MATCH MATCH Commun. Math. Comput. Chem. 86 (2021) 363-373

Communications in Mathematical

and in Computer Chemistry ISSN 0340 - 6253

The Steiner Wiener Index of Trees
with Given Bipartition®

Zhonghua Li, Baoyindureng Wu'!

College of Mathematics and System Sciences,
Xingiang University, Urumgi 830046, P. R. China
baoywu@163.com

(Received January 13, 2021)

Abstract
The Wiener index W(G) of a connected graph G is defined as

W(G) = Z da(u,v),

{u,v}eV(G)

where dg(u,v) is the distance between the vertices u and v in G. For S C V(G),
the Steiner distance d(S) of the vertices of S, introduced by Chartrand et al. in
1989, is the minimum size of a connected subgraph of G whose vertex set contains
S. For an integer k > 1, the Steiner k-Wiener index SWj(G) of G, introduced
by Li, Mao, and Gutman, is > gcy (g, 5=k A(5). Cleatly, SW5(G) = W(G) for a
connected graph G. Li, Mao, and Gutman proved that for any tree T,

SWk Z Z m(F nz c)

ecE(T) i=1

Using Vandermonde’s convolution formula, we reformulate it as

SWi(T) = (n—1)( Z [( m(e) (" e))]

ecE(T)

for any tree T of order n. Thereby, we determine the minimum and the maximum
Steiner k-Wiener index of trees with given bipartition. This extends the results on
Wiener index of trees with given bipartition due to Du (International Journal of
Quantum Chemistry 112 (2012) 1598-1605).
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1 Introduction

All graphs in this paper are undirected, finite, and simple. We refer to [2] for graph
theoretical notation and terminology not described here. Let G be a graph. For two
vertices u,v € V(G), the distance d(u,v) = dg(u,v) between v and v is the length of a
shortest path connecting u and v. For more details on this subject, one may see [3,9].
The Wiener index W(G) of a connected graph is defined by

WG = > da(uv).
u,veV(G)
Mathematicians studied this graph invariant since the 1970s in [8]. Information on chem-
ical applications of the Wiener index can be found in [19,20]. The Steiner distance of a
graph, introduced by Chartrand et al. in [5] in 1989, is a natural and nice generalization
of the concept of the classical graph distance. For a graph G = (V, E) and a set S C V,
an S-Steiner tree or a Steiner tree connecting S ( or simply, an S-tree ) is a subgraph
H = (V',E’) of G that is a tree with S C V'. The Steiner distance d(S) among the ver-
tices of S (or simply the distance of S) is the minimum size of a connected subgraph of G
such that S C V(H). It is clear that H must be a tree, and if | S| = k, then d(S) > k—1.

For more details on Steiner distance, we refer to [1,4-6,9,17].

As a generalization of Wiener index, the Steiner k- Wiener indez of a connected graph
G, denoted by SW;(G), was introduced by Li, Mao, Gutman in [11]:
SWu(G) = > d(S).
SCV(G),|S|=Fk

It is clear that for a connected graph G of order n,

SWA(G) = 0, SWa(G) = W(G), SW(G) =n — 1.

For various results on Steiner Wiener index, we refer to a survey paper [14] and [10, 11,

15,16,18).

A bipartite graph G is a graph whose vertices can be partitioned into two disjoint
subsets V1 (G) and V(@) such that every edge connects a vertex in V4 (G) to one in V5(G).
If |[Vi(G)| = p and |Va(G)| = ¢ with p > ¢ > 1, then we say G has a (p, ¢)-bipartition.
Let H(r;z,y) be the tree obtained by attaching z and y pendant vertices, respectively,

to the two end vertices of the path of order r, where r > 1, x > y > 0. For integers p, g
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with p > ¢ > 1, let S(p,q) = H(2;p — 1,q — 1). Obviously, S(p, q) has (p, g)-bipartition.
Du [7] showed that for any tree T with (p, ¢)-bipartition,
where z = {LZH]JJ = Lip‘g“]

In this paper, we extend the above results to Steiner k-Wiener index by showing the

following result for any k > 2: for a tree T with (p, ¢)-bipartition,

where z = [”—’gﬂ],y = \_Lg“j.

2 Minimum Steiner Wiener index of trees

We start with some useful notation. For a graph G = (V(G), E(G)) and an edge
e=uxy € E(G), let

Ni(e) = {u| u € V(GQ),d(u,z) < d(u,y)}, Na(e) = {u| v e V(G),d(u,z) > d(u,y)},

and let ni(e) = |Ni(e)| and no(e) = |Na(e)|, respectively. The k-Steiner transmission
50, (G, v) of a vertex v € V(G),
so(G,v) = Z d(S).
SCV(Q),|S|=k.veS
Lemma 2.1. Let G be a graph obtained from graph Hy and graph Hy by identifying a

vertez v of Hy and a vertex u of Hy. Then

2 k-1
SWk(G) = ZSWk(H1) +ZSO’i+1(H1, SCTk +Zaal+1 H], SO’k,H,](Hz,U).
i i i=1

Proof. Let G be a graph as defined in the statement of the theorem. Let us consider an
arbitrary S C V(G) with |S| = k. One can see that each S can be classified into four
parts:

(I) S CV(H),

(II) S C V(H,),

(IIT) SNV (Hy) #0, SNV(Hy) # 0 and u(v) € S,

(IV) SNV (Hy) # 0, SNV (Hy) # 0 and u(v) ¢ S.
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It is clear that

(1) type-I S contribute SW,(H;) to SWi(G);

(2) type-II S contribute SWy(Hs) to SWi(G);

(3) for type-III S, since u € S, we shall choose k—1 vertices from V (H;)UV (Hy) \ {u}:
i vertices from V(H;) and k — i — 1 vertices from V(Hy), where ¢ run over all elements in
{1,2,...,k — 2}. Hence, such S contribute 352 50,1 (Hy, v)soy_;(Ha, u) to SWi(G) in
all.

(4) for type-IV S, since SNV (H,) # 0, SNV (Hy) # 0 and u(v) ¢ S, we choose k
vertices except u(v): i vertices from V' (H;) and k—1i vertices from V (H,), where ¢ run over
all elements in {1,2,...,k—1}. Hence, such S contribute SWj(G) by Zi:ll s0;11(Hy,v)s
Og—it1(Hz2,u) in all.

Summing up the above, we arrive at our conclusion. |

Corollary 2.1. Let G, H be two nontrivial connected graphs withu,v € V(G), w € V(H).
Let GuH (GuvH, respectively) be the graph obtained from G and H by identifying u (v,
respectively ) with w. For any 2 <k < |V(G)|, if Zf:z so(Gyu) < SOF, so1(G,v), then

Proof. It is immediate from the Lemma 2.1 above. [ |

Let us recall the classical result of Wiener.

Theorem 2.1. (Wiener [13]) For any tree T,
W(T) = Z ni(e)na(e).
ecE(T)

Li, Mao and Gutman [11] established the following theorem on Steiner k-Wiener index

of a tree, which generalizes the above result.

Theorem 2.2. (Li, Mao and Gutman [11]) Let k > 2 be an integer. For any tree T,
k-1
SWT) = 32 3 () ().
c€E(T) i=1

Using the well-known Vandermonde’s convolution formula we reformulate the above

theorem in the following way.
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Theorem 2.3. Let k be an integer such that 2 < k < n. For any tree T' of order n,
SW(T) = (n =1 () = D2 1) + (%))
ecE(T)
Proof. Vandermonde’s convolution formula says that

= ()2 = (7).

s

By Theorem 2.2,

= Z [ (mi(e)> (nkgs)) _ (n11£€)) _ (TLZ,EE))}
[(nl(c)?;nz(c)) o (mk(c)) B (n21£c))]
S0 - X () ()
ecE(T)
|
As usual, we use P, and S,(= Kj,_1) to denote the path and stars of order n,

respectively. Li, Mao, Gutman determined the Steinter k-Wiener indices of two special

types of graphs.

Proposition 2.1. (Li, Mao, Gutman [11]) Let P, be the path of order n (n > 3), and let
k be an integer with 2 < k < n. Then

SWi(Py) = (k—1)(31)-

k+1

Proposition 2.2. (Li, Mao, Gutman [12]) Let T be a graph obtained from a path P,
and a star S,_+1 by identifying a pendant vertex of P, and the center v of S,—_y+1, where

1<t<n-—1andk <n. Then

SWi(T) = t(") = () = () + (07 + (R + 1D ()

Theorem 2.4. Let T = H(r;z,y) be the tree obtained by attaching x and y pendant

vertices, respectively, to the two end vertices of the path of order r, wherer > 1, x >y > 0.
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Then

SWi(T) = f(2) + f(y) = 2(,5,) — (k= D)(0) + k+r=1) > (D) ()

i=1

>

—Zk—z—l
+ } Yk+r—7-1),

i—

-

i

1 j=

where
FO =7 = () + () + G+ D).

Proof. Label the vertices of the path of order r by vy, va, . . ., v, successively. The z (y, re-
spectively) pendant vertices which joined to v; (v, respectively) denoted by uy, ug, . .., u,

(w1, wa, . .., wy,, respectively). Let
‘/1:{’01|’L:1,27,7’}7V2:{U1‘ Z:172,7‘r},‘/3:{wl| 2:1,277:[/}

Let us consider an arbitrary set S C V(T') with |S| = k. One can see that each S can be
classified into four types:

(1) SCViUV,,

(I) S S ViU V3,

(IIT) S CVaU V3, SNy # 0, and SN V3 #£ 0,

(IV) SCViuVaU Vs, and SNV, #0,i=1,2,3.

By Proposition 2.2, it is clear that

(1) type-1 S contribute to SWi(T) by r(*77") = (7)) — (70) + (1) + (k+ D (")7);

k+1) 7~
(2) type-II S contribute to SW,(T) by r(**77") — () — () + (iﬂ) k+1)(");

(3) for type-IIT S, we shall choose k vertices from V, U Vi: 4 vertices from V, and
k — @ vertices from V3, where ¢ run over all elements in {1,2,...,k — 1}. Hence, such S
contribute SWy(T) by (k+r—1) Zl B (L) (,2,) in all.

(4) for type-IV S, since S C VUV, U V3, and SNV, # 0,0 = 1,2,3, we choose k

vertices: ¢ vertices from V5, j vertices from Vi and k — i — j vertices from V3, where ¢

run over all elements in {1,2,...,k — 2}, j run over all elements in {1,2,...,k —¢— 1}.
Hence, such S contribute SWy (T ) by S Zk o) (;) (kjfj)(k +r—j—1)inall

(5) If S C Vi, then we compute d(S) twice in type-I and type-II. By Proposition 2.1,

we can get > -y, d(S) = (k — 1)(;;%)
Summing up the above (1) to (4) and subtracted (5), the result follows. |
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Theorem 2.5. Let p,q be two integers with p > q¢ > 1 and let k € {2,...,p+q}. For
any tree T with (p,q)- bipartition

SWk _1 [Z P ! kq112 (Z:i) +2k2 P ! qull
k—1
+k+D (),
i=1

with equality if and only if T = S(p, q).

Proof. Let T be a tree with the minimum Steiner k-Wiener index among all trees with
(p, q)-bipartition. It suffices to show that diameter of 7' is 3. Suppose, on the contrary,
that the diameter of T is at least 4. Let P = ujus ... wu; be a longest path of T'. Trivially,
both u; and u; are leaves of T'. Let S be the set of neighbors of uy in T different from wus.
Let Hy (Ha, respectively) be the component of T'— S (T — {usuy }, respectively) containing
uy. Then, T can be obtained from H; and H, by identifying uy € V(H;) with uy € V(Ha).
Let 7" be the tree obtained from H; and Hj by identifying us € V(H;) with ug € V(H,).
Clearly, T also has (p, ¢)-bipartition. Let Hs be the component of T'— {usus} containing

ug. Denote the order of H; by n; for each i € {1‘, 2,3}. A simple calculation shows that

.
sox(Hy,ug) — sop(Hy,ug) = 2(7 1 E (" ! "}:;:1) > 0.

It follows that Zf:2 Soi(Hy,ug) > Zf:z So;(Hy, usg), and by Corollary 2.1, we have
SWil(T) > SWi(T"),

a contradiction. This shows that the diameter of T' is 3, and thus T = S(p, q). u

3 Maximum Steiner Wiener index of trees

In this section, we determine the maximum Steiner Wiener index of trees with given

bipartition.

Theorem 3.1. (Li, Mao, Gutman [11]) Let T be a tree of order n, and let k be an integer
with 2 < k <n. Then

(n—1)(7)) < SWi(T) < (k= 1)(31).

k+1
with the left side of equality if and only if T = S,,, and with the right side of equality if
and only if T = P,.
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Theorem 3.2. Let p and q be two integers with p > q > 1. If T is a tree with a
(p, q)-bipartition, then

>

-1

SWi(T) < f(x) + fly) —2(3)) — (k=D (Z) + k+2¢-2) Y () (%)

i=1

k—2 k‘*l*l
+ Qq 1 ,Z,])(k+2q7772)~
i=1 j=1
where
50 = 20 = D0 = (E) + () + (e (7).
and & = [,y = (242,

with equality if and only if T =2 H(2q — 1;z,y), where © = (%'\,y = L%J

Proof. Let T be a tree such that SW(T) is maximized among all trees with (p, q)-
bipartition. We show that T & H(2g — 1;2,y), where o = [E=£H] y = |22
p=gqorp=q-+1, then by Theorem 3.1, T is a path. Since H(2¢ — 1;2,y) = P4,
the result follows. Next assume that p > ¢ + 1. Take a longest path P = wjusy...
of T. Clearly both u; and u; are leaves of T. To show T = H(2q — 1;x,y), where
T = (L‘QM] Y= [”_‘;JJ, we first show that uy and u;_; are only two vertices with degree
greater than two. Suppose that there exists other vertex which has degree at least 3 and
is distinct from wuy and w;—q. Let w; be the vertex of P with d(u;) > 2 such that i is
the smallest integer greater than 3. Let H; (Ha, Hj respectively) be the component of
T — {wuip1} (T — {wi—oui—s}, T — {w;—1,u;i11} respectively), containing ;i1 (ui—3, u;
respectively). Let S be the set of neighbors of u; in T different from w;_1, u;11. We denote
the order of H; by n; for i € {1,2,3}.

First assume that n; > ny. Let 7" = T\ {uv| v € S}) U {u;—ov| v € S}. By Theorem

2.3, we have
SWUT) — SWLlT) = (") + (57 = () - (=)

ST+ 07 - () - (1) >

contradicting the choice of T'.

Next we consider the case when n; < ny. Let u; be the vertex with d(u;) > 2 such
that ¢ is the largest integer less than ¢t — 1. By a similar argument as above, let H| (Hj,
H} respectively) be the component of T — {w;pouirs} (T — {wisiwi}, T — {wj—1, uita}

respectively), containing w;y3 (u;—1, u; respectively). Let S be the set of neighbors of u;



-371-

in T different from w;_1,u;41. We denote the order of H, by n} for ¢ € {1,2,3}. Then
ny <np—2,n5 >ng+2,50n] <nh. Let T =T\ {uw| v € S}) U{uiov| v e S} By

Theorem 2.3, we have

SWk(T’) _ S[Vk(T) _ (n'2+']:/3+1 + n’1+1) _ (né}:»l) _ (n,’1+lrcl’3+1)

contradicting the choice of T
This shows T = H(r;z,y).
Claim 1. It is clear that the following statements are equivalent:
He+y=p—q+1
(2)t=2q+1.
(3) The diameter of T is 2gq.
(4)

4) All the leaves of T belongs to the same color class.

Proof of Claim 1. The equivalence of (1), (2), (3) can be easily deduced from the fact
that the diameter of T'is t — 1, and « + y + ¢t — 2 = p + ¢. Furthermore, either (2) or (3)
implies (4).

Now, we use (4) implies (1). Let V(T) = Vi U V,, where V; is a color classes, i = 1,2
and S = {v| v € V(T),d(v) = 1}. Without loss of generality, suppose |V1| = p, [V2| = q.
Since p > ¢ + 1 and S is contained in the same color class, S C V. Thus, z +y = |S| =
Vil = Vol +1=p—q+1.

This completes the proof of the claim.

Next we show that (1) of Claim 1: x +y=p— ¢+ 1.

fao+y<p—qg+1,thent =p+qg—(x+y)+2 > 2¢+1. Thus [{w;|iiseven }| > g+1
and [{u;] ¢ is odd }| > ¢ + 1. It follows that [V1] > ¢+ 1 and |Va| > ¢ + 1, contradicting
the assumption that T has (p, ¢)-bipartition.

Assume now that x +y =1 >p—qg+ 1. Let S = {u| u € N(up),d(u) = 1}, S, =
{w| w € N(us—1),d(w) = 1}. Since (1) and (4) are equivalent by Claim 1, S; and S, are
contained in the different color classes. Let T" = H(r; 1, y1), where 14y, = p—q+1,2; <

z,y1 < y. By Theorem 2.3, we have



-372-

SWiT') = SWi(T) = 1[("*Y) + (D] + (50 + (7F. )

O+ ) e ) ()

S DI+ () (0 - )
_ (11’:2) _ (p+117kmfZ) = (P‘F(Z*kyl*l) _ ('yl]:' )

=)+ @) - ) =T
I+ ) - G - )]
)+ G - - @1+
)+ G - T = (>0

contradicting the choice of T
By the equivalence of (1) and (3) of Claim 1, it follows that the diameter of T is 2q.
That is, T = H(2q — 1;x,y), where  + y = p — ¢ + 1. Furthermore, by Theorem 2.4, we

have ¢ = [2=£],y — 2421 .

The proof of the theorem is completed. |
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