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Abstract

The first Zagreb index M;(G) of a graph G is defined as the sum of squares of
the degrees of the vertices. In this paper various bounds for the first Zagreb index
are obtained.

1 Introduction

In this paper we are concerned with simple graphs, that is graphs without multiple,
directed, or weighted edges, and without self-loops. Let G = G(V, E) be a graph with
vertex set V(G) and edge set E(G). Denote by n and m the number of vertices and edges of
G, respectively. Fori =1,2,...,n the degree of a vertex v; € V(G) is denoted by d; and it
is defined as the number of edges incident with v;. We denote by A = A(G) and 6 = 6(G)
the mazimum and the minimum degrees, respectively, of vertices of G. Topological index
is a real number related to a graph. It must be a structural invariant, i.e., it preserves by
every graph automorphisms. Among the oldest and most studied topological indices, there
are two classical vertex-degree based topological indicesthe first Zagreb index and second
Zagreb index. The Zagreb indices were first introduced by Gutman et al. in [12,13];

they present an important molecular descriptor closely correlated with many chemical
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properties. The first Zagreb index M;(G) and the second Zagreb index M(G) of a graph

G are defined, respectively, as
M(G) =) d}=di +d3+...+d,
i=1

and

My(G)= Y did;.

v;,0; EE(G)
During the past decades, numerous results concerning Zagreb indices have been published,
see in [1,2,4-7,17].
In 2004 and 2005, Li et al. [14,15], introduced the generalized version of the first

Zagreb index, defined as
Z,G) =M (G)=d +d5+ ...+ d,

where p is a real number. This graph invariant is nowadays known under the name general
first Zagreb indez, and has also been much investigated.

In this paper we focus on the first Zagreb index. In addition, we list known results
concerning the bounds of M. In [4] the following result that determines the lower bound

of M; in terms of m,n,d;(A) and d,(§) was proved.

Theorem 1.1 [}/ Let G be a simple graph with n > 3 vertices and m edges. Then

2m —dy — d,)?

M, > +d* +
n—2

)

with equality if and only if G is reqular or with the property do = d3 = ... = dp_1.

The following lower bound of M in terms of parameters n,m,d;,ds and d,, was ob-

tained in [8].

Theorem 1.2 [8] Let G be a simple graph with n > 3 vertices and m edges. Then

2m —di)? 1 ;
VY B il LT )
L=dpt n—1 + 2( 2 )
Equality holds if and only if G is reqular graph or with property do = ds = ... = d,.

In [9] the lower bound for M in terms of n and m was determined.
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Theorem 1.3 [9] Let G be a simple connected graph with n vertices and m edges. Then

4 2
M, > % (1)

Equality holds if and only if G is reqular.
The cligue number of a graph G, denoted w(G), is the order of a maximum clique of
G. Zhou [17] proved the following upper bound for M; as a function of w(G).

Theorem 1.4 [17] Let G be a simple graph with n vertices and m edges. Then

w—1

M; < 2nm.

A lower bound for the first Zagreb index in terms of the number of vertices and the clique
number is given in [18].
Theorem 1.5 [18]

My >w? =20 —w+4n—4

with equality holding if and only if G is isomorphic to the kite graph Ky((n — k)1).

In Section 2 of this paper we derive a lower bound for the first Zagreb index of G
which is better than the bound #, Theorem 2.2. Moreover we give a relation between
the first Zagreb index M; and the general Zagreb index Z,(G), Theorem 2.4. The results

in Section 3 address the first Zagreb index in terms of n,d, A and w.

2 Results

Let G be a graph with n vertices, m edges and vertex degrees A = dy > dy > ... >

d, =96. Let Ay > Ay > ... > )\, be the eigenvalues of G. The energy of G is defined as
E(G) = M|+ ...+ [\l

Our first main result involves the parameter \id; + ... + \,d,. We start with an easy

observation concerning its upper bound.

Proposition 2.1 Let G be a graph with n vertices and vertex degrees A = di > dy >
o> dy =10 Let \y > Mg > ... >\, be the eigenvalues of G and let E(G) be its energy.
Then

E(G)(A —9)

)\1d1 +...+ /\ndn < 2
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Proor. Let Aq,..., A, be the positive and let A,;1,..., A, be the negative eigenvalues

of G. Since d; < A for each ¢ = 1,...,p, we obtain

)\1d1+.-.+)\pdp§()\1+...+/\p)A. (2)

Similarly, since d; > ¢ for each i = p+1,...,n, we get
Apt1lpi1 + oo+ Mdn < (Mpyr + ...+ A0 (3)

Now, from (A\; +...4+ X)) +Aps1 ...+ X)) =0weget \i+...+X, = —(Api1+...+ )

and
EG) =M+...+ =+ X)) =D+ X) =20+ ...+ X)), (4)
By using (2), (3) and (4) we have

Mdi4 .o Adn S M+ F XA+ (N + .+ N0 =

:(A1+...+>\p)(A—5):w.

Theorem 2.2 Let G be a graph with n vertices and m edges. Let di > dy > ... > d, be

vertex degrees and let \y > X > ... > A\, be the eigenvalues of G. Then

4m? Mdy + ..+ Ady)?
n 2m
PROOF. The required inequality in (5) is equivalent to the inequality
n 2m
(6)

4m? = 2mM, — (Midy + ..+ Apdy)?

By using d? + ...+ d2 = My and A? + ...+ A2 = 2m we get

n
Z(dei - ()‘ldl +...+ )‘ndn)’\i)Z =
i=1

n
= (4mPd} — dmd;i(Mdy + .+ Andn) X + (Aady + -+ Andn)?A]) =
i=1

n n n
=4m? Y d? —AmMdy + . A Andn) Y Nidi + (Madi o Aadn)? YN =
i=1 i=1 i=1
= 4m2 My —4mAdy +. . A+ Aadn)? +2m(\idy + . . 4 Andn)? = 2m(2mMy — (Aidi+. . .+ Andy)?).
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Thus we obtain the identity

2m B 2": 2md; — (Mdy + ..+ Aud) N\ "
2mMy — (Mdi 4.+ Madn)? S\ 2mMy = (Midy o+ Aady)? )

On the other hand, from A\ +...+ A\, =0and dy + ... +d, = 2m we get

n

D o@md;i — (Mdy + A Aad)A) =2m Y di = (ady o Aadi) YN = 4m?,

=1 =1 =1
Thus
2m 7 Z 1 2md; — (Mdy - Aada) N ®)
omMy, — (M\dy + ...+ Mdp)? — 2m  2mM; — (Mdy + ..o+ Apdn)?
The identities in (7) and (8) yield
i 2md; — (Mdy + ... + Aud) Z 2mds = O+ )i
9mM; — (\ds + .. + )\,ld T 2m 2 2mM; — (\dy + o+ Andn)?

In the end we have

n

n 2m -y [ 2": 2md; — (Ady + .. + Andn) i \ 2
4m?2 2mMy — ()\1d1 +...+ )\ndn)2 - P (2m)2 = 2mM, — ()\1(11 +...+ /\ndn)2
3 2”: 1 _22”: 2md; — (Ady + - .. + Andn) N 2+§: 2md; — (Ady + - .. + Andn) A\
T m? T T\ amMy = (di o+ dadn)2) 2 \2mBMy = (adi .+ Andn)?

7% 1 1 & 2mdi — (Midy + .. 4 Mdn) N 2":<2mdi—(A1d1+...+Andn),\i>2
i=1

9.
(2m)? 2m = 2mMy — (Mdy + ... + Andn)? 2mMy — (Mdy + ...+ Apdp)?

n

= 1 2mdi— (adi o+ Ad)A
T4 2m  2mM; — (M\dy + ..+ Ndp)?2) T

i=1

Remark 2.3 Since W > 0 we obtain

M, > 4m? . (Mdy + .o+ Ndy)? S 4 4m
n 2m n

If G is a regular graph, then A\idy + ...+ Ayd,, = 0. In this case M; = 2=
Otherwise, if \ydy + ...+ And,, # 0, then the bound in (5) is better than the bound in (1).

In the following theorem we give a relation between M; and Z,(G). This result follows

similar reasoning as Theorem 2.1 in [10].
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Theorem 2.4 Let G be a graph with n vertices, m edges and vertex degrees A = dy >
dy>...>d,=96. Then

24(G) < % + 8\/? (\/ﬁf %) . (10)

Equality holds if G is a regular graph.

PROOF. In [10] was proven that for any two positive real numbers a and b it holds

E+\/§+ a5
b a a?+b2 =2’

that is,
a+b>(2+ ﬂ Vab (11)
- 2(a® +0?) '
Setting a = - and b=1in (11) we obtain the following inequality
—F—>2 - . 12
M, * n ( + 2(n2d} + ]le)) vn - M (12)

From (12) we deduce

(n — M)?  d;
d; . 13
MIZ +Z /771 3 Z +Z2 (2" + M) /o T, (13)

Since Y., d? = M; and Y-, d; = 2m, the inequality in (13) becomes

4m Z (nd? — M;)?
\/ ]\[1 Vn M] 2(n2d* + M2)"

Since d; < A for each i = 1,2, ...,n we have M; < nAZ?. Therefore W > 53 N The

previous inequality is equivalent to

2 ]L[ 2 4 M?
M > 20 My, _2m <z(G)— 1)‘

Vi ﬁA‘* Z RS n

Thus we have

n vn

The inequality (10) becomes equality if in (11) holds equality. It is possible when a = b,

2 4
z(G) < M B8 (\/Ml—Q—m)A

which implies M; = nd? for each i = 1,...,n. These identities occur only if d; = ... = d,,

that is, if G is a regular graph. |
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Remark 2.5 From the inequality between quadratic and arithmetic mean for the numbers
d2, ... d?% it follows
(B +...+d2)? M}

Zy(G)=dj+ .. +di > L
n n

Hence

Zy(Q) e %2%112+ 8*/?&1 (\/ﬁ—%)]
3 New bounds for M; for graphs with given clique
number

As shown by Caro [3] and Wei [19], the degree sequence di,ds, ..., d, of a graph G of

order n gives rise to a lower bound on the clique number w of G:

1 1 1
> . 14
W(G)_nfdlenfdz +nfdn (14)

Taking advantage of this result, in the next result we obtain a lower bound for M; in
terms of n,m and w.

Theorem 3.1 Let G be a graph with n vertices, m edges and clique number w. Then
n? -
M, > 4mn + — = n3.

w

Equality holds if and only if G is a reqular graph of degree k and w = +.

Proor. Using the inequality between quadratic and harmonic mean for the positive

numbers n — dy,n — ds, ..., n — d, we have
—dy)? —dy)?+ ... —dy,)?
\/(’I’L 1) + (TZ 2) + + (n ) > . . n . (15)
n n—dy + n—ds +.o.+ n—dy,
From (15) and w = w(G) > ﬁ + ﬁ +...+ ﬁ we have
In? — 4mn + M, > n
n w
which leads to
n3
M; > 4mn + — = n3.
w
The equality in (15) holds if and only if n —d; = ... = n — d,, that is, if and only if
dy =dy = ... =d, = k. Moreover, equality in the inequality w > njdl + njdz +...+ njdn
holds if w = 2. |

n—k
Similarly as in the previous result, we derive a lower bound for the first Zagreb index

in terms of n,m,w and A.
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Theorem 3.2 Let G be a graph with n vertices, m edges, clique number w and maximum

degree A. Then

1 3
My > 2n(2m — A) + A2 4 =1 S —n2(n—1)
('LU - nlA)
Equality holds if dy = ... =d, = Q’T’L’:]A and w = ﬁ + %.

Proor. We proceed similarly as in the previous proof. Using the inequality between

quadratic and harmonic mean for the positive numbers n — ds, ..., n — d,, we have
\/(nfdQ)er.A.Jr(nfdn)zZ : n—1 _ (16)
n—1 prony e ER S N
From (16) andw—ﬁz ﬁ-ﬁ-...—kﬁ we have
\/(nfl)anQn(meA)+]L117A2 o n-1
n—1 ~w— ﬁ
which leads to the required inequality.
The inequality (16) becomes equality if n —dy = ... =n —d,, that is, if dy = ... =d, =
2:’:1A. The equality in w — HEdl > 7Ljd2 +...+ nfd” holds when w = ﬁ + %
|

A graph which does not contain triangles is called triangle-free graph. In [16] Zhou

obtained the following bound:
Theorem 3.3 [16] Let G be a triangle free (n,m)-graph. Then

My(G) < mn (17)
and equality holds if and only if G is a complete bipartite graph.

Based on Theorem 3.3 we are in a position to obtain an upper bound for M; for triangle-

free graphs in terms of n and A.

Theorem 3.4 Let G be a triangle-free graph with n vertices and mazimum degree A.

Then
nn?—n+A) nn-1)>%n-A)
M, < — . 18

' 2 dn—A)—2 (18)
PROOF.  Since G is a triangle-free graph we get w < 2. From the inequality (14) we
obtain

1 1 1
2— > +

n—A _n—d2+'” n—d,
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By applying Cauchy-Schwarz inequality to the numbers ﬁ7 cey ﬁ we have
2(n—A)—1 1 I+1+4...41)? — 1)
(n ) —9_ > ( +1+ + ) _ (77’ ) ) (19)
n—A n—A"n—d+...+n—-d, nn-1)—2m—A)

From (19) we obtain

< n?—n+A _(h=A)n— 1)2

- 2 dn—A)—-2 °
The bound in (18) follows directly from (17). |
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