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Abstract

The second Zagreb index is M2(G) = 3, p(q) de(w)da(v). It was found to
occur in certain approximate expressions of the total m-electron energy of alternant
hydrocarbons and used by various researchers in their QSPR and QSAR studies.
Recently the exponential of a vertex-degree-based topological index was introduced.
It is known that among all trees with n vertices, the exponential of the second Zagreb
index ™2 attains its minimum value in the path P,. In this paper, we show that
eM2 attains its maximum value in the balanced double star with n vertices and
solve an open problem proposed by Cruz and Rada [R. Cruz, J. Rada, The path
and the star as extremal values of vertex-degree-based topological indices among
trees, MATCH Commun. Math. Comput. Chem. 82 (2019) 715-732].

1 Introduction

The first Zagreb index M; and the second Zagreb index M; were introduced 50 years ago
[10]. The Zagreb indices and their variants have been used to study molecular complexity,
chirality, ZE-isomerism and heterosystems whilst the overall Zagreb indices exhibited a
potential applicability for deriving multilinear regression models. Zagreb indices are also
used by various researchers in their QSPR and QSAR studies. Mathematical properties of
the Zagreb indices have also been studied. Readers can refer to the paper [12] and the cited
literature. The second Zagreb index was found to occur in certain approximate expressions

of the total m-electron energy of alternant hydrocarbons [10]. We encourage the reader
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to consult [1,4-8,11,15] for the historical background, computational techniques, and
mathematical properties of the second Zagreb index.

For simple graph G with edge set F(G), the second Zagreb index of G is defined as

My(G) = > de(u)da(v)
weE(G)

where dg(v) is the degree of the vertex v in G. It is a vertex-degree-based (VDB for short)
topological index, also referred as bond incident degree index.

A formal definition of a VDB topological index is as follows. Let G, be the set of

graphs with n non-isolated vertices. Consider the set
K={(,j/) eNxN:1<i<j<n—1}

and for a graph G € G,, denote by m; ;(G) the number of edges in G joining vertices of
degree ¢ and j. A VDB topological index over G, is a function ¢ : G, — R induced by
real numbers {; ;} @ jjex defined as
e(G) = mi;(GQ)pi;
(i.j)eK
for every G € G,,.

Many important topological indices are obtained from different choices of ; ;. For
example, the first Zagreb index M; induced by numbers ¢; ; = i + j; the second Zagreb
index M, induced by ¢;; = ¢j; the Randi¢ index x induced by ¢;; = ﬁ, et al. For
details on VDB topological indices, see [3,9,13,14].

In order to study of the discrimination ability of topological indices, Rada [13] intro-
duced the exponential of a vertex-degree-based topological index. Given a vertex-degree-
based topological index ¢, the exponential of ¢, denoted by e?, is defined as

e?(G) = Z m; ;(G)e?Hs
(i.5)eK
The extremal value problem of e¥ over the set 7, of trees with n vertices was initiated
M

in [3], and it was shown that e eM2 attain their minimum value in the path P,, eX,

H GA SC

efl) eG4 ¢5C A% attain their minimum value in the star S,, e, e45¢

attain their

maximum value in the star S, e?, e“4, e3¢ attain their maximum value in the path P,.
In [2], it was shown that eX attains its maximum value in the path P,. These results are

summarized in Table 1.
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Table 1. Results on extremal trees for exponential of well known VDB topological
indices.

My My H GA

e e eX e
min P n P n S‘IL STL S‘IL S‘Il ? S‘IL
max S, v P, P, P, P, Sh, ?

The maximum value of e™? over 7, is still an open problem. In this paper, we prove
that the maximum value of 2 over 7,, is attained in the balanced double star S |2s2 ) (2527
2 ’ 2

and solve an open problem proposed by Cruz and Rada [3].

2 Trees with maximum exponential second Zagreb
index

We first show in this section that in a maximal tree with respect to e™2 over 7, the
distance between any pendant vertex and any vertex with the maximum degree in 7' is

at most 2

T T'
Figure 1. Trees T' and 7" in Lemma 1.

Lemma 1. If T is a mazimal tree with respect to eM2 in T, then the distance between a

pendant vertex and a verter with the maximum degree in T is at most 2.

Proof. Otherwise, there is a vertex u with the maximum degree in 7" and a path
P = wvw such that w is not a pendant vertex in T'. Let T, T, and T, be the components
of T — {uv, vw} containing u, v and w, respectively, see Figure 1. Let d(u) = A, d(v) = s,
d(w) = t, where A > s > 2, A >t > 2. The set of neighbours of v in T is Np(v) =
{u,w,v1,v9,+++ ,vs_0} with dyp(v;) = 2; (i = 1,2,---,s — 2), and the set of neighbours
of wis Np(w) = {v,wi,ws, -+ w1} with d(w;) = y; (j =1,2,--- ,t = 1). Let T =

T — {wwy, wwa, - -+ ,wwi_1 } + {vwy, vwa, - -+ ,vw_1}, then dp/(u) = A, dp/(v) = s+t —1,
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dr(w) =1 and

s—2 t—1
CMZ (T’) _ 6Mz(T) _ eA(sH—l) + z ez;(sH—l) + Zeyj(sﬂ—l)
i=1 j=1

5—2 t—1
+ es+t—l _ (eAs + Zezis + Zey]t + est)
i=1 =1
5—2
— (eA(.H»f,—l) _ eAs _ est) + (eml(sﬁ»tfl) _ eacls)

i=1

t—1
+ Z(ey](ert—l) _ eyjt) + et S
j=1

So, eM2(T") > eM2(T) and T is not a maximal tree with respect to 2 in 7T,. |

Figure 2. A tree T

Remark. Let T € 7, (n > 4), in which all distances between any pendant vertex and
any vertex with the maximum degree are at most 2, then 7" has the form shown in Figure
2, where u is its unique vertex with the maximum degree if k¥ > 1, or T" is a double star

if k=1.

T

Figure 3. The trees T and 7" in Lemma 2.

Lemma 2. Let T and T' be the trees on n vertices given in Figure 3, where u is a vertex

with the mazimum degree and Ty is a subtree of T. Ifdy > dy > 1, then eM2(T) < M2(T").
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Proof. Let dr(u) = A be the maximum degree in 7. The sets of neighbours of u,
and up in T are Ny(uy) = {u,v1, -+ ,vq, } and Np(ug) = {u,wy, -+ ,wg,}, respectively,
where d(v1) = d(vg) = -+ = d(va,) = 1, d(wy) = d(w2) = -+ = d(wg,) = 1. we assume

that d(ul) 2 d(Uq). Let T =T — {u2w]} + {U]’w]}, then dT/(U]) = d] + 27 d’[‘f(/ltz) = d,z,

and
Ma(T") — Ma(T) =Ad+2) | (g 4 1)@+ 4 Az 4 (g, — 1)
—[AHD g ol | A+ g o(dat)]
:[CA(d,H) . eA _ CA(‘I‘H)] + [dlc(dlﬂ) e — dlc(dlﬂ)]
F el (Ada A DY (et et ) ot
—[AHD) _ Ada][eA 9] 4 [deldHD _ doetz](e — 1)
+ [ehFD) —e®] > 0
So, eM2(T) < eM2(T"). ]
In the following, we consider the double star S, ,, it is a tree on  +y+ 2 vertices with

exactly two non-pendant vertices of degrees x + 1 and y + 1, respectively.

Lemma 3. Let T = S, be the double star on n vertices, where v +y=n—2. If T is a
mazimal tree with respect to M2 among all double stars on n vertices, then |z —y| < 1,

i.e., T is the balanced double star with n vertices. And

2
eT 4+ (n—2)e3, if n is even;
BMZ(SU;zJ)VL;zO = { 21 n-1

e 1 +(5He T + (%)e%ﬂ, if n is odd.
Proof. Let u and v be two non-pendant vertices of the double star T' = S, ,,, dp(u) =
x4+ 1 and dr(v) = y+ 1. Without loss of generality, we assume that < y. If |z —y| > 1,
let T" = T — {vvy } + {uwv: }, where vy # u is a neighbour of v in T', then 7" ~ S, 4,1 and

eM2(T7) — M2 (T) = [V 4 (2 + 1)l 4+ (y — 1)e¥] — [e@FDETD 4 gemt! 4 yevtl]
— ety _ ple+)(y+1) _ yey+1 + (z+ l)e(z+2) — ettt 4 (y —1e?
> etYT2Y _ prytaty+l yeyH — ezy+y[ey _ e’”l} _ yey“
> WUty [em+2 _ e‘”l] _ yeerl _ emy+y+ac+1[e _ 1] _ yey“
> Gmy+y+z+1 _ y6y+1 _ ey+1[6z(y+l) o y} >0

So, eM2(T") > eM2(T) and T is not maximal with respect to e™2 among all double stars

on n vertices. ]
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Theorem 4. If T € T, and T # SLnT—'ZJ,(%", n >4, then T is not maximal with respect
to e over T,.

Proof. In fact, GMQ(SL”T""M”T’QW) > eM2(S,) for n > 4, the star S, on n vertices is not
maximal with respect to eM? over T,,.

If T is not a double star, then by Lemma 1, we may assume that all distances between
a pendant vertex and a vertex with the maximum degree in 7" are at least 2 and 7" has
the form depicted in Figure 2, where k > 1. By Lemma 2, T" is not maximal.

So, T is a double star and the result follows from Lemma 3. |
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