-negative and a = (a;), i =
1,2,...,n, a sequence of positive real numbers. Then, for any r > 0, holds

x x Zn,
Equality is attained if and only if 2=
ay az Qp
Two sequences of real numbers a = (a;) and b = (b;),i = 1,2,...,n, are said to be of
similar monotonicity if and only if for each pair (4,7), 4,5 = 1,2,...,n, the pairs (a;, a;)

and (b;, b;) are similarly ordered, i.e., it holds (a; — a;)(b; — b;) > 0.
LCtI:{1727...7n}7(7k:{il,iQ,...,Z‘k},e]k ClLl<ig<ig<---<ip<n 0<k<
n—2, Jo=0, be index sets and I,,_ = I — Jy, where I,, = I, I, = {1,n} and I, = {1}.
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Denote by a = (a;) and p = (p;) two sequences of non-negative real numbers. A
weighted mean of order r of a sequence a = (a;) with respect to a sequence p = (p;) is
defined as .

%Pi@f v
M, (a,p;I) = S

i€l

Lemma 2.9. [17] Let a = (a;) and b = (b;), i = 1,2,...,n, be two sequences of non-
negative real numbers of similar monotonicity, and p = (p;),i = 1,2,...,n, a sequence
of positive real numbers. If the pairs (Mi(a,p;I — I3), Mi(a,p; I2)) and (My(b,p; I —
L), My(b,p; I)) are similarly ordered, then

n n n n (a —a )(b _ b ) n
Z Di Z piaib; — Z pia; Z pibi > Dbl WAL “ Z Pi- (9)
i=1 =1 i=1 i=1

P + Pn i=1
Equality holds if and only if ay = a3 = -+ = ap,_1 = % orby=by3=---=b,_1 =
b1 + by,
2

Lemma 2.10. [6] A graph has one eigenvalue if and only if it is totally disconnected. A
graph has two distinct eigenvalues Ny > Ao with multiplicities my and ms if and only if it
consists of my complete graphs of order Ay + 1. In that case, Ay = —1 and ma = mi\;.
Remark 2.1. In paper [7] it was proved that the same is true in the case of graphs with
at most two different signless Laplacian eigenvalues.

At the end of this section we prove one useful equality needed for further considera-
tions.
Lemma 2.11. Let G be an n-vertex graph with eigenvalues Ay > Ao > -+ > \,. Then

n 2

> Al =n?(ER(G) — 1). (10)

—n — )\
i=1

Proof. Using the fact that Z A; = 0, we obtain

i=1
9 o= 1 "1 ” 1 1
n(BRG) —1) = n 2717/\-725 :nz n—X\ n
i=1 g i=1 i=1 v
= Ai "N(n? = nX) + nA?
_ 2 3 _ i i i
- n;nzfn)\i_; n% —n\;

n n n)\? B n )\;2
- iz:;/\i+izzl:”("*)\i) _;nf)\i'
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3 Some new bounds for the resolvent energy,
resolvent Estrada and resolvent signless
Laplacian Estrada indices

It was proved in [18] that FR(G) > 1, with equality if and only if G & K,. We now
prove the following result.

Lemma 3.1. For any real number k, such that >k > (det Ru(n))w, the following

n—An

inequality holds

(11)

det Ra(n) =
— :

ER(G) > k+ (n—1) (
Proof. Consider the function (in variable )

1
det ’RA(n)) a1 >0,
x

@) =+ 0=1)

det Ra(n) ) =

xrn

ra=1-(

it follows that f(z) is non-increasing function for z > (det R(n))=.

From the geometric-arithmetic mean inequality it is casily obtained that (det R4 (n))=

1 1

ST implying f <detRA(n))Tlx> <f (n — )\1).

Using the geometric-arithmetic mean inequality we obtain

1 1_"[ 1 Lil
1 1 detRa(n) \ "' 1 o

I =—F—+Mmh-1) %(”) = +(n-1)| =5 =

Tl*)\l 'ﬂ/*)\l Y nf)\l Y

n—A1 n—A1L

1 - 1 o 1 "1
=t (H (n—/\,)> Sn_)\l-i-zzn_/\i:ER(G).

i=2 i=

1

>k > (det R4(n))=, it holds

Thus, for any real number k, such that
n— A1

ER(G)Zf( ! )zf(k)zf((detm(n))%),

n—\
wherefrom we obtain the inequality (11). |
Remark 3.1. Since f (det RA(n))i) = n(det RA(n))%, from (11) it can be concluded
that

ER(G) > n(det R(n))7. (12)
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Equality holds if and only if G =2 K,. The inequality (12) can also be proved by using the

geometric-arithmetic mean inequality.

n
> —————. Besides, by using the inequality

2m
As > it holds tha
S A > " [6], it Odbtdtnf)q’nzme

2m(2n — 1)
E <l4+——F——"=
R@) <1+ n2(n? —2m)’
proved in [18], it can be concluded that

n?(n? —2m) + 2m(2n — 1)
n3(n? — 2m)

(det Ra(m))* < ~ER(G) <

n%(n® — 2m) + 2m(2n — 1)

In addition, it is easy to verify that (07 — 2m) S e implying
1 n 1
_ > > .
P W T (det Ra(n))
1 1
Remark 3.2. Since P ﬁ > (det Ra(n))n, for k = p— and k =
%, respectively, from (11), the following inequalities are obtained
n? —2m
ER(G) 2 ——+(n = 1)~ ((n— X)) det Ra(n)) =1, (13)
n—a
n n? —2m =
Theorem 3.1. Let G be a simple graph on n vertices. Then
1 1
ER(G) > 1+ —|det A|# (det R(n))7. (15)
n

Equality holds if and only if G =2 K,,.

Proof. Using the geometric-arithmetic mean inequality and relation (10), we obtain

n 2 n 2 %
n*(ER(G)—1) =Y Al >n<H Al ) = n|det A|7 (det R a(n))x.

= n— i el i
A2 A2 A2
Equality is attained if and only if L= 2 —...= " wherefrom it can be
n—XAN n—>A n— A, .
easily verified that A\; = Ay = --- = ), and consequently, by Lemma 2.10, G = K,,. R

In the next theorems we establish some lower and upper bounds for ER(G) — 1 and
ER(G) — n(det R(n))» which depend on parameters n, A, A, and det R4(n). These
results lead straightforwardly to some new lower and upper bounds on resolvent energy

of a graph.
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Theorem 3.2. Let G be a graph on n vertices, n > 1, with eigenvalues \y > Ay > -+ >

M. Then )
(\/n— n—\/n—)\l)

ER(G) — n(det Ry(n))= > EESwIAN (16)
ER(G) — n(det Ra(n))* < n?a(n) - (V= —vn=X) (17)

(n—A1)(n—A\,)

w38 (13 3]) 1 (1- ).

FEqualities in both (16) and (17) are attained if and only if G is an empty graph.

1
Proof. Lower bound (16). The proof follows from inequality (6) for a; = i =
n

Upper bound (17). For a; = b; =

1
, by inequality (5) we obtain
n—Ap

= 1,..m A=B= —
TL—)\i77/ l " \/n—)\l'

ER<G>—3L<Z nlx-) st

Using the left-hand side of the inequality (7) we get

(Vn =X, —vn—X\)?
(n=M)n—X)

ER(G) < % ((n — 1)ER(G) + n(det RA(’N,))%> + na(n)

and the proof follows.

By Lemma 2.6, the equality in (16) is attained if and only if 7171—)\2 =1 =...=

n—>As

n—){nq =,/ (nf)\l)l(nﬂ“), that isifand only if o = A3 =--- = Xpm1 =n—+/(n — A1) (n — A\n).

If Ay = Ay, then n — y/(n— A1)(n— A,) = A, implying Ay = Ay = --- = A,. Conse-

quently, by Lemma 2.10, G is an empty graph.

If A\, < A1 then G has three distinct eigenvalues

{Al, [n N/ Y An)]H,An} .

Asn—/(n—A)(n—A\,) > 0, the latter case is impossible, since then |A,| > A;.
Equality in (17) is attained if and only if Ay = Ay = --- = A, and consequently, G is
an empty graph. |

Remark 3.3. The lower bound (16) is better than the lower bound (8) from [32].
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Theorem 3.3. Let G be a graph on n vertices, n > 1, with eigenvalues \y > Ay > -+ >
M. Then

(Al - )\n)Q

(M= An)? S ER(G) -1 alm) e 5

(m=A)n—=A)2n— A —\,) — -

1n 1n 1 (=)™t +1
wnere = [5] (13 [5]) = 3 (1= S5 ).
Equality at the left-hand side of (18) holds if only if and only if G = K,,, and equality
at the right-hand side of (18) is attained if and only if G = K,, or (provided n is even)
G=3K,.

(18)

Proof. Lower bound in (18). Left hand-side of (18) is obtained from (9) for p; = n—X;, a; =
bi =

n_)\i,izl,Q,...,n.

Upper bound in (18). For a; =
n

inequality (4) transforms into

and the proof follows.

Equality at the left-hand side of (18) is attained if and only if n+)\2 = nj)\z =... =
ST
— = =& T Using the similar arguments as in the proof of Theorem 3.2, it is
n—Apn—1 2

concluded that G = K, or G has three distinct eigenvalues

n—2
_ 2
W R ETERY )} "

AtAn
2 4(n — 1T

The latter case is impossible since 2152 4 40177’\”)2 > 0, implying |\, | > Aq.

(n—212m)
. L . . : . P
Equality at the right-hand side of (18) is attained if and only if N e, ==
1 [ R S | _ .
morm—m—---—mZm—---—mfork— [5]. By Lemma 2.10,
in the first case G = K, and in in the second case (provided n is even) G = 2K, |

Theorem 3.4. Let G be an n-vertex graph with eigenvalues Ay > Ao > -+ > \,. Then

A
ER(G)—1< R CETw e (19)

Equality is attained if and only if G =2 K, or G = kK, for some k and s, 1 <k <n—1,
such that n = ks.
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1 1
Proof. In Rennie’s inequality (2) we choose a; = =1, = =
. ) n— A\ n— A
o X D= o Then
Z* +7RZ + !
n n-—»Xx Pl An o m— A

ie.,

1 1 1 - 2” - )\1 - ATL

~ERG)+ ———— - — ) <

R PRE) + (n=Ax)(n—A) nz(” )< (n—An)(n— )

i=1
n

As > (n — ;) = n?, the last inequality can be transformed into
i=1

1 n 2n — A\ — A\,
R T W) P WP B
which straightforwardly leads to the upper bound in (19).
Equality in (19) is attained if and only if n+>\1 = nl—)\z =...= nj)\n or ﬁ = nj/\z =
= 2 ﬁk“ == = forsome k, 1 <k <n—1. In the first case G = K,,

while in the second case G = kK, for some k and s, 1 < k <n—1, such that n =ks. A

Theorem 3.5. Let G be a graph on n wvertices, G # K,, with eigenvalues \y = Ny >

> A\, and signless Laplacian eigenvalues q1 = q2 = -+ 2 qn. Then
(a) e
BE(G) Sn+aln) - 7= l’i(;l)*(n 1)1 oWt (20)
and
" (n—1) (61 —an)*
SLEE,(G) < nil (1+a — 27(]1)(2’7‘% 27%)), (21)

1 1 1) 41
where a(n) = - {gJ <1 - ﬁ ) =1 ( 2n2 ) .
if G

Both equalities are attained zf tmd only if G = K, or (provided n is even, n > 2) G = K.

—1 -1 -1
Proof. (a) Setting a; = #_)\iﬁ: 1,2,....,n, R= nfl—/\l’T: n—nl—)\n’ the

inequality (4) transforms into

TL()\] — )\n)2

EET(G) < TL+CY(”) : (71,* 1— /\1)(77,7 1-— )\n)7

n 1 n 1
where we used that >, — =" (1 — 71,\L) =n.
i i=1 n—

i=1 Qi



2n — 2 2n — 2 2n — 2
b) Letting a; = ————, i = 1,2,...,n, R = T = ,
(b) Letting a 2n—2—gq; ! ’ T 2n—2—q1'r 2n —2 —qy,

inequality (4) transforms into

the

n?(n —1) (¢ — qn)?
SLEE.(G) < —————— [ 1+a( -
it )\n(nfl)fm( Jﬂl(”)(?n*Q*91)(272*2*%))7
n o1 n 1 2 1
where we used that 1; a—i = Z; (1 — m(ﬁ =n- Qnrj 5= n-— nlf 1

According to Lemmas 2.4 and 2.10 and Remark 2.1, in both relations (20) and (21),

equalities are attained if and only if G = K, or (provided n is even, n > 2) G = 5. A

Remark 3.4. The upper bound (20) is stronger than previously reported upper bound
from [16, Lemma 3.6, (5)] and the upper bound (21) strengthens the upper bound from [16,
Lemma 4.10 (5) ], since a(n) < 3.

4 Relations between ordinary and resolvent graph
energy

Determining the connection between different types of graph energies is a very interesting
and important problem in chemical graph theory. In recent papers [8], [4] and [9] some
relations between ordinary, Randi¢ and Laplacian graph energy were established.

In the paper [28] the authors provide some experimentally obtained relations between
ordinary and resolvent graph energy of trees.

In the sequel we obtain some relations between ordinary and resolvent graph energy

of general graphs.

Theorem 4.1. Let G be a simple graph of order n with m edges. Then

(@) (ERl(G) 4= Alig” - A")) <2m(2n — A — ). (22)

Equality holds if and only if G =2 K,,.

2

A2
Proof. For p; = 2—’, a;=n—X\,1=1,2....,n,7r=n—\; and R = n— \,, the inequality
m

(2) transforms into

Z HCEPYECEPHICEPNDY AiAv <2m2n — A — An). (23)
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1
From inequality (8), letting r = 1, x; = |\, a; = . i =1,2,...,n, we obtain
n—A;
the inequality
n 2
(5
P e
- sin—N
that is
- &(G)
N(n—=\) > . 24
> oA =22 iy (2)
Forr=1,z; = |\, a; =n— X\, i =1,2,...,n, the inequality (8) transforms into
" 2
n >\l
3 A} (1=z:1 | |>
Snh Sn—=XN)
i=1
ie.,
LY EXG)
> 25
— n—2>XN _  n? (25)

Now, the inequality (22) follows from inequalities (23), (24) and (25).
Equality is attained if and only if equalities hold in (23), (24) and (25). Having in
mind Lemmas 2.2 and 2.8, it is easy to conclude that these conditions are satisfied if and

only if graph G has exactly one eigenvalue, that is when G = K. |

Corollary 4.1. Let G be a simple graph of order n with m edges. Then
£2(Q) < <2m(2n A= A — n(n — M) (n— Ag)| det Al% (det RA(n))%) ER(G).

Equality holds if and only if G =2 IK,,.

Proof. Using the geometric-arithmetic mean inequality we obtain

1
n /\2 n )\2 n
i > i _
Z_A_n<H_A> | det A

i=1

2
n

(det Ru(n))w.

By the last inequality and inequalities (23) and (24), we obtain the required result. W

Corollary 4.2. Let G be a simple graph of order n with m edges. Then

£(C) < n? (Qm(Zn — A = A) det Ry (n)w — ndet A|%)
i (n = An)(n = Ay)(det Ra(n)) = '

Equality holds if and if G = K,,.
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Proof. As it holds
n n % )
S - )z ([ ay | = el
i=1 i=1 (dct RA(n))Z

having in mind the inequalities (23) and (25), the required inequality is obtained. |

Corollary 4.3. Let G be a simple graph of order n with m edges. Then

£(G)

FRC) +n%(n — M) (n— M) (ER(G) —1) < 2m(2n — A\ — \y), (26)

with equality if and only if G = K.

Proof. Relation (10) and inequalities (23) and (24) imply the required inequality.
Equality is attained if and only if equalities hold in both (23) and (24). By Lemma

2.2, equality in (23) holds if and only if Ay = Ay = -+ =X, or Ay = dg = -+ = A\ >

Aos1 = - = A, for some k, 1 < k < n — 1, implying that G = K, or G = kK, for some

kand s, 1 <k <n—1,such that n = ks. Since equality in (24) is attained if and only if

[Al(n—=A1) = |[A2|(n—X2) = -+ = [A\|(n— A\y), it is easily concluded that equality holds

in (26) if and only if G is an empty graph. |

Corollary 4.4. Let G be a simple graph of order n with m edges. Then

E(G) < n*/ER(G) -1, (27)

with equality if and only if G = K ,,.

Proof. The inequality (27) follows directly from (10) and (25). Equality in (27) holds if

and only if % = % == %, wherefrom it is easily concluded that A\; = Ay =
<= A\p, le., G is an empty graph. |

Remark 4.1. Let G be unicyclic and bipartite graph of order n. Bearing in mind that
for unicyclic graph holds m = n, using the inequality (27) and

2m
E <l+——r, 2
RG) S 142 (28)
from [18] we get the upper bound
2n3
< ,
£0) < 2 (29)

which is stronger than the upper bound (3) from [20] in the case of unicylic graphs.
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Theorem 4.2. Let G be a simple graph of order n with m edges. Then

n?m2(2n — M\ — \)2ER(G)

40 < (n—)(n — An)

(30)

Equality holds if and only if G = K,,.
22

Proof. For p; = 2—’, aG=n—XN, R=n—-XA,,r=n—XA,i=12..., n, the inequality
m

(3) transforms into

- DY m2(2n — A — A\p)?
A(n =\ L < n 1
; o l)znf)\ T (n=A)(n—=M\) (81)

=1 i
Now, the inequalities (24),(25) and (31) imply the inequality (30).
Having in mind the cases of equality in relations (3),(24) and (25), it is easily obtained

that equality in (30) is valid if and only if G is an empty graph. |

Corollary 4.5. Let G be a simple graph of order n with m edges. Then

m2n — A1 — \,) ER(G)
&(G) < n \/(ER(G) —Dn=A)n-\)’ (32

with equality if and only if G = K.
Proof. The proof follows from (10), (24) and (31). |
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