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Abstract

For a connected graph G = (Vig, Eg), the cover cost and the reverse cover
cost of a vertex v in G are, respectively, defined as CCq(v) = Eu€‘/g H,, and
RCqg(v) = ZuEVG H,,, where H,, is the expected hitting time for random walk
starting at u to visit v. Georgakopoulos and Wagner [J. Graph Theory 84 (2017)
311-326] characterized the unique tree with the maximum and the minimum cover
cost (resp. reverse cover cost) among all n-vertex trees. In this paper, the second
and the third largest and smallest cover cost (resp. reverse cover cost) of a vertex
in an n-vertex trees are determined. All the corresponding extremal trees are also
identified.

1 Introduction

Let G = (Vg, Eg) be a tree with Vg the vertex set and Eg the edge set. The neighborhood
of a vertex v, written by Ng(v), is the set of vertices adjacent to v in G. The degree of
v is defined to be dg(v) = |[Ng(v)|. The distance between vertices u and v, denoted by
dg(u,v), is the length of a shortest path connecting them. For simplicity, when there is
no danger of confusion, we omit the subscripts G for our notation. We follow the notation

and terminologies in [4] except otherwise stated.
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2019M662883) and Guangdong Basic and Applied Basic Research Foundation (Grant No.
2019A1515110277).
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In 1947, Wiener [27] introduced an important graph parameter related to distance,
defined by W(G) = 32, ,jcv, @(u,v) which is also called Wiener inder. It has been
extensively studied and has found applications in chemistry, communication theory, and
elsewhere. To learn more about it, one may be referred to [10,12,17,21,29] and the
references therein for details. The centrality (also known as the transmission) of a vertex
xin G is defined as D(v) = > d(u, v). Then it is obvious that W (G) = 3 > vevy D).

For a graph G, we define the random walk on G as the Markov chain Xy, k£ > 0, that

ueVg

from its current vertex u jumps to an adjacent vertex with probability 1/d(w). The hitting
time (also known as the first passage time) T, of the vertex v is the minimum number of

steps that the random walk takes to reach that vertex:
T,=inf{k>0: X, =0v}.

The expected hitting time of random walks is an important parameter of graphs [2,20],
which has been studied extensively. There are many results about the expected hitting
time of random walks on graphs. For example, vertex transitive graphs (see [1,9,26]), edge
transitive graphs (see [24,25]), distance regular graphs (see [3,11]), graphs with cutpoints
(see [7]) and some others (see [5,6,16,18,28,30]) related information.

The cover cost (see [14]) of a vertex v in G is defined as the sum of the expected
hitting times from v to all other vertices, that is,

CCa(v) = Hy.
ueVg
It is well known that the cover cost is closely related to the cover time of a graph (see [14]),
which is defined as the expected number of the steps taken for random walk beginning at
v to visit all vertices of the graph.

In analogy to C'C(v), Georgakopoulos and Wagner [15] proposed the reverse cover

cost of a vertex v in G, which is defined as the sum of the expected hitting times from all

other vertices to v, i.e.,

RC(v) = Z H,,.

ueVy

Georgakopoulos and Wagner [15] exhibited a beautiful relationship between the cover
cost (resp. reverse cover cost) of a vertex, the Wiener index, and related graph invariants.
Furthermore, the maximum and the minimum values together with the corresponding

extremal graphs of the hitting time, the cover cost, and the reverse cover cost for trees
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were characterized. In 2019, Huang, Li, and Xie [19] determined the sharp upper and
lower bounds on the cover cost (resp. reverse cover cost) of a vertex among all n-vertex
unicyclic graphs and identified all the corresponding extremal graphs. Recently, Li and
Wang [22] studied the cover cost and reverse cover cost of trees with given segment
sequence. More specifically, they characterized the unique tree with the minimum cover
cost (resp. reverse cover cost) and the maximal reverse cover cost among all trees with
given segment sequence.

In this paper, we continue to study the extremal value of cover cost and reverse cover
cost of trees. We determine the second and the third largest and smallest cover cost
(resp. reverse cover cost) of a vertex among all n-vertex trees and characterize all the
corresponding extremal trees, respectively. The paper is organized as follows. In Section
2, we recall some important known results. In Section 3, we respectively determine the
unique n-vertex tree having the second and the third smallest, the second and the third

largest cover cost, whereas in Section 4, we do the parallel work for the reverse cover cost.

2  Preliminaries

In this section, we give some preliminary results, which will be used to prove our main
results. If x € Vp, then T'— x denotes the graph obtained from T' by deleting the vertex x
and all its incident edges. If zy ¢ Er, then T + 2y is a graph obtained from T by adding
an edge zy. For xy € Er, T — xy denotes the graph obtained from 7" by deleting the edge
xy.

The following lemma comes from [15], which gives a beautiful relationship between
CC(v), RC(v), D(v) and W(T).

Lemma 2.1 ( [15]). Let T be a tree on n vertices with x € Vp. Then
(i) CCr(x) + Dr(x) =2W(T);
(i) (2n —1)Dr(z) — RCp(x) = 2W(T).

Let T be a tree with € Vpr and e € Er. Denote by A,(e) the set of vertices in the
same connected component of T'— e as z and B,(e¢) = Vr \ A,(e) the complement. Then
the following Lemma is an equivalent form of Lemma 2.1 (i).

Lemma 2.2 ( [15]). Let T be a tree with x € Vp. Then

CC(x) = Y (2[A:(e)] = 1)| B.(e)]-

ecEr
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Lemma 2.3 ( [15]). Let T be a tree on n vertices with r € Vy. Let r1,7a,..., 1% be all
neighbors of v and let T\, Ty, ..., T} be the associated branches. Then

k
ccw>::2§jw«n>+2 > (Dr(r)|Ti| + Dr,(r)|Ti] + 2|T3]|T5))

1<i<j<k
k
+ ZDTI(n) +n—1
i=1
Let 7, be the set of all trees with n vertices. Denote by P, and S,, the path and the star
of order n, respectively. The eccentricity e(v) of a vertex v is defined as max,ev,, d(u,v),
whereas a vertex with minimal eccentricity is called a center (vertex) of G. Let S, , be
the graph obtained from S, and S, by joining an edge between their centers and P, be
the graph obtained from P,_; by attaching a pendant edge to its penultimate vertex. A
vertex is called a pendant vertex if it is of degree 1, whereas an edge is called a pendant
edge if it contains a pendant vertex. A pendant vertex of a tree is also called a leaf.
The following two lemmas is about the maximum and minimum, the second largest
and smallest of Wiener index among all n-vertex trees.

Lemma 2.4 ( [13]). Let T be a tree on n vertices. Then

nd—n

6

(n—1)2 < W(T) <

The lower bound holds with equality if and only if T = S,, whereas the upper bound holds
with equality if and only if T = P,.
Lemma 2.5 ( [8]). Let T be a tree with T € I, \ {Sn, P.}. Then

n® —Tn+18

n?—n—-2<W(T) < 5
The lower bound holds with equality if and only if T = Sy ,_o, whereas the upper bound

holds with equality if and only if T = P).

3 Trees with the second (resp. third) smallest and
largest cover cost

The minimum and maximum cover cost among all trees with n vertices have been deter-
mined by Georgakopoulos and Wagner [15] (see Theorem 3.1 in the following). In this
section, we investigate the second (resp. third) smallest and largest cover cost of among

all trees with n vertices.
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Theorem 3.1 ( [15]). Let T' be a tree on n > 2 vertices with v € Vp. Then

3_ 2
2n276n+5§CC(U)§n 3 n_ {%J

The lower bound holds with equality if and only if T = S,, with v as one of its leaves,
whereas the upper bound holds with equality if and only if T = P, with v as a center of it.

Let T be a tree on n vertices with v € Vp. Assume that e(v) = ¢, then it is obvious

that

D) < 1+42+---4t+(n—t—1)t

tt+1
= ( ; )Jr(nftfl)t
—t2 4+ (2n — 1)t
= —s (3.1)
Note that f(z) = M is a increasing function of x for 1 <z < n — 1. Then

the following two lemmas about the maximum and the second largest of D(v) among all

n-vertex trees is a direct consequence of (3.1).

Lemma 3.2. Let T be a tree on n > 2 vertices with v € Vp. Then D(v) < % with
equality if and only if T = P, with d(v) = 1.

Lemma 3.3. Let T be a tree on n > 4 vertices with v € Vp, and assume that we do not
have T = P, with d(v) = 1. Then D(v) < % with equality if and only if T = P,
with v being the farthest leaf from the vertex of degree 3.

Lemma 3.4. Let T' be a tree obtained from P,,, P,,, P, and an isolated vertex v by
joining an edges between v and vy, vy, v3, respectively, where v; is one of the leaves of
P, (i=1,2,3). Put T* =T — bc+ cd, where ¢ (resp. d) is the leaf of P,, (resp. Pp,)
other than v (resp. vy) and b is the neighbor of c. If ng > ng, then CCr«(v) > CCr(v).

Proof. 1t is routine to check that
Dz (v) — Dr(v) = dp«(v,¢) — dr(v,¢) =ng —nz + 1
and

W(T*) = W(T) = Dr+(c) — Dr(c) = n1(ng — nz + 1).
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Then it follows from Lemma 2.1 that

CCr-(v) = CCrv) = 2AW(T") = W(T)) ~ (D (v) - Dr(v)

= (2n; —1)(ng —n3z+1)>0.
This completes the proof. |

Now we are ready to determine the second and the third smallest cover cost among

all trees with n vertices.

Theorem 3.5. Let T be a tree on n > 4 vertices with v € Vp, and assume that we do not
have T = S,, with v one of its leaves. Then CC(v) > 2n% — 5n + 2 with equality if and
only if T' =2 Sy ,,_o with v the farthest leaf from the vertex of degree n — 2.

Proof. Choose a tree T and v € Vi such that CC(v) is as small as possible, where we
do not have T' = S, with d(v) = 1. If T = S, with v as its center, then it follows from

Lemma 2.1 that
CC(v) = 2W (Son2) — D(v) = 2n? —5n+3 > 2n® — 5n + 2.

Therefore, T' 2 S,,.

Then we show that v is a leaf of T. Suppose to the contrary that d(v) = h > 2.
Let Nr(v) = {v1,v2,...,v5} and F; be the connected component of T — vv; containing
v, ©=1,2,..., h. Without loss of generality, assume that |Fy| > |Fy| > -+ > |F}|. After

a short calculation, we obtain
Dr(v) = (D, (v1) + |F1]) + (DR, (v2) + |F2]) + -+ + (Dr, (va) + | F3l)

and

DT(UQ) = (DFI('UI) + Q‘Fl‘) + DFQ(UZ) + -+ (DFh(Uh) -+ 2|Fh‘) + 17

Therefore,
D(Ug) — D(’U) = ‘Fl‘ + ‘Fg‘ +--+ |Fh| - ‘FQ‘ +1 Z ‘Fl‘ — |F2| +1>0.

Combining with Lemma 2.1, one has CC(v2) < CC(v), a contradiction to the choice of

V.
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Since T' 2 S, er(v) > 3. Let vvivov be a path of length 3 in T If T' 2 S, , for any
p+qg=n,thenput 7" =T — {vqw : w € N(vg) \ v1} + {vjw : w € N(vg) \ v1}. Thus we
do not have T" = S,, with d(v) = 1. It is routine to check that

W(T) = W(T") = (JAv, (v102)| = D(| A, (v102)] = 1), Dr(v) = Dre(v) = [Ay, (v1v2)] — 1.

Note that {v,v1} C Ay, (v102), {v2, v3} C Ay, (v109). Then |A,, (v102)] > 2 and | Ay, (v102)] >

2. Again by Lemma 2.1, we have
CCr(v) = CCrp(v) = (2| Ay, (v102)] = 3) (| Ay, (v102)| = 1) > 0,

that is, CC7 (v) < CCr(v), a contradiction to the choice of T'.
Therefore, T' = S, , with v as a leaf of it. Without loss of generality, assume that
v € Vs,. Then
W(T)=(n—1)(n—2)+pg, D(v)=2p+3q—4

Again by Lemma 2.1,

CCOW) = 2pq—2p—3q+2n® —6n+8 (3.2)
= 2+ 2n+1)p+2n°>—9n+38 (since p+ ¢ =n)
> min{2n2—5n+2,2n2—4n—2} (since?ﬁpgn—2)
= 20 —5n+2 (3.3)

for n > 4. The equality in (3.3) holds if and only if p = 2. Consequently, CC(v) >
2n? — 5n + 2 with equality if and only if T 2 S,,,_» with v being the farthest leaf from

the vertex of degree n — 2 and the proof is complete. |

Theorem 3.6. Let T' be a tree on n > 6 vertices with v € Vp. If neither T = S, with
d(v) = 1 nor T = Ss,,_o with v the farthest leaf from the vertex of degree n — 2, then
CC(v) > 2n% — 5n + 3 with equality if and only if T = S, with v as its center.

Proof. Choose a tree T with v € Vi such that CC(v) is as small as possible, where neither
T = S, with d(v) =1 nor T = Sy ,_o with v the farthest leaf from the vertex of degree
n—2.

If T = S, with v as its center, then by Lemma 2.1, one has

CC(v) =2W(S,) — D(v) =2(n —1)> = (n — 1) = 2n* — 5n. + 3.
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In the following, assume that 7' € 9, \ {S,} and v € Vp. If T = Sy, o, then v is one of
the leaves adjacent to the vertex of degree n — 2. After a direct calculation, we have
CO(v) = 2W (S22) — D) =2(n—2)(n+1)—2(n—1) =2n* —4n —2 > 20> —5n +3
for n > 6. Therefore, T' 2 S5 ,_s.

Consequently, as a similar proof in the former theorem, we have T'= S, , with v as a
leaf of it for some p 4+ ¢ =n and 3 < p < n — 3. Without loss of generality, assume that
v € Vs,. Then by (3.2), we have

CC(w) = 2pg—2p—3q+2n°—6n+38
= 20"+ (2n+1L)p+2n°—9In+38
> min{2n® - 3n —7,2n> — 2n — 13}

> 22 —5n+3

for n > 6 and we are done.

The following two results give the second and third largest values of cover cost for

trees with given order; all the corresponding extremal graphs are also characterized.

Theorem 3.7. Let T be a tree on n > 6 vertices with v € Vp, and assume that we do not

have T' = P, with v being its center. Then

3302 an— o
Ot < WV if n is odd;
(v) = An3—3n2—4n—24 . o o

SRS if s even

with equality if and only if T = P, with v being the vertex of distance H—‘ — 2 from one

of its end wvertices.

Proof. Choose a tree T and v € Vp such that CC(v) is as large as possible, where we
do not have T = P, with v being its center. Let N(v) = {v1,vq,...,vx} and T; be the
connected component of T'— vv; containing v; with |T;| = n;, i = 1,2, ..., k. Without loss

of generality, assume that n; > ny > -+- > ng. In view of Lemma 2.3, we have

k
CCv) = 22 W(T;) +2 Z (Dr,(vi)n; + Dr, (vj)n; + 2nim;)
i=1 1<i<j<k
k
+> Dr(v)+n—1 (3.4)

i=1
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Together with Lemmas 2.4-2.5 and Lemmas 3.2-3.3, we obtain either T; = P,, with
dTl(Ui) =1or T‘z ~ p/

[

with v; being the farthest leaf from the vertex of degree 3. In
addition, if T; = P) with v; being the farthest leaf from the vertex of degree 3 for some
i, then T; = P, with dr,(v;) = 1 for any j # i. Then we proceed by distinguishing the
following two cases to complete the proof.
Case 1. T; = P,, with dr,(v;) = 1 for 1 < i < k. By Lemma 2.2, we have
CCW) = D (2Aue)| = IBufe)]. (3.5)
e€Er

If k > 4, then put 7" = T — vy + ave, where a is a leaf of T}, other than v;. Obviously,
T' £ P,. Note that for any edge e € Er \ (Epn, U {vvy}), the sizes of A,(e) and B,(e)
are not modified, whereas for e € E7, U {vug}, its contribution to (3.5) changes from
(2A—1)B to (2(A — ng) — 1)(B + ng), where A = |A,(e)|, B = |By(€)| (as defined for T
before the modification). Thus in view of (3.5), we have

CCr(v) — CCr(v) = > [(2(A=ng) = 1)(B+mny) — (24— 1)B]

e€Eq, U{vug }

> {an (A —B—ny— %)} (3.6)

e€Eq, U{vug}

It is routine to check that A > n; +mng+---+mnp_1 + 1 and B < ny. Then
A—an1+n2+~-~+nk,1—nk+12n1+n2—nk+12n2+1‘

Combining with (3.6), one has CCr (v) > CCr(v), which leads to a contradiction.

h h h
a b d g j

m n o

Figure 1. Graphs H;, H and Hj3 considered in Theorem 3.7.

If £ = 3, then in a similar way as in the proof above, we know that n, = "T’l

when 7 is odd and n; € {2 — 1,2} when n is even. In view of Lemma 3.4, CCr(v) <
CCy,(uy) when n is odd and CCr(v) < max{CCh,(usz), CCh,(us)} when n is even,
where H;, Hy, H; are the graphs as depicted in Fig. 1 and uy € Vi, us € Vi,,us € Vp,

ntl n

are the vertices labeled "=, 7 and %"27 respectively. By some direct calculations, it is not
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difficult to find that
4n® — 9n? + 26n — 33 < 4n® —3n% —4n -9

CC () = 12 12

for n > 5 and

A3 —9n2 1 26n — 24 4nd — 3n2 — 4n — 24
maX{CCH2(U2),CCH3(U3)}: n° —9n 1; 61 < n 3n12 n

for n > 6. Note that H; 2 P,(¢ = 1,2,3), which leads a contradiction again.
Consequently, k = 1 or £k = 2. Both lead to T = P,. Since CC(v) is as large as

possible and v is not a center of P,, v is the vertex at distance [%W — 2 from one of its

end vertices by applying Lemma 2.1. By some direct calculations, one has

n243 i s odd;

2 . .
ot s even.

Together with Lemmas 2.1 and 2.4, we have

3_902_ Ap_ . .
4n 37{2 4n 9’ if n is Odd;

4n3—3n2—4n—24
?

5 if n is even.

CCp,(v) =2W(P,) — Dp,(v) = {

Case 2. T; & P, with v; being the farthest leaf from the vertex of degree 3 for some
i and Ty = P,, with dr,(vs) = 1 for any s # i. Let T be the tree satisfying T] = P{LJ
with v; being the farthest leaf from the vertex of degree 3 for some j and T, = P,, with
dj (vs) = 1 for any s # j. Then it is routine to check that

W(T;) — W(T}) =3 —ni, Dr,(v;) — Dz, (8;) = —1,

W(T;) = W(T;) = n; =3, Dr,(v;) = Dy (9;) = 1
and W(T,) = W(T,), Dr,(v,) = Dy, (3,) for s € {1,2,...,k}\ {i,5}. By Lemma 2.3, one
has CCr(v) = CCy(0). Therefore, without loss of generality, assume that Ty = P, with
v being the farthest leaf from the vertex of degree 3 and Ty = P, with dr,(vs) = 1 for
any s # 1.

If £ > 3, then put 7”7 = T — vvs + buy, where b is a leaf of T}, other than vy. It is
obvious that 7" 2 P,. Just similar as the proof in Case 1, we obtain CCr»(v) > CCr(v),
leading to a contradiction to the choice of T. Consequently, £ < 2 and then T = P).
Since CC(v) is as large as possible, v must be the vertex at distance || — 2 from the
vertex of degree 3 by Lemma 2.1 again. It is not hard to get that

Doy (0) = { #, if n is odd;

2_ . .
%, if n is even.
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Together with Lemmas 2.1 and 2.5, we have
CCP% (U) = QW(PTIL) — DPTIL (U)

4n3'—3n21;28n+877 lf nis Odd;
- 4"3_3"21%, if n is even (87)
74"3’37574”’9, if n is odd;
= 74"3_3"122_ dn=24 " if p is even
for n > 5 and we are done. | |

Theorem 3.8. Let T' be a tree on n > 8 vertices with v € Vp. If neither T = P, with v

as its center nor T = P, with v being the vertex of distance (%1 — 2 from one of its end

vertices, then
3_ 2_ 45 . .
AnZ=3n"—dn—45 - if n is odd;

; 12
CC(U) < { 4nB—3n2—4n—72
K

5 if n is even

with equality if and only if T = P, with v being the vertex of distance (%“ — 3 from one

of its end wvertices.
Proof. Choose a tree T and v € Vi such that CC(v) is as large as possible, where neither
T = P, with v as its center nor T' = P, with v being the vertex of distance [%“ — 2 from
one of its end vertices. Let N(v) = {v1,vs,...,v;} and T; be the connected component
of T — vv; containing v; with |T}| = n;, i = 1,2,..., k. Without loss of generality, assume
that ny > ny > -+ > ng. Equality 3.4 together with Lemmas 2.3, 2.4-2.5 and 3.2-3.3
yields that either T; = P, with dp,(v;) = 1 or T; = P}, with v; being the farthest leaf
from the vertex of degree 3. Furthermore, if T; = P, with v; being the farthest leaf from
the vertex of degree 3 for some 4, then T = P, with dy,(v;) = 1 for any j # i.

Case 1. T; = P, with dr,(v;) = 1for 1 <i < k. If k > 4, then put 7" = T —vvy + hvs,
where h is a leaf of T}, other than vy. Obviously, 77 2 P,. Similarly, CCr(v) > CCr(v),

which is impossible.

Figure 2. Graphs H4 and Hj considered in Theorem 3.8.

If £ = 3, then in a similar way as in the proof of the above theorem, we have

ny € {"771, ”;3 when n is odd and n; € {% -1,5,5— 2} when n is even. Thus,
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as a consequence of Lemma 3.4, one has CCr(v) < {CCq (u1),CCx,(us)} when n
is odd and CCr(v) < max{CCy,(ug),CCuy(us),CCly(us)} when n is even, where

H,, Hy, H3, Hy, H5 are the graphs as depicted in Fig. 1-Fig. 2 and uy € Vi, us € Vg, us €

Vi, us € Vi, us € Vi, are the vertices labeled "T“, 3 "T” n-l "772, respectively. It can

be obtained by some direct calculations that

4n® — 9n? + 26n — 33 < 4n® —3n? —4n — 45
12 12

max {CC’H1 (u1), C’CHA(UA;)} =

forn > 7 and

_ 4n® — 9n? +26n — 24 - dn® —3n? —4dn — 72
N 12 12

max {C’CHQ(UQ), CChy(us), CC, (u5)}

for n > 8. Note that H; 2 P, for 1 <1i <5, a contradiction is obtained again.

Consequently, k < 2. Lead to the fact that T'= P,. Since neither 7'~ P, with v as

its center nor T' = P, with v being the vertex of distance (%-‘ — 2 from one of its end

n

vertices and C'C(v) is as large as possible, v is the vertex at distance (51 — 3 from one of

its end vertices by applying Lemma 2.1. By some direct calculations, one has

n?415 if 3 dd:
Dpn(’[})—{ 7+ 1 nisodd;

2 . .
”Tm7 if n is even.

Together with Lemmas 2.1 and 2.4, we have

3_9.2_ 45 o .
w, if n is odd;

CCp,(v) =2W(F,) — Dp,(v) = { BoeneTy
%, if n is even.

Case 2. T; & P, with v; being the farthest leaf from the vertex of degree 3 for some
i and Ty & P,, with dr,(vs) = 1 for any s # 4. Just similar as the proof in the above

theorem, we have k < 2 and then T' = P). Since CC(v) is as large as possible, it can be

obtained from lemma 2.1 that v must be the vertex at distance L%J — 2 from the vertex

of degree 3. By virtue of (3.7), one has

3_3,2_ . .
4n® —3n*—28n+87 if n is Odd;

- 12 )
CCp(v) = {43—%2—28+84
12 ’

3_g,2 . .
{ An®=3n"—dn—45 371.12 dn 45, if nis Odd.
<

4n3—3n2—4n—172
12 ’

if n is even

if n is even

for n > 8 and the proof is complete.
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4 Trees with the second (resp. third) smallest and
largest reverse cover cost

Trees with the minimum and the maximum reverse cover cost have been determined by

Georgakopoulos and Wagner [15] (see Theorem 4.1 in the following). In this section, the

second (and the third) smallest and largest reverse cover cost among all trees with n
vertices are discussed.
Theorem 4.1 ( [15]). Let T be a tree on n > 2 vertices with v € Vp. Then

n(n —1)(4n —5)
n—1< RCr(v) < —

The lower bound holds with equality if and only if T = S,, with v being a center of it,
whereas the upper bound holds with equality if and only if T = P, with v being one of its

end vertices.

Lemma 4.2. Let x be a leaf of an n-vertex tree T and put Ty =T — x. Then RCr(z) =
RCr,(y) + (n — 1)(2n — 3), where y is the unique neighbor of x in T.

Proof. By short calculations, we obtain
Dr(z) = Dpy(y) +n—1, W(T)=W(Ty) + Dr(x) = W(Ty) + Dr,(y) + n — 1.
Together with Lemma 2.1, one has

RCyr(z) = (2n—1)Dyp(z) —2W(T)
= (20— 3)Dpy(y) — 2W(To) + (n — )20~ 3)

= RCp(y) +(n—1)(2n - 3),

as desired.

The graph transformation in the next lemma will be used repeatedly in the following

proofs.

Lemma 4.3. Let T be a tree with u € Vr and dr(u) > 2. Denote T' = T — uuy + vuy,
where v,u; € Np(u). Then RCr(v) < RCr(v).
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Proof. Let T be a tree on n vertices. By a direct calculation, we have
Dr(v) = Dio(v) = | Ay (uuy)|
and
W(T) = W(T") = | Ay () (| A (w0)| — Ay 0]+ | Ay ()],
In view of Lemma 2.1, one has

RCr(v) = RCr(v) = (2n—1)(Dr(v) — D (v)) — 2(W(T) — W(T"))

| Au, (uu)|(2n — 2| Ay (wv)| + 2| Au(wv)| — 2| Ay, (wanr)| — 1)

[ A, (uun)| (4] Au(uv)| = 2| Ay, (uur)| = 1).

Note that 1 < |A,, (vuy)| < |A,(uv)|—1. Then the above equality indicates that RC7 (v) <
RCr(v), as desired.
|

We are now in a position to establish the second smallest reverse cover cost of a vertex

among all n-vertex trees.

Theorem 4.4. Let T be a tree on n > 5 vertices with v € Vr, and assume that we do
not have T = S,, with v being its center. Then RC(v) > n+ 4 with equality if and only if
T =S5, o with d(v) =n—2.

Proof. Choose a tree T with v € V7 such that RC(v) is as small as possible, where we do
not have T' = S,, with d(v) = n — 1. In order to complete the proof, it suffices to show

the following two claims.
Claim 1. e7(v) = 2.

Proof of Claim 1. Suppose to the contrary that there exists a vertex u € Vp such
that d(v,u) = 3. Assume that vwywsu is the unique path connecting v and u. Put
T =T — wywy + vwy. Then T" 2 S,,. By Lemma 4.3, we have RCr(v) < RCr(v), a

contradiction to the choice of T'. |
Claim 2. There exists a unique vertez, say v', such that d(v,v") = 2.

Proof of Claim 2. Suppose to the contrary that there exist wy,us € Vp such that
d(v,u1) = d(v,u3) = 2. Assume that vwjuy (resp. vwaus) is the unique path connecting

v and u (resp. ug), here wy = wy is allowed. Let 7" = T — wyuy +vuy. Then it is obvious
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that T 2 S,,. Again by Lemma 4.3, we know RC7»(v) < RCr(v), a contradiction to the
choice of T. | |
By Claims 1-2, we have T' = S5 ,_5 with d(v) = n— 2. Then Lemma 2.1 together with

a direct calculation yields that
RC(v) = (2n —1)D(v) = 2W(Ss—2) =n(2n—1) —2(n = 2)(n+1) =n+ 4.
This completes the proof. |

Let S/, be the graph obtained from S,_» by attaching two pendant edges to two of
its leaves, respectively. Then the unique tree with the third reverse cover cost among all

n-vertex trees is characterized in the following.

Theorem 4.5. Let T' be a tree on n > 5 wvertices with v € Vp. If neither T = S,, with
d(v) =n—1nor T = Sy,_o with d(v) =n — 2, then RC(v) > n+9 with equality if and
only if T = S), with d(v) =n — 3.

Proof. Choose a tree T with v € V7 such that RC/(v) is as small as possible, where neither
T =S, with d(v) =n—1nor T = S,,_» with d(v) = n — 2. Then we complete the proof
by showing the following two claims.

Claim 1. ep(v) = 2.

Proof of Claim 1. Suppose to the contrary that there exists a vertex u € Vi such
that d(v,u) = 3. Assume that vwjwyu is the unique path connecting v and u. Let
ni,n2, g,y be the order of the components of T' — {vwy, wiws, wou} containing v, wy, wy
and u, respectively. Obviously, ny + ns + ng +ngy = n. Let 7" = T — wou + wyu. Then

T’ ¢ {Sh, S2n—2}. On the other hand, it is routine to check that
DT(’U) — DT/(’U) = Ny, W(T) — W(T’) = 714(721 +ng — ng).

The above equalities together with Lemma 2.1 give
RCr(v) — RCr(v) = (2n—1)(Dr(v) — Dp(v)) — 2(W(T) — W(T"))

ny(2n — 2ny — 2ny + 2n3 — 1)

= n4(4n3 + 2n4 — 1) > 0.

Consequently, RC7(v) < RCr(v), a contradiction to the choice of T again. |
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Claim 2. There are exactly two vertices with distance 2 from v in T.

Proof of Claim 2. Suppose to the contrary that there exist uy,us, us € Vi such that
d(v,uy) = d(v,up) = d(v,uz) = 2. Assume that vw,uy, vwaus and vwsug are, respectively,
the unique path connecting v and wy, us, us, here w; = wy = w3 or w; = wy # ws is
allowed. Let 7" = T — wyuy + vuy. It is obvious that T” ¢ {S,, Sa,—2}. By Lemma 4.3,
RC7n(v) < RCr(v), a contradiction again. |

It follows from Claims 1-2 that either T = S/ with d(v) =n—3 or T = Ss,_3 with

d(v) =n — 3. By a direct calculation, we get
W(S,)=n’>—5 Dg (v)=Dg,, ,(v)=n+1, W(S3,3)=n>-T.
In view of Lemma 2.1,
RCs (v) =n+9 <n+13 = RCs,,_,(v).
This completes the proof. |

The second largest of reverse cover cost together with its corresponding extremal tree

among all trees n vertices are given in the following.

Theorem 4.6. Let T be a tree on n > 5 vertices with v € Vi, and assume that we do not
have T = P, with v one of its leaves. Then

3 _ 2 _
RC() < 4n® — 9n 6+ 5n 30'

The equality holds if and only if T = P! with v being the farthest leaf from the vertex of

degree 3.

Proof. We proceed by induction on n. For n = 5, it is routine to check that 75 =
{Ps, P5,S5}. Let P, P§, S5 be the graphs with a; € Vp, (i = 1,2),a; € Vp (3 < j <
6),a, € Vg, (I =7,8) as depicted in Fig. 2. By a direct calculation, we have

RCps((Ll) = 147 RCPS((LQ) = 237 ché(ad) . 457 RCPS’((M) = 22,

4.1
RCPS’ ((15) = 97 RCPS’ ((l@) = 36 RCSS(CW) = 47 RCSS(ag) = 32. ( )

a b c d e f g h
i j k

Figure 3. Graphs Ps, P} and S5 considered in Theorem 4.6.
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Then RC(v) < 45 with equality if and only if 7= P! and v = a3, which implies that
the assertion holds for n = 5. Suppose the assertion holds for every tree T with order
smaller than n which does not satisfy T' = P,, with v one of its leaves, where m is the
order of T. Choose an n-vertex tree T2 P, or T = P, with d(v) # 1 such that RC'(v) is
as large as possible.

First we prove that if T = P,, then v cannot be a neighbor of one of its leaves.
Otherwise, assume that N(v) = {v1, v}, where vy is a leaf of P,. Denote 7" = T — vy +

v1v. Then T" = P! and it is routine to check that
W(T/) - W(T) = DTI(UQ) - DT(UQ) =3— n, DTI(’U) - DT(U) = dTI(U, ’UQ) - dT(U, ’UQ) =1.

Therefore, RCr+(v) — RCr(v) = 4n — 7 > 0, i.e., RCy/(v) > RC7(v), which contradicts
the choice of T'.

Next we show that v is a leaf of T. If d(v) > 2 with wy,ws € N(v), let T” =
T — vw;, + wywy. Then we do not have 7" = P, with d(v) = 1. In view of Lemma 4.3,
one has RCpv(v) > RCy(v), a contradiction to the choice of T'.

Now assume that w is the unique neighbor of v in 7. Put Ty = T'—v. By the induction

hypothesis, one has

RCyr(v) = RCr,(u)+ (n—1)(2n—3) (4.2)
4n—1P-=9(n—1)>+5(n—1)—30
< . Fn-1@2n—3) (43
4n® — 9n® + 5n — 30

= G :
where (4.2) is a immediate consequence of Lemma 4.2 and (4.3) holds with equality if and
only if Ty = P/_, and w is the farthest leaf from the vertex of degree 3. Consequently,

T = P) with v being the farthest leaf from the vertex of degree 3 and we are done.

Denote by P/ the graph obtained from P,_; by attaching a pendant edge to its third
last vertex. Then we have the following result about the third largest reverse cover cost

among all n-vertex trees.

Theorem 4.7. Let T be a tree on n > 5 vertices with v € Vp. If neither T = P, with
d(v) =1 nor T = P! with v being the farthest leaf from the vertex of degree 3. Then

< 4n3 — 9n26+ 5n — 84'

RC(v)



-360-

The equality holds if and only if T = P with v being the leaf of distance n — 4 from the

vertex of degree 3.

Proof. We proceed by induction on n. For n = 5, it follows from the proof of Theorem
4.6 that RC(v) < 36 with equality if and only if 7= P! and v = ag, which implies that
the assertion holds for n = 5. Suppose the assertion holds for every tree T' with order
smaller than n which satisfies neither 7' = P,, with d(v) = 1 nor T' = P, with v being
the farthest leaf from the vertex of degree 3, where m is the order of 7.

Choose an n-vertex tree T with v € Vr such that RC(v) is as large as possible, where
neither 7= P, with d(v) = 1 nor T = P/ with v being the farthest leaf from the vertex
of degree 3. In a similar way as in the proof of Theorem 4.6, we know that if T = P,,
then v cannot be a neighbor of one of its leaves.

Next we prove that if 7= P/, then v cannot be the vertex which is adjacent to the

n

farthest leaf from the vertex of degree 3. Otherwise, let v; be one of the leaves of P!

adjacent to the vertex of degree 3. By a direct calculation, we have

n2—3n+6 n?-3n+2
D(vy) = 5 > 5 =

D(v).

In view of Lemma 2.1, RC(u) > RC(v), a contradiction to the choice of v.

Then we show that v is a leaf of T. If d(v) > 2 with wy,ws € N(v), put 7" =
T —vwi +wiws. Then neither 7" = P, with d(v) = 1 nor " = P/ with v being the farthest
leaf from the vertex of degree 3. It follows from Lemma 4.3 that RC»(v) > RCyp(v), which
leads to a contradiction to the choice of T'.

Now assume that u is the unique neighbor of v and denote Ty = T'— v. By induction,

one has
RCr(v) = RCr(u)+ (n—1)(2n—3) (4.4)
< 4(n— 1) —9(n — é)z +5(n—1)—84 o 1)2n—3) (4.5)
~ 4n®—9n* +5n — 84
= 5 ,

where (4.4) is a direct consequence of Lemma 4.2 and (4.5) holds with equality if and only
if To = P/_, and u is the leaf of distance n — 5 from the vertex of degree 3. Therefore,
T = P with v being the leaf of distance n — 4 from the vertex of degree 3.

This completes the proof. |
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