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Abstract

The generalized Randi¢ index of a graph G with vertex set V (G) and edge set
E (G), is defined as
Xa (@)= Y (d(w)d(v)”,

weE(G)

where « is an arbitrary real number, and d (u) denotes the degree of u € V (G). In
this paper we study the exponential of x, (G), defined as

eXe (@) = Z eldwd()®
weE(GQ)

More concretely, we show that over the set 7y, of trees with n vertices, the minimal
value of eX> is attained in the path P, when « > 0, and in the star S,, when a < 0.

1 Introduction

Let G be a graph with vertex set V (G) and edge set F (G). Two vertices are called
adjacent if they are connected by an edge. If there is an edge from vertex u to vertex
v we indicate this by writing uv. For a vertex v of G, the degree of v is denoted by
d(v) = dg(v). We will denote by m;; = m;; (G) the number of edges in G joining

vertices of degree ¢ and j.
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A tree T is a connected acyclic graph. A vertex u of a tree T is called a branching
vertex if dr(u) > 3 and it is called a leaf if dr(u) = 1. Let 7 : vovy - - - v5, be a path of
length k of a tree T such that dr (v;) = 2foralli =1,...,k—1. If vy and vy are branching
vertices of T" then 7 is an internal path of T'; if vy is a branching vertex and vy is a leaf
then 7 is a pendant path of 7.

The Randi¢ index x (G) is one of the classical topological indices which play an impor-
tant role in theoretical chemistry, especially in QSPR/QSAR research [11,15,16, 26, 27].
It was invented by Milan Randi¢ in 1975 [24] and defined as

@)= Y e
wemi V() d(v)
Later, in 1998 Bollobds and Erdos [3] generalized this index as
Xa(G)= Y (dw)d(©)”,
weE(G)
where « is an arbitrary real number. For a comprehensive survey of its mathematical
properties see the surveys [13,17], and for recent results see the papers [2,9,10,12,14,18-
20,25].

The (generalized) Randi¢ index is an important example of what is now known as
vertex-degree-based (VDB, for short) topological indices [1,4,21,22,28,29], defined for a
graph G with n vertices as

(@)= > mi;(G)e(]),
(i.j)eK
where {¢(i,7)} is a set of real numbers, and
K={(i,j)eNxN:1<i<j<n—1}.

When ¢ (i,5) = (ij)", we recover Y.
The exponential of a VDB topological index was recently introduced in [23], and

defined as
e (G)= > mi;(G)er)

(i.5)eK
For further results see [4-8]. Our main concern in this paper is to study the exponential
of the generalized Randi¢ index. For a graph G with n vertices, the exponential of the
generalized Randi¢ index y,, is defined as

(@)= D miy (@),

(i.5) €K
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where a € R. We are particularly interested in 7, the set of trees with n vertices. Let
T € T,, where n > 3. Since a tree is a connected acyclic graph, then m;,(T) = 0,
m;j(T) =0 for any 1 <i < j <n—1such that i+ j > n and
Z m;;(T) =n—1. (1)
(i,j)eK
Hence, for every T € T,

e (T)= ) myy(T)e™", 2)
(i,j)€L
where L is the subset of K defined as

L=A{(,j) € K:i+j<n,(i,5) #(1,1)}.

We say that T is a minimal tree with respect to eX> over T, if eXe (T') < eXe (S) for all
S € T,. We will show in this paper that if « > 0 (resp. a < 0) then, the path P, (resp.

the star S,,) on n vertices is a tree with minimum eX~ over 7.

2 Minimal value of eX* in trees when o« > 0

We show in this section that if & > 0 then, P, is the unique minimal tree with respect to
eXe over T,. First we need a technical lemma.
Lemma 2.1 Let o > 0.

1. The function h(q) = e®0" — D% s increasing in [2, +00);

2. 5 — et > et 4 e — 23

3. 2e8" — 2e4" > et — 37,

Proof. 1. For all ¢ € [2,+00), the derivative

d a o
d—h( q) = ag®™! (30‘6(3‘1) — 202 ) >0,
q

for all ¢ > 2, since ¢®' > 0, 3% > 2% and ()" > 29",
2. We will first show that
6% — 4% > 4% — 3“. (3)

In fact, the function g (@) = £ + 2= — 2 is strictly increasing in [0, +00) since
Ly~ ()'m O N
' = 2 1 1) = \1 2) " \4 1

.ox @)“ﬂ(ﬂ”
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Hence
6% + 3% — 2 (4%) = 2%g (@) > 2%*¢ (0) = 0.

Now from (3) we deduce that
=t = (T 1) > (e )
= " - > (64& — 63&) + (eza — e3a) =" 4 =263,
3. Using (3),
265" — 264" = 261" (571 — 1) > 7 (M3 — 1) = & — &7

Proposition 2.2 Let n > 5 and a > 0. Consider the trees T and T’ with n vertices

shown in Figure 1. If p > 3 then, eX« (T) > eX= (T").
Proof. Let ¢ = dy (u). Then

eXe (T) — X (T') = P (p—1)e — 0% _ (p—2)et" —¢*°

<e(pq)° _ 6(211)“) +(p-2) (61)" _ 64") + (ep“ _ 62“) )

A

If p > 4, then each of the summands is non-negative since @ > 0. Consequently,

A > 0. Now assume that p = 3. Then
A= (e<34)“ — 6(2‘1)&) + (e3a — ew) + (63“ - 62(\) .

Note that ¢ > 2 since n > 5. It follows from parts 1. and 2. of Lemma 2.1 that

o

e(aq)a B 6(2(1)” >h (2) SN L i o2 _ 263”7

which implies that A > 0.

Figure 1. Trees used in the proof of Proposition 2.2.
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Proposition 2.3 Let a > 0. Suppose that T' is a minimal tree with respect to eXe over

Tn- If v is a vertex of T adjacent to a leaf u of T, then dy (v) = 2.

Proof. Assume that dr (v) = d and let 7 be a largest path of T that contains v. Let
s be an end-vertex of 7 and r a vertex in 7 adjacent to s. By Proposition 2.2, dr (r) = 2.
Let T" be the tree obtained from T by deleting the leaf u and adding an edge incident
to s (see Figure 2). Let ¢q,. .., qa—1 be the degrees of the adjacent vertices of v different

from wu. Clearly,

d—1
A= exe (T) = (I') = 3 ()" — 00 4 o e @)

i=1
We consider two cases:
1. d > 4. Tt follows easily from (4) that A > 0, since a > 0.
2. d = 3. Let v; and vy be the adjacent vertices to v (different from u), such that

dr (v1) = p and dr (v9) = q. It follows from Proposition 2.2 that p > 2 and ¢ > 2. Then
A(p,q) = e — @) 4 oB0% _ Q0% 1 3% 4%

Since a > 0, then

0A(piq) _ a [ e )
el RS 3n)* — (2P (9)* 0
o » (6 (3p)" — ™ (2p) ) >0,
and
A (P _ @ ( 3% (2 ya _ (20" (g e
— i _ = - 2 .
2 . (e (3¢)" — e (29) ) >0

Hence by part 3. of Lemma 2.1,

o

A(p,q) > A(2,2) =2e5" — 21" + &3 — ¢ >0,

which contradicts the fact that 7' is minimal. |

Figure 2. Trees used in the proof of Proposition 2.3.

We need one more techincal lemma to prove the main result of this section.
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Lemma 2.4 Let a > 0. Then

20

e’ (l + 204;52“) +2¢*" —3e!" >0,
for all x > 2.
Proof. Since a >0 and z > 2,
14 202%™ > 14 2027 = 1 + 2%+, (5)
On the other hand, e* > 1 + x for all z € R. In particular,
X > 1420 — 4o (6)

From (5) and (6) we deduce,

e (1 + 2(1.12“) +2e% — 3¢ > 2 (1 + a22"+1) + 2% — 31"
= 22 (0422" 42T - 1)
> 277 (022 427 — 4%)
et g 1
Q2atlg2 (a +oa - 1) . (7)
Moreover, the function p(a) = o + 2% — 1 is strictly increasing in (1?1(;"2?)7 Jroo)7 since
d In2
—pla) =1——>0
TP 52 > 0,
for all o > h(’](:]"zr‘;) ~ —0.528 77. Consequently,
1
oeJerO(fl>p(0)=07
and by (7),
e (1 + 2041‘2”) +2e* — 3e"" > 0.
]

Recall that L is the subset of K defined as

L=A{(i,j) € K i+j<n(ij)#(L1)}.
Define the function

N | ( (i5)" 20 4a)
i,j) = —— (e + 2e® — 3e s
P60 =755
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where (i,j) € L. Note that
f(1,2)=1(2,2)=2 (92 - 640) .

It can be easily deduced from [4, Theorem 2.1] that if T € 7, then,

e (T) = e (P) + ) [f(iJ)*f(L?)}ifjmz',j (1), (®)

(i,)eL R

for every a € R. Consider the extension of L to the compact set

L=A(z,y) eRxR:1<z<y<n—-1,z+y<n, y>2}.
Theorem 2.5 Let o > 0 andn > 5. The path P, is the unique minimal tree with respect
to eXe over Tp,.

Proof. Let T, be a tree with minimal value of x, over 7,. By Proposition 2.3,

my; (Tp) =0 for all j > 3. Let

M={(i,j)eL:i>?2}.

Then by (8),
@) = @B+ 3 1= 02 s (T
— e (P + (2}; ) = £ (012) e (). ©)
Let |
M\:{(Ly)GZ:IZQ}
and

o) — Y < (wy)® 20 4")
r,y)=——|e€ + 2e® — 3e ,
I (2,y) Tty

defined over M. We will show that min f(¢,5) = f(2,2). By Lemma 2.4 and the fact

(i,5)eM
that a > 0,
9 (oy) = Ixe(“’)u +22e?" — 3ze* + rae®™” (zy)* 4 yae) (zy)”
oy (@ +y)®
Txemza +22e%" — 3zet” + zae®™ 22 + paet g2
- (z+y)°

_ 3 (7 (14 202%) + 267" —3¢) >0,
(z+y)
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for all (z,y) € M. , and

7] 1 o o o
a—f (z,7) = 3 (cZQ (1+ QaIZ") +2e*" — 3¢t ) >0,
)z

for all x > 2. This clearly implies that the minimum value of f over Mis f(2,2) = f(1,2).
Finally, if T € 7, then by (9) we deduce

eXa (T) 2 eXa (TO) 2 eXa (Pn) .

3 Minimal value of eX* in trees when o« < 0

In this section we prove that the star S, attains the minimal value of eX* over 7,, when

a < 0.

Proposition 3.1 Let « < 0 and T € T, be a minimal tree with respect to eX~ over T,.

Then T' has no pendent paths of length greater than one.

Proof. Suppose T a minimal tree with respect to eX> and it contains a pendent path
of length & > 3. Then 7' has the form depicted in Figure 3, where S is a subtree of T

and x = dy(u) > 3. Consider the tree 7" in the same figure and let x; = dr (u;), where

Uy, ..., U, are the vertices adjacent to u in S. Then
x—1
eXa (T/) — eXe (T) _ Z {ezf(z+k—2)" _ ez:‘z"‘} + [62“(z+k—2)" o 62“1"‘}
i—1

+(k—2) [e(”k’”a - e4u] < 0.

and we get a contradiction.

3 -tk
T T’

Figure 3. Trees used in the proof of Proposition 3.1 for k£ > 3.

Now suppose 7' is a minimal tree with respect to eXe over 7,, and it contains a pendent

path of length k = 2. Then T' has the form depicted in Figure 4, where S is a subtree of
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T and z = dr(u) > 3. Consider the tree 7" in the same figure and let x; = dr (u;), where

Uy, ..., U1 are the vertices adjacent to u in S. Then
z—1
o a oo a oo o
o (T') — % (T) = } : [ezl (@) _ e 4 oot _ 2% _ 2
i=1

< 2@ DT _ @ _ o2 — 1 (1)

f1(x) is a real continuosly differentiable function defined for x > 1. The derivative of f;

Q- K

T T/2

Figure 4. Trees used in the proof of Proposition 3.1 for k = 2.

@
dx
Note that since v < 0, L f1 (z) < 0 for > 1 and 4 f; (1) = 0. Then f; () attains

z) = 2a @) (2 4 1) — @97 (2)771
fi(@)

its maximum at x = 1. Then
X (T —eX (T) < fi(x) < /1 (1) =0
and we get a contradiction. |

Proposition 3.2 Let « < 0 and T € T, be a minimal tree with respect to eX= over T,.

Then T has no internal paths of length greater than 1.

Proof. Suppose T is a minimal tree with respect to eX~ over 7, and contains an
internal path of length k + 1 with k > 2 (see Figure 5) and consider the tree 7" depicted
in Figure 5, where U and V' are subtrees of . Assume that z = dr (u) > 3,y = dr (v) > 3,

and z; = dr (u;), where uy, ..., u,—; are the vertices adjacent to u in U. Then
u 1 k v: : u v
1 k
!
T T

Figure 5. Trees used in the proof of Proposition 3.2 for k& > 2.
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r—1

X (I') — e (T) = [W et | (k= 1) [l — 7]

:—|~

e
kE-1) [e(‘”k)a - 64“} 4 elEth)® _ g2t

pleth)® _ 4 ] 4 eleth)® _ 2o

z+k’)"‘y _ GZQyQ] 4 e(ur+lc)"‘ _ e?"z“

N

IN

a o oo
26(1+k) _ 64 _ e2 T

< 9p@+2)™ _ 4% _ 200 _ fa (@)

f2 (x) is a real continuosly differentiable function defined for z > 2. The derivative of f,
is
d o o
—h(@) =20 [e<z+2> (z+2)°" — (22)* " ) ] .
Note that since v < 0, L f5(2) < 0 for > 2 and 4 f,(2) = 0. Then f; (z) attains

its maximum at x = 2. Then
X (T") =X (T) < fa(2) < f2(2) = 0.

and we get a contradiction.

Suppose now that 7" is a minimal tree with respect to eX* and contains an internal
path of length k& = 2 (see Figure 6) and consider the tree T" depicted in Figure 6, where
U and V are subtrees of T. Assume that x = dr (u) > 3, y = dr (v) > 3, z; = dr (),
where uy, . .., u,—1 are the vertices adjacent to u in U and y; = dr (v;), where vy, ..., v,

are the vertices adjacent to v in V. Then

O—W

T T’

Figure 6. Trees used in the proof of Proposition 3.2 for k& = 1.
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eXa (T’) — X (T) = Z [ez;‘(r+y)“ _ 61?1“] 4

i=1 i

-1 y—1
[eyi’ (@+y)* _ ey?y“]

1
12el@y)® _ 20w _ 20

< elEtu)® _ 2% 2%y
= falz+y) - fs(22) + fa(z +y) — f3(2y)

where f3(z) = ¢** is a real continuosly differentiable function for z > 0.

Ifr=y, fs(z+y)— f3(22) + fs3(z+y) — f3(2y) =0 and
eXe (T — X (T) < fs(z +y) — f3(27) + fa(z +y) — f3(2y) = 0.

If x <y, then 2z < z 4+ y < 2y. By the mean value Theorem, there exists two points

2r < z1 < x4y < 22 < 2y such that

e (T') — X (T)

A

f3(r +y) = f3(22) + fa(z +y) — f3(2y)
(fs(21) = f3(22)) (y — 2)

aly—a) [t —257"e®] <0

If # > y, similarly one can prove that eX* (T") —eX~ (T') < 0 and we get a contradiction.

|

Let T be a tree with at least one branching vertex v of degree k > 3. The tree T can be
viewed as the coalescence of k subtrees 11, ..., Ty of T at the vertex v. These subtrees are
called branches of T at v (see Figure 7). A branching vertex v of T' is an outer branching

vertex of T' if all branches of T at v (except for possibly one) are paths [5].

Figure 7. Branches of the tree T at branching vertex v.

Proposition 3.3 Let a < 0 and T € 7T, be a minimal tree with respect to eX«. Then T

has at most one branching vertex.
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Proof. Suppose T is a minimal tree with respect to eX> over 7,. By Propositions
3.1 and 3.2, T has no internal paths of length greater than one and all pendent paths
are of length one. Suppose 7" has more than one branching vertex, then 7" has the form
depicted in Figure 8 where u is a branching vertex and v is an outer branching vertex of
degree k + 1 for £ > 2. Consider the tree T depicted in Figure 8, where U is a subtree
of T. Assume that x = dr (u) > 3 and x; = dr (u;), where uy, ..., u,_1 are the vertices

adjacent to u in U. Then

1 1
’ .k T .k
T T’

Figure 8. Trees used in the proof of Proposition 3.3.

z—1
eXe (T') — eXe (T) = Z [ o (eHk)® _ puta
i=1
+ (k4 1) @D _ ke®rD? _ oo (b))

< (k, ) (z4+k)* _ ke(k+1)° _ ez‘“(k‘#»l)u _ f4 (1,)

fa(z) is a real continuosly differentiable function defined for > 1. The derivative of f;
is

d e

@) =l ) [e 9 () (o 1) el

x

Note that since o < 0, < f, (x) < 0 for > 1 and - f; (1) = 0. Then f; (z) attains
its maximum at x = 1. Consequently,
X (T) — X (T) < fa(z) < f2(1) =0

and we get a contradiction. |

Theorem 3.4 Let o < 0. For n > 5, the minimal tree with respect to eX* over T, is the

star S,,.

Proof. By Proposition 3.3, the minimal tree with respect to eX> over 7, has at most

one branching vertex. The only tree with no branching vertices is the path P, and the
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only tree, satisfying Propositions 3.1 and 3.2, with exactly one branching vertex, is the

star S,. Then,

X (Sy) —eXe (By) = (n—1)e™™D" — (n—3)et" — 2
= (n—-3) <e<"’1)ﬂ — e4a) +2 <e<"’1)ﬂ — eza> < 0.
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