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Abstract

For a given graph G, the Mostar index Mo(G) is the sum of absolute values of
the differences between n,,(e) and n,(e) over all edges e = uv of G, where n,,(e) and
ny(e) are, respectively, the number of vertices of G lying closer to u than to v and
the number of vertices of G lying closer to v than to u. A chemical tree is a tree
with the maximum degree at most 4. In this paper, the chemical trees of order n
with the greatest Mostar index are determined. And the chemical trees of order n
and diameter d with the greatest Mostar index are also determined. What is more,
general trees of order n and diameter d with the least Mostar index are identified.

1 Introduction

In this paper, all the graphs we considered are simple and undirected. Let G = (Vi Eg)
be a graph with vertex set Vi and edge set Eq. If H = (V, E) satisfies Vg C Vi and
Ey C Eg (resp. Vg C Vi and Ey g E¢), then denote by H < G (resp. H < G) the
relation between H and G. For a set X, denote by |X| its cardinality. Thus, |G| = |Vg|
is called the order of G. For v € Vg, denote by dg(v) (or d(v) for short) the degree
of v. Denote by N(v) the set of vertices adjacent to v. And denote by E(v) the set of
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edges incident to v. A k-vertex is a vertex of degree k. Let Vj, be the set of k-vertices in
G. A d-path is a path of length d (a path with d edges). The distance between u,v in
G is the least length among all u-v paths in G, which is denoted by dg(u,v) (or d(u,v)
for short). The distance between e = uv and w in G is defined as min{d(u, w), d(v,w)},
which is denoted by dg(e, w) or dg(w,e) (or d(e,w), d(w,e) for short). The diameter of
G is defined as dia(G) := max{d(u,v)|u,v € Vi}. For each edge e = uv € Eg, let

Ng(e) = {z € Vglda(z,u) < de(z,v)}, Na(e) ={z € Vglda(z,v) < de(z,u)},
(z,v) = dg(z,u)}.

And let n¥(e) = |[N&(e)| (or put n, = n&(e) for short), for y = u,v,0. Note that
Vo = N&(e) U NG(e) U N2(e). And N2(e) = 0 for each e € Eg if and only if G is

Ng(e) = {$ S Vg|dG

bipartite. Specially, a graph G is called distance-balanced if n, = n, for each edge
uv € Eg. One may be referred to [1,5,12,14,15] and the references cited therein, for the
study on distance-balanced graph invariants. Since there exist many graphs which are
not distance-balanced, to measure how far is a graph from being distance-balanced is a
natural problem. However, such measuring invariant was proposed only recently, in 2018,

by Dosli¢ et al. [6], and was named by Mostar indez, which is defined as

Mo(G) = > ¢(uv), (1)

weEg
where ¢(uv) = |n, — n,| is called the contribution of the edge uv for Mo(G).

Clearly, a graph G is distance-balanced if and only if Mo(G) = 0. The Mostar index
produces a global measure of peripherality of G by calculating the sum of peripherality
contributions over all edges in G. In [6], Dosli¢ et al. determined the extremal values of
the Mostar index among trees and unicyclic graphs, respectively. And they stated some
extremal problems on Mostar index. After that, Tepeh [17] characterized the bicyclic
graphs with extremal Mostar index. Hayat and Zhou [7] gave a sharp upper bound of
the Mostar index for cacti of order n with &k cycles, and characterized all the cacti that
achieve this bound. And in [8], Hayat and Zhou studied the Mostar index of trees with
parameters. For example, they identified those trees with the least Mostar index with
fixed order and fixed maximum degree, and those trees with the greatest Mostar index
with fixed order and with fixed diameter.

This paper focuses on the following extremal problem proposed in [6] which involves

chemical graphs and trees.
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Problem 1.1 ( [6]). Find extremal chemical graphs and trees with respect to the Mostar

indez.

A chemical graph is a connected graph with the maximum degree at most 4. A chemical
graph without any cycle is called a chemical tree. The study on the graph invariants of
chemical trees attracts much attention. One may be referred to [2-4,10,11,13,16,18] for
detailed information.

For convenience, in this context, we denote by T, (resp. 7,¢) the set of chemical trees
(resp. general trees) with n vertices. Let 7 = U7, and T¢ = U T.¢. And denote
by Tna C Tn (resp. 7,9 C T,C) the set of chemical trees (resp. general trees) of order n
and diameter d.

Let T € T,¢. If there exits a vertex v*, such that each component of T — v* contains
less than n/2 vertices, then T is called v*-central (or central for short) and v* is called
the center of T; see Fig. 1(a) for example. If there exits an edge e* = vjv;, such that
each of the two components of 7' — e* contains exactly n/2 vertices (so n is even), then T

*

is called e*-edge central (or edge central for short), e* is called the edge center of T and
v}, v5 are called the twin centers of T; see Fig. 1(b) for example. Note that each tree is

either central or edge central [9

%dw

(a) ®)

Figure 1. (a) An example of v*-central chemical tree; (b) An example of e*-edge
central chemical tree.

Let T € T. Each 1-vertex (resp. 4-vertex) in T is called a leaf (vesp. full verter). A
vertex is called hungry if it is not full. An edge e = uv is called a pendent edge if either u
or v is a leaf. Denote by e, the pendent edge incident to v if v is a leaf. T is complete if
each vertex is either a leaf or a full vertex. T is symmetry (resp. edge symmetry) if it is
central (resp. edge central) and all leaves have the same distance from the center (resp.

edge center).
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Denote by T(r) (resp. T°*(r)) the complete symmetry (resp. complete edge sym-
metry) chemical tree where the distance from each leaf to the center (resp. edge center)
isr (r>1). Let T(r) ={T|T*(r —1) < T < T*(r)}.

Denote by 7°°(r, d) (where d > 2r) the graph obtained from 7 (r) and P = @1 - - - Tg41,
by identifying a 2r-path of T°(r) and the path Zjgs1)/21—rT(d+1)/2]—r+1 " " T[(d+1)/2]4r-
Denote by T°*(r,d) (where d > 2r + 1) the graph obtained from 7°*(r) and P =
Ty - - - TqZqy1, Dy identifying a (2r+1)-path of T°°*(r) and the path |4/0)—r@|aj2j—rs1 -
Tlaj2)4r1- T(r,d) (resp. T°*(r,d)) is called a d-path complete symmetry (resp. d-path
complete edge symmetry) chemical tree. Let T(r,d) = {T|T*(r—1,d) < T < T*(r,d)}
where d > 2r.

Let X™" and X™ be the set of graphs among X with the least and the greatest
Mostar index, respectively, for X' € {T,,, T.¢, Tn.a, ’7;Gd} For short, denote by Mo(X’) the
Mostar index of each graph in &’ for X" € {X™", X™™X = T, T.¢, T, 0, T,5}.

In [6], it was shown that paths (denoted by P,) and stars (denoted by S,,) are extremal

graphs among 7,% with respect to the Mostar index. And 7,9 was determined in [8].

Theorem 1.2 ( [6]). For n > 1, one has T,C™" = {P,} and T, = {S,}, where
Mo(P,) = (n—1)2/2 and Mo(S,) = (n — 1)(n — 2).
Let P(n,d) (n > d+ 1) be the graph obtained from the path P; = z129- - 2441 by

attaching n —d — 1 pendent edges at z|(411)/2)-

Theorem 1.3 ( [8]). Forn > 2, one has T,5™* = {P(n,d)}.

The first aim of this paper is to determine 7;** for n > 6. Note that, since P, (n > 1)
and S, (1 < m < 5) are also chemical trees, by Theorems 1.2, one has 7™ = {P,}
(n > 1) and 72 = {S,,} (1 < m < 5). However, if n > 6, then S, ¢ T,™ since
Sn ¢ 7:1*

Theorem 1.4. Let T be in T, wheren =6 and2-3"'—1<n<2-3 —1 withr > 2.
Then

Mo(T) <n*— (2r + 1)n+2-3" —2(r +1)
with equality if and only if T € T(r) N T,.

The second aim of this paper is to determine 777 Note that for T € Tn.d, one has

d+1<|T| <2-3%%—1if dis even, while d + 1 < |T| < 31*/2 — 1 if d is odd. By
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Theorem 1.3 one has T%%5 = {P(d +i,d)} for i = 1,2,3. And it is easy to count that
Mo(P(d+2,d)) = |d?/2] +2d, Mo(P(d + 3,d)) = |d?/2] + 4d + 2.

Theorem 1.5. Let T be in T, q where d > 3 and n > d + 4.
(1) Ifdis odd and (2-31V/2—1)+1 < n < 3@¢HD/2—1, then =T ((d+1)/2)N T, a-
2) If-31=1)+[d=20r—1)]<n<(2:3—1)+(d—2r) with2 < r < |d/2], then
d2
Mo(T) <n? — (2r + 1)n +2-3" — 2r% + 2dr — [ﬂ —d—2
with equality if and only if T € T(r,d) N Ty.

The third aim of this paper is to determine 7,5™". Let P(n,d) (n > d+1) be the
graph obtained from the path P; = z129--- 2411 by attaching [(n —d — 1)/2] pendent
edges at ¥y and [(n —d — 1)/2] pendent edges at x4.

Theorem 1.6. Let T be in 'ﬁfd with d >3 and n > 6. Then

(n—d+1)(n—2)+2|2][52], ifnis even;

Mo(T) >
(n—d+1)(n—2)+2[5]? if n is odd.
with equality if and only if Tgﬁ(n, d).

Theorems 1.4, 1.5 and 1.6 are proved in Sections 3, 4 and 5, respectively. The proofs

are based on the properties of moving operation which are stated in Section 2.

2 Properties of some graph transformations

In this section, some necessary definitions and preliminaries are given. Denote by [¢, j] =
{i,i +1,...,5} for integers i < j for short. By the definitions of T°(r),T(r),
T (r,d) and T*(r,d), one has

T(r—1)<T(r—1)<T%r), T%r—1,d) <T(r —1,d) <T*(rd).
That is, T°*(r — 1) € T*(r) and T°*(r — 1,d) € T*(r,d). It is also easy to count that
() T =2-3" =1, |[T(r)| = 3" = 13

(2) [T(r,d)| = (2-3" = 1)+ (d = 2r), |T(r,d)| = (3 —=1)+(d—2r—1).
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For T € T¢ and u,v € Vi, recall that there is a unique u-v path (denoted by P,,) in
T. Let P,. = P,, where e = wv and d(u, €) = d(u,v).

Let T € TC. If T is v*-central, let N(v*) = {v;]i € [1,d(v*)]} and e} = vv* for v; €
N(v*). Then T — v* has exactly d(v*) connected components. The connected component
containing v; is called the v;-branch of T, which is denoted by T, for v; € N(v*). And
Tes = TV, Uv*] is called the vi-extended branch of T for for i € [1,d(v*)]. If T is
e*-edge central where e* = vjv;, then T'— e* has exactly two connected components. The
component containing v; is called the v} -extended branch of T, which is denoted by T,
for i € {1,2}. Let a = v* if T is central or a = ¢* if T is edge central. Let R;(T) (or R;
for short) be the set of vertices of distance exactly j from a for j > 0 (where we suppose
Ry = {v*} if T is central or Ry = {vj,v3} if T is edge central). Let E; be the set of edges
between R;_; and R; for j > 1. If T' is central, let R;; = R; N VTU’ and F;; = R; N ETU1
for ¢ € [1,d(v*)] and j > 1. If T' is edge central, let R;; = R; N VTU: and E;; = E; N ETv;
for i € {1,2} and j > 1. Let w,v be in the same extended branch of T, such that
d(u,a) > d(v,a) and v € Vp, ,. Then each vertex (resp. edge) in P, , is called an ancestor
(resp. ancestor edge) of v, while each vertex (resp. edge) in P, , is called a successor (resp.
successor edge) of v. Denote by Ar(v) and Sp(v) (resp. EArp(v) and ESy(v)) the set of
all ancestors and successors (resp. ancestor edges and successor edges) of v, respectively
(or by A(v), S(v), EA(v) and ES(v) for short, respectively). Let o(v) = |S(v)| for each
v € Vr (suppose v is not the center when 7 is central) and o1(v) = o(v) — 1. For an edge
e = uuy with d(uy, a) > d(u,a), let ES(e) = ES(u1) U {e}.

Let T € T¢ with a being the center or edge center. Let e = uu; € FEr where
d(uy,a) > d(u,a). Let v € Vp \ S(u1). Denote by T(e™,v") the graph obtained from 7'
by deleting e and connecting u; to v with a new edge (also denote the new edge by e); see
Fig. 2(1) for example. The operation from T to T'(e™,v™) is called a moving operation on
(e,v). Note that if T' is a chemical tree and v is hungry, then T'(e™,v™") is also a chemical
tree. Denoted by T(u~,v") the graph obtained from T by doing moving operation on
(e;,v) for each e¢; € E(u) N ES(u) at the same time; see Fig. 2(2) for example. The
operation from 7' to T'(u~,v") is called the moving operation on (u,v). Note that if T is
a chemical tree and d(u)+d(v) —1 < 4, then T'(u™,v") is also a chemical tree. Denote by
T(ES(e)~,v™) the graph obtained by adding o(uy) pendent edges to T'[Vr \ S(uy)] (that

is do moving operations inductively on (e;,v) for e; € ES(e) from E, to Eq, .+ where
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« is the greatest distance from a leaf in S(u1) to the center or edge center); see Fig. 2(3)
for example. The operation from T to T(ES(e)™,v™) is called the moving operation on

(ES(e),v).

e e u

v u v 1 €

R
& eé’« s
e v u
(1) T(e’v") (2) T(uv) (3)T(ES(e),v)

Figure 2. Examples for the moving operation from T to T(e™,v"), T(u~,v") and
T(ES(e)™,v"), respectively, where the vertices in white and their inci-
dent edges are moved.
Property 2.1. Let T be in T,C with a being the center v* or edge center e* = vivs. Choose
uu; € Ep,v € Vp such that v ¢ S(u1) and d(ui,a) > d(u,a). Let Ty = T(uuy,v"),
Ty =T(u",vt) and T3 = T(ES(uuy)~,vt).
(i) If u,v are in the same extended branch, then Mo(Ty) = Mo(T) + 20(u1)(d(u,a) —
d(v,a)).
(ii) Suppose T is v*-central and u,v are in distinct branches T,, and T,,, respectively.
— Ifo(ve) < |n/2] — (wy), then Mo(Ty) = Mo(T) + 20 (u1)(d(u, v*) — d(v,v*)).
— If nis odd and o(vs) = (n —1)/2 — o(u1) + 1, then Mo(T\) = Mo(T) +
20 (uy)(d(u, v*) — d(v,v*) + 1).
(iii) If T is vivi-edge central, u € VTaqf v € VT,,; and uy is a leaf, then Mo(T)) =
Mo(T) + 2(d(u,vi) — d(v,v3) + 1).
(iv) IfT isv*-central, w and v are in distinct branches T,, and T,,, respectively, satisfying
a(v2) € |n/2] — o1(u), then Mo(Tz) = Mo(T) + 201 (u)(d(u, v*) — d(v,v*)).
(v) If T is vivs-edge central, u € Vi, v € Vi, and d(u,vi) = d(v,v3) — 1, then
Mo(T) = Mo(T) + 201 (u)(d(u, v}) — d(v,vy) + 1).
(vi) Assume that uuy,v are in the same extended branch satisfying d(u,a) < d(v,a) and

d(e,a) < d(v,a) for each edge in ES(uy). Then Mo(T3) < Mo(T).
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Proof. Let ¢(e) (vesp. ¢i(e) for i € {1,2,3}) be the contribution of e to T (resp. T;
for i € {1,2,3}), for e € Er (resp. e € Ep, for i € {1,2,3}). One has ¢;(e) = ¢(e)
(i € {1,2,3}) for each e € Er \ Ep,,.

(i) Note that Tj is also v*-central (resp. e*-edge central) if T is v*-central (resp. e*-
edge central). If u,v,a are in the same path and v € P,,, then ¢1(e) = ¢(e) + 20(uq)
for each e € Ep,,. So Mo(T1) = Mo(T) + 20(u1)(d(u,a) — d(v,a)). If u,v,a are in the
same path and u € P,,, then ¢1(e) = ¢(e) — 20(uy) for each e € Ep, . So Mo(Ty) =
Mo(T) —20(u1)(d(v, a) — d(u, a)) = Mo(T)+20(u1)(d(u, a) —d(v, a)). If u,v,a are not in
the same path, then Vp, , NVp, , = Vp, , for some w in the same extended branch. Then
¢(e1) = ¢p(e) + 20(uy) for each e € Ep, ,. And ¢1(e) = ¢(e) — 20(uy) for each e € Ep, .
One also has Mo(Ty) = Mo(T) + 20(uy)(d(u,a) — d(v,a)). Thus, (i) holds.

(i) Note that T} is v*-central when n is odd or o(ve) < |[n/2] — o(uy) — 1, while T} is
vgv*-edge central when n is even and o(ve) = n/2 — o(u;). Then ¢1(e) = ¢(e) + 20(uq)
for each e € Ep, .. And ¢i(e) = ¢(e) — 20(u1) for each e € Ep .. So Mo(Th) =
Mo(T) + 20 (uq)(d(u, v*) — d(v,v*)). Thus, the first part of (ii) holds.

Note that T} is vo-central. Then ¢1(e) = ¢(e) + 20(u1) for each e € Ep, .; ¢i(e) =
#(e) — 20(uy) for each e € Ep,,,. And ¢1(v'v2) = (v va). So Mo(Ty) = Mo(T) +
20 (u1)(d(u,v*) — d(v,v2) + 1). Thus, the second part of (ii) holds.

(iii) Note that T; is vi-central if dr(vy) > 3, or T} is viws-edge central if dr(vy) = 2
(where ws is the neighbor of vj other than v;). Then ¢;(e) = ¢(e) +2 for each e € Ep“m;.
And ¢1(e) = ¢(e) —2 for each e € Ep, ;- S0 Mo(Ty) = Mo(T) +2(d(u, vi) —d(v,v3) +1).
Thus, (iii) holds.

(iv) Recall the moving operation on (u,v) is the combination of moving operations
on (e;,v)’s over all e;’s in E(u) N ES(u). So (iv) holds since (ii) holds and o(u) =
2 weN@ns() 7 (W)-

(v) Note that the center or edge center of T is in P, ;. Then ¢o(e) = ¢(e) + 201 (u)
for each e € Epu’v;. And ¢s(e) = |¢p(e) — 201 (u)| = ¢(e) — 201 (u) for each e € Epv'vg. So
Mo(Ty) > Mo(T) + 201 (u)(d(u, v}) — d(v,v3) + 1). Thus, (v) holds.

(vi) The conclusion in (vi) holds since (i) holds, by the definition of Ty = T'(S(uu)~,
v*) and by the fact that d(uu;) < d(v) and d(e, v*) < d(v,v*) for each edge in ES(uy).
|

If the moving operation in (i), (ii), (iii) or (iv) of Property 2.1 does no change the
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Mostar index, then it is called an equivalent moving operation. Two trees are equivalent

if they can be obtained from each other by some equivalent moving operations.

3 Greatest Mostar index in 7,

In this section, we prove our first main result, which characterizes all the chemical trees

of order n having the largest Mostar index. At first we need some preliminary lemmas.

Lemma 3.1. Let T' be a v*-central tree in T,™™ where n > 6. Let o be the greatest

distance from a leaf in T to v*. Then T € T*(a).

Proof. Let e € E,. Suppose there exits a hungry vertex v in U?;(?R_,-. Then we can do
moving operation on (e,v) to increase the Mostar index by Property 2.1(i) or Property

2.1(ii), a contradiction. So each vertex in USZJR; is full. Thus, T € T*(a). |

Lemma 3.2. Let T be a vivi-edge central tree in T,™™ with n > 6. Let o be the greatest
distance from a leaf to vivy. Then T = T%(«).

Proof. Let o; be the greatest distance from a leaf in T to v; for i € {1,2}. Without loss
of generality, suppose a« = a3 > as. Suppose there exits a hungry vertex v € U?‘:_OlRZJa
Let e € Ey,. Then we can do moving operation on (e, v) to increase the Mostar index
by Property 2.1(iii), a contradiction. So each vertex in U?‘;&RZ,_,- is full, and s = a = ay.
Similarly, suppose there exits a hungry vertex v € U;";&Rl j- Let e € Ey,. Then we
can do moving operation on (e,v) to increase the Mostar index by Property 2.1(iii), a

contradiction. So each vertex in U‘;;(}Rlyj is also full. Thus, T=T°**(a). |

We are now in the position to prove our first main result.

Proof of Theorem 1.4. Let T € 7, where
IT(r—1)|=2-3"1—1<n<2-3 —1=|T%Cr)|

for some r > 2. If T is v*-central, then let o be the greatest distance from a leaf to v*.
By Lemma 3.1, one has T € T%(a). So T € T(r), since |[T(r — 1) < n < [T(r)|.
Recall that T°*(r — 1) is the unique complete edge symmetry tree with the number of
vertices in [|T(r — 1)| + 1, [Vpes(m|]. If T is vivi-edge central, then by Lemma 3.2 one
also has T = T°(r — 1) € T°(r). On the other hand, note that the trees in 7°(r) N T,
are equivalent to each other. So 7™ = T (r) N T,,.
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Let Ty = T°(r —1). Suppose n = |Ti| +t where 1 <t < 4-3"1. Let w* be the
center of T7. Let 27 and x5 be two leaves in distinct branches of 77. Let T3 be the graph
obtained from T} by attaching |¢/2]| pendent edges {e;|i € [1,[¢/2]]} to z; and attaching
[t/2] pendent edges {€}|j € [L,[t/2]]} to 5. Then Ty is w*-central which is equivalent
to T

Let ¢;(e) be the contribution of e to T; for ¢ € {1,2}. Then ¢s(e) = ¢1(e) + ¢ for
cach ¢ € Eny \ Ep, ,,; ¢2(e) = ¢i(e) + [t/2] — [t/2] for cach e € Ep,_.; da(e) =
d1(e) — [t/2] + [t/2] for each e € Ep,_ .. And ¢a(e;) = ¢2(e}) = n — 2 for each
iel,[t/2]] and j € [1,[t/2]]. So

Mo(Ty) = Mo(Ty) +t- (|En| —|Ep, ,,|) +t-(n—2)

Mo(Ty) +t-(2-3 4 n—2r—2).

Note that for each edge wv € E;(T1), where u € R;j(Th),v € R;j_1(Th), 1 < j<r—1,
the contribution of uv equals to |T}| — 20(u). And recall o(u) = 3377 371 = (377 —1)/2
and |E;(Ty)| =4-3"!for 1 <j <r—1. Then

Mo(Ty) = i |E;(TY)| - (|Th] — 20(w) = 4(9" " —r-3771) .

Thus,
Mo(T) = Mo(Ty) = Mo(Ty)+t- (3 ' +n—r—-2)
= 497 =73+t (2:3 T +n—2r—2)
= n?—(2r+1)n+2-3"-2(r+1)
since t =n — (2- 377! — 1). This completes our proof. |

4 Greatest Mostar index in 7, 4

In this section, we prove our second main result, which characterizes all the chemical
trees of order n and diameter d having the largest Mostar index. At first we give some

preliminary lemmas.

Lemma 4.1. Let T be in n’j‘jf" withd > 4 andn > d+4. Then the center or edge center

of T is in some path length of d.
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Proof. Let a = v* if T is v*-central and a = e* = vjv; if T is e*-edge central. Suppose
a is not in any path of length d. Consider a path, say P, ,, of length d in T. Then P, ,
is in some extended branch of T" (suppose it is in T, if T" is central or it is in Tpy if 7' is
edge central). Let £ = vy or v;. Then (d+1) < |T¢| < n/2 and there are at least n/2 >
vertices in Vp \ V.

If T is central, then d(v*) = 4. For otherwise, there exists a pendent edge e € Ep\Ep, ,
where d(e,v*) > 1. And we can do moving operation on (e,v*) to increase the Mostar
index by Property 2.1(i), with the diameter unchanged, a contradiction. When T is
central, let N(v*) = {vy,vq,v3,04} and suppose T,, is the branch containing the least
vertices among the three branches other than 75, .

Let z be the vertex in P, , which has the least distance from £. Let z; € Vp,, N N(2)
and y; € Vp,, N N(z). Without loss of generality, suppose d(z,z) > d(y,z). Then
d(z,z) = d(v,z) for each v € S(x1); d(y,2) > d(v,2) for each v € Vg, \ S(21). And
d(y, z) > d(v, 2) for each v € Vp\ V, by our assumption. So d(z,a) = d(v, a) for each v €
S(x1); d(y,a) = d(v,a) for each v € S(2) \ S(21); d(y, a) > d(v,a) for each v € Vp, \ S(z)
(for otherwise, d(v,x) would be a path of length greater than d, a contradiction). And
one also has d(y,a) > d(v, a) for each v in Vp\ Vz,. Let a be the greatest distance from a
leaf in S(y,) other than y to z. Let e; be the pendent edge in [(ES(y1) N Eyza)+a) \ {€y}]-

If d(z) = 3, then o = 0, for otherwise we can do operation on (ej, z) to increase the
Mostar index by Property 2.1(i), with the diameter unchanged, a contradiction. So one
has o(y1) = d(y, z) < d(z,z) < o(x1) which implies o(y;) < (£)/2.

If d(z) = 4, let z; be the neighbor of z other than x1, y;. Then each vertex z; in [S(z1)N
(Uj<d(z,0)+a—2R;)] is full, for otherwise we can do moving operation on (e, z2) to increase
the Mostar index by Property 2.1(i), with the diameter unchanged, a contradiction. Then
we can do equivalent moving operations on (e}, v},)’s for all €j’s in ES(y1) N Ea(z,a)+a and
for some v;’s in S(21) N Syzayra—1 until [ES(y1) N Eaayral < [ES(21) N Eaza)tal;
with the diameter unchanged. Then one has o(y1) < o(z1) + o(z1) which also implies
o(y1) < o(§)/2 after these equivalent moving operations. So without loss of generality,
we can suppose o(y1) < 0(§)/2 < n/4.

Let wq be a leaf in S(vy) if T' is central and wq be a leaf in S(v3) if T is edge central.
Then d(ws, z) < d(y,z) by our assumption. Choose y € Vp,, such that d(ys,2) =
d(wa, z). Then d(y2,a) > d(wz,a). And o1(y2) = 0(y2) — 1 < o(p1) — 1 < 0(€)/2 < n/4.
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When T is edge central, we can do moving operation on (yg, ws) to increase the Mostar
index by Property 2.1(v). When T is central, if o(v1) > n/4, then o(vy) < n/4 <
n/2 —n/4 < |n/2] — o1(y2) by our choice of T;,. So we can do moving operation on
(y2,w2) to increase the Mostar index by Property 2.1(iv). If o(v1) < n/4, then o1(ys) <
o(v1)/2 < n/8. One has o(v3) < n/3 =n/2—n/6 <n/2—n/8 < |n/2] —o1(y2). So
we can also do moving operation on (y2,ws) to increase the Mostar index by Property
2.1(iv).

On the other hand, let Ty = T'(y,, w3 ). Note that, whenever T is central or edge
central, one has dr, (v,y) < dp,(z,y) = dr(z,y) = d. And for each v € Vi \ Vr,, one has
dr,(v,y) < dp,(y,a) +dp,(v,a) < dr(y, z) +dr(y, z) < d. So Ty has the same diameter to
T but a greater Mostar index, a contradiction. Thus, there is a choice of P, , such that
v* € Vp,,. This completes the proof. |

Recall that, for a v*-central T, one has N(v*) = {v;]i € [1, dr(v*)]}.

Lemma 4.2. Suppose T is a v*-central tree in T, and Py, is a path of length d con-
taining v*, where d > 4,n > d+ 4,2 € S(v1), y € 5(1)2) and d(z,v*) = d(y,v*). Let o
be the greatest distance from a leaf other than x ory in T to v*. Then a < d(y,v*) +1
with equality only if T € T*(a) and d = 2a — 1. Furthermore, if a < d(y,v*) then
T e T%a,d).

Proof. Note that d(v*) = 4 since n > d + 4 (for otherwise, we can do moving operation
to increase the Mostar index, a contradiction). Let N(v*) = {vy, va,v3,v4}. Let o; be the
greatest distance from a leaf other than z or y in T, to v* for ¢ € {1,2,3,4}.

If a > d(y,v*)+1, then a = o1 > o for each i € {2,3,4}. Let e € E,\ Ep, ,. Suppose
there exits a hungry vertex v in (U?(:yl‘v*)fle) U (U;";QRLJ-). Then we can do moving
operation on (e,v) to increase the Mostar index by Property 2.1(i) or Property 2.1(ii),
with the diameter unchanged, a contradiction. So each vertex in (U ye= 1R JU(U5Z IRy ;)

Jj=1
is full. And so T°(d(y,v*)) < T. Suppose a > d(y,v*) + 2. Then

a—1 d(y,v*)
o(v) > ZSJ_l > Z 3 = o(vy) + o(vs3) + o (vy)
j=1 j=1

since o = d(y, v*)+2, a contradiction to the fact that T is v*-central. So a = d(y, v*)+1.
Then T%(a — 1) < T. On the other hand, suppose d(z,v*) > a + 1. Then we can do

moving operation on (e,,y) to increase the Mostar index by Property 2.1(ii), with the
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diameter unchanged, a contradiction. So d(z,v*) = o which implies T' < T°(«). Thus,
TeT*)and d =20 — 1.

If o < d(y,v*), let e € Ey \ Ep,,. Suppose there exits a hungry vertex v € U;‘;ij.
Then we can do moving operation on (e,v) to increase the Mostar index by Property
2.1(i) or Property 2.1(ii), with the diameter unchanged, a contradiction. So each vertex in
Uj<a—2R; is full. On the other hand, suppose d(z, v*) > d(y, v*)+2. Then d(z,v*) > a+2.
Then we can do moving operation on (e, y) to increase the Mostar index by Property
2.1(ii), with the diameter unchanged, a contradiction. So d(x,v*) < d(y,v*) + 1. And so
T e T(a,d). |

Lemma 4.3. Suppose T is a vivy-edge central tree in T3 and Py, is a path of length
d containing vivy, whered >4, n > d+4,z € S(v}), y € S(vZ) and d(z,v}) > d(y,v3).
Let « be the greatest distance from a leaf other than x or y to vivy. Then T = T («a,d)
and d is odd.

Proof. For each vertex u € VTU; and v € VTvE’ one has d(z,vf) > d(u,v;) and d(y,v3) >
d(v,v3). Let o; be the greatest distance from a leaf other than 2 or y in Tpx to v; for
i € {1,2}. Then d(z,v}) > oy and d(y,v}) = as.

Let e be in Ey 4, \ Ep, . Suppose there exists a hungry vertex v in U}’iglRLj. Then we
can do moving operation on (e,v) to increase the Mostar index by Property 2.1(iii) with
the diameter unchanged, a contradiction. So each vertex in U(“ 1R1 jis full and ap < ag.
Similarly, one has each vertex in U‘“ 1R2] is full and oy < ay. So a1 = as = o and each
vertex in UjZ o R; is full. Then T[Ujsar1E;] consists of two paths if Ujsa1R; # 0. And
the two paths have the same length, since 7" is edge central. So d(z, v}) = d(y,v3). Thus,

T = T°%(a,d) and d is odd. |
Now we come back to prove Theorem 1.5.

Proof of Theorem 1.5. (1) If d is odd and (2-3¢@"D/2— 1)+ 1 < n < 30*1/2 — 1 then
T C Te((d+1)/2) by Theorem 1.4. And T,™* N Ty g # 0. So T4 = T, N Toa
Te((d+1)/2) N Tra.

(2) Suppose (2:3" 1 =1)+[d—2(r—1)] < n < (2:3"—1)+(d—2r) where 2 < r < |d/2].
Thenn > d+4 > 8. Let T € T4*. Let P, be a path length of d in T' with two leaf

ends x and y.
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We first consider that T is v*-central. By Lemma 4.1, suppose v* € Vp, . Without
loss of generality, suppose d(x,v*) > d(y,v*). Let a be the greatest distance from a
leaf other than x or y to v*. By Lemma 4.2, one has a < d(y,v*) + 1. And when
a=d(y,v*)+1, one has T € T(a) and d = 2« — 1, which implies « = r and d = 2r — 1,
since (2:3" 1 —1)+[d—2(r—1)] <n < (2:3"—1) + (d — 2r). However, this contradicts
the assumption of d > 2r. So o < d(y,v*). And by Lemma 4.2, one has T' € T(«,d),
which implies o« = r and T' € T (r,d), since |T°(r — 1,d)| < n < |T%(r,d)|.

Now we consider that T is viv;-edge central. By Lemma 4.1, there is a choice such that
vjvs is in a path length of d. Note that T°*(r — 1, d) is the unique d-path complete edge
symmetry chemical tree which has a number of vertices in [|T(r — 1,d)| + 1, |T(r, d)|].
So by Lemma 4.3, one also has T' = T°*(r — 1,d) € T*(r,d), since |T*(r — 1,d)| <n <
|T(r, )]

On the other hand, all trees in 7°(r,d) are equivalent to each other. Thus, we have
T = T(r,d) (T

Let Ty = T%(r — 1,d). Suppose n = |Ti| 4+t where ¢ € [1,4 3! —2]. Let w*
be the center of T7. Let x1,xs, x3, x4 be four leaves in the four distinct branches of 77,
respectively, where P, ,, is a path of length d and d(z1) > d(x3). Let T5 be the graph
obtained from T; by attaching |¢/2] pendent edges {e;]i € [1, |¢/2]]} to x5 and attaching
[t/2] pendent edges {ej|j € [1,[t/2]]} to z4. Then Tj is a w*-central tree which is
equivalent to 7.

Let ¢;(e) be the contribution of e to T; for i € {1,2} and e € Er,. Then ¢s(e) =
¢1(e) +1t for each e € Bpy \ Ep,,,; ¢2(e) = d1(e) + [t/2] — [t/2] for each e € Ep,_.;
da(e) = ¢u(e) — [t/2] + [t/2] for each e € Ep, . and ¢a(e;) = ¢a(e}) = n — 2 for each
i€ (1, [t/2]] and j € [1, [t/2]]. So

Mo(T) = Mo(Th) +t-(|En| —[Ep,, ) +1t-(n-2)

= Mo(T))+t-(2-3 ' +n+d—4r).

Note that for each edge uv € E;(T1), where u € R;j(Th),v € R;_1(T1) and 1 < j < [d/2],
the contribution of uv equals to |Ti| — 20 (u). If v ¢ Vp, ., one has o(u) = (37 —1)/2.
If wis in Py 4, one has o(u) = (379 = 1)/2+ [d/2] —(r—1) for 1 < j < r—1,
< [d/2]. If wis in Py, ,», one has o(u) =

while o(u) = [d/2] —j+1 for r < j
1 <j <r—1, while o(u) = [d/2] —j + 1 for

(39 —1)/2 + |d/2] — (r — 1) for
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r<j < |d/2]. And one has |E;\ Ep, , |=4-3""—2for 1<j<r—1. So

Mo(Ty) Z z o1 (uv) + i Z o1 (uv) + Z Z ¢1(uv)

J=1 wek; \Ep_t] a9 j=1 quEJrﬁEpllJ2 j=r wekE;

r—1 r—1

=Y (@3 =T =3+ 1)+ D [2-Th| = 2037 — 1) — 2d + 4(r — 1)]
j=1 Jj=1

S (E R B R )

2
=497 4 (d—3r +2)3" —rd +2r — 2] +6(r — 1)% + {%J .

Thus,
Mo(T) = Mo(Tz)

Mo(Th) +t-(2-3 ' +n+d—4r)

pe
n?—(2r+1)n+2-3"—2r% + 2dr — {EJ —d—-2

sincet =n—[(2-371—1)+ (d —2(r — 1))].

This completes our proof. |

5 The least Mostar index in 7;%

In this section, we determine the least Mostar index of trees in 7,¢ "+ All the corresponding
extremal trees are characterized. In order to show our main result, we give some lemmas
at first.
Lemma 5.1. Let T be in 7,0/ with d > 4. Then the center or the edge center is in
some path of length d.
Proof. Suppose to the contrary that the center or the edge center of 7" is not in any path
length of d. Let P,, be a path of length d. Then P, is in some branch of T' (suppose it
is in T, if T is v*-central or in T,y if T' is viv;-central).

Let a = v* or vjvy. Let z be the vertex in P,, which has the least distance from
a. Without loss of generality, assume d(z, z) > d(y, z). Then for any pendent edge e in
another branch or extended branch other than 75, or Ty;, one has d(e, z) < d(y,z) —2 by
our assumption. That is d(e, a) < d(y, a) —3. Then we can do moving operation on (e, ;)
where y1y € Er, to decrease the Mostar index by Property 2.1(ii) or Property 2.1(iii),
with the diameter unchanged, a contradiction. Thus, the center or the edge center is in a

path length of d. |
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Lemma 5.2. Let T be a v*-central tree in T,5™™ with d > 4. Then T=P(n,d).

Proof. By Lemma 5.1, let v* be in a path, say P,,, of length d. Suppose z € S(v;) and
y € S(ve). Without loss of generality, suppose d(x,v*) > d(y,v*). Let a; be the greatest
distance from a leaf in T,, to v* where v; € N(v*) and let @ = max;;<qe-){®i}. Then
for each v € Vp and each w € Vp \ S(v1), one has a = ay = d(z,v*) > d(v,v*) and

as = d(y,v*) = d(w,v*). We proceed by showing the following facts.
Fact 1. If a; > 3, then each vertex in U?;}QRM is a 2-vertex for i € [1,d(v*)].

Proof of Fact 1. Suppose o; > 3, w € R;,—1. If there exists u € U.‘;‘;_IZRZ'J such that
d(u) > 3, then let e be in (E(u) N ES(u) \ Ep,,). Hence, we can do moving opera-
tion on (ES(e), w) to decrease the Mostar index by Property 2.1(vi), with the diameter

unchanged, a contradiction. |
Fact 2. ao =a ora—1 and ay > 2.

Proof of Fact 2. Note that a; < a. Suppose ay < a—2. Let e € F5,,. Then we can do
moving operation on (e, vq,4—1) to decrease the Mostar index by the first part of Property
2.1(ii), with the diameter unchanged, a contradiction. So as = « or @ — 1. Together with

as +a=d >4, we have ap > 2. | ]
Fact 3. d(v*) =2, o(v1) = 0(v2) and n is odd.

Proof of Fact 3. Suppose d(v*) > 3. Let v3 € N(v*). By Fact 1, for each leaf w’ in T,,,
one has d(w',v*) = «a; and there is a unique vertex in R;,,—1 (let v; 4,1 be this unique
vertex).

Suppose a3 < as — 1. Let e € E5,,. Note that either o(vy) < [n/2] — 1 or o(vg) <
[n/2] — 1. Then we can do moving operation on (e, vgq,-1) Or (€,v1,4-1) to decrease
the Mostar index by the first part of Property 2.1(ii), with the diameter unchanged, a
contradiction. So a3 = ay since a3 < ao.

Now we can firstly do moving operations on (e;,v1,4-1) Or (€;,v24,-1) for each e; €
Ej ., until until Es,, = @, and make sure one of the branches containing « and y has
at most [n/2] — 1 vertices, with the Mostar index not increasing by the first part of
Property 2.1(ii), and with the diameter unchanged. And secondly do moving operation

on (€,v24,-1) Or (€,014-1) for e € Es3 4,1 to decrease the Mostar index by the first part
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of Property 2.1(ii), with the diameter unchanged, a contradiction. Thus, d(v*) = 2. Then
n is odd and o(v;) = o(v2) = (n — 1)/2. Therefore, Fact 3 holds. |

Now we come back to show Lemma 5.2. By Facts 2 and 3, if as = «, then d = 2« and
|E1 o] = |Eogl; if g = a—1, then d = 2a—1 and |E) o] = |E9,q—1]| — 1. Thus, T%ﬁ(n, d),

as claimed. ]

Lemma 5.3. Let T be a vjvs-edge central tree in T,S™™ with d > 4. Then T=P(n,d).

Proof. By Lemma 5.1, let v{v; be in a path, say P, ,, of length d. Let a; be the greatest
distance from a leaf in T,x to v} for i € {1,2} and let @ = max{ay, a2}. Suppose z € S(v})
and y € S(v3). Then a; = d(z,v}) and as = d(y,v3). Without loss of generality, suppose
a=aq1 2 Q.

Let zzy € Er. If Uigjca—2R1; # 0, then one may suppose there exists u € Ui¢jca—2
R, ; where d(u) > 3. Thus, let e be in (E(u) — EA(x)). Then we can do moving operation
on (ES(e),z1) to decrease the Mostar index by Property 2.1(i), with the diameter un-
changed, a contradiction. So each vertex in Uij<q—2R1; (if it is not empty) is a 2-vertex.
Similarly, each vertex in Uicjca,—2Ra; (if it is not empty) is a 2-vertex. So there is a
unique vertex v;q,-1 in Riq,—1 for i € {1,2}.

Suppose a > as+2. Then |Eyq,| > |E1 4| since o(v}) = o(v3). Let e € Es4,. Then we
can do moving operation on (e, v;,-1) to decrease the Mostar index by Property 2.1(iii),
with the diameter unchanged, a contradiction. So & < ap+ 1. If a = ap, then d = 2+ 1
and |Ey o] = |Erel. f o = ag+1, then d = 2a and |Ey o| = |E,4-1/—1. Thus, T=P(n,d),

as claimed. u

Proof of Theorem 1.6. If d =3 and n > 6, then let P = xjx9x324 be a path of length
3. If T is edge central, then zyx3 is the edge center and T is unique where Tgﬁ(m 3).
If T is central, then v* = x5 or x3. Without loss of generality, suppose v* = x5. Then
o(z3) < [n/2] — 1. If nis even, or n is odd and o(z3) < (n — 1)/2 — 1, then we can
do moving operation on (x9xh,x3) where a}, # x3 to decrease the Mostar index with
the diameter unchanged, a contradiction. So n is odd and o(x3) = (n — 1)/2. Thus,
T=P(n,3).

If d > 4, by Lemmas 5.2 and 5.3, one also has T%ﬁ(n, d). On the other hand,
Mo(P(n,d) = Foeys 6(6) + Ly 0() for d > 3.



-178-

If n is even and d is odd, one has

d—3
BN
~ —1)(d —
]\/fo(P(n,d)):(n7d+1)(n72)+222j:(n7d+1)(n72)+(d )2(d 3)
3=0
If n is even and d is even, one has
o8 (d—2)?
Mo(P(n,d)) = (n—d+1)(n—2) + 27 + 2j=(n—d+1)(n—2)+ - —
(P(n,d)) = ( )N );J ;J( )N ) 3
If n is odd and d is odd, one has
d-3 d-1
Mo(P(n cl)):(nfdJr1)(7172)+i:2j+22:2j:(nfdJrl)(an)Jr(dil)2
7 j=0 j=1 2
If n is odd and d is even, one has
[
N —.. d(d —1)
Mo(P(n,d)) = (n—d+1)(n—2)+2) 2j=(n-d+1)(n—2)+ TR
j=1

Thus, for d > 3,
(n—d+1)(n—2)+2[2][%2], ifniseven;
Mo(T) >
(n—d+1)(n—2)+2[%L]2,  ifnisodd.

This completes our proof. |

6 Future work

In this paper, we determine the chemical trees of order n with the greatest Mostar index.
We also identify chemical trees of order n and diameter d with the greatest Mostar index.
What is more, we characterize the general trees of order n and diameter d having the least
Mostar index. We tried to determine chemical trees of order n and diameter d having the
smallest Mostar index without complete success. Hence, this problem is still open. We

will do it in the near future.
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