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Abstract

For any square complex matrix A the energy of A, denoted by £(A), is defined as
the sum of the absolute values of the eigenvalues of A. In this paper we investigate
the energy of matrices and find some bounds for £(A). As a consequence we obtain
some bounds for energy of graphs.

1 Introduction

In this paper the matrices are complex and the graphs are simple (that is graphs are finite
and undirected, without loops and multiple edges). The conjugate transpose of a complex
matrix A is denoted by A*. A Hermitian matrix (or self-adjoint matrix) is a complex
square matrix that is equal to its own conjugate transpose. We note that when A is a
real matrix, then A is Hermitian if and only if A is symmetric. It is well known that
the eigenvalues of Hermitian matrices (in particular, the eigenvalues of real symmetric
matrices) are real. A complex square matrix A is called normal if it commutes with its
conjugate transpose, that is AA* = A*A. For example, every real symmetric matrix is
normal. Let B be a square complex matrix. The trace and the determinant of B are
denoted by ¢r(B) and det(B), respectively. The energy of B, denoted by £(B), is defined
as the sum of the absolute values of its eigenvalues. In other words, if B is an n x n

complex matrix with eigenvalues Aj,..., A,, then

EB) = M|+ + . (1)
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Nikiforov [9] defined the energy of any complex matrix A by considering the singular
values. This definition of energy of matrices coincides with the previous definition of
energy of matrices if and only if the matrix is normal [1].

Let G = (V(G), E(G)) be a simple graph. The order of G denotes the number of
vertices of G. For a vertex v of G, the degree of v is the number of edges incident with
v. An isolated vertex of G is a vertex of G with degree zero. The complete graph of order
n is denoted by K,. Let ¢ > 2 and ny,...,n, be some positive integers. By K, .,
we mean the complete multipartite graph with parts size nq,...,n;. In particular, the
complete bipartite graph with part sizes m and n is denoted by K, ,.

Let G be a simple graph with vertex set {vq,...,v,}. The adjacency matriz of G,
denoted by A(G), is the n X n matrix such that the (¢, j)-entry is 1 if v; and v; are
adjacent, and is 0 otherwise. Since A(G) is symmetric, all of its eigenvalues are real. By
the eigenvalues of G we mean those of its adjacency matrix. By Spec(G) we mean the
multiset of all eigenvalues of G. The energy of G, denoted by £(G), is defined as the
energy of the adjacency matrix of G. In other words, the energy of GG is the sum of the
absolute values of all eigenvalues of G. More precisely, £(G) = |M|+ -+ + |\,|, where
Spec(G) = {M1,..., A\, }. For instance, since the eigenvalues of the complete graph K,
are n — 1 (with multiplicity 1) and —1 (with multiplicity n — 1), so £(K,) = 2n — 2.
The energy of graphs was defined by Ivan Gutman [7]. Many papers are devoted to
studying the properties of the spectra of adjacency matrix, in particular studying the
energy of graphs. For instance see [1]- [20] and the references therein. There are many
other matrices associated to graphs such as Laplacian matriz, signless Laplacian matriz.
We recall that the Laplacian matrix and the signless Laplacian matrix of a graph G are
defined as D(G) — A(G) and D(G) + A(G), respectively, where A(G) is the adjacency
matrix of G and D(G) is the diagonal matrix of vertex degrees of G.

In this paper first we obtain some bounds for energy of complex matrices and real
symmetric matrices with trace zero. Finally by using the bounds related to energy of

matrices, we obtain some bounds for energy of graphs.

2 Energy of matrices

In this section we obtain some bounds for the energy of matrices. First we recall some

inequalities. The following is well known.
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Theorem 1. Letn > 2 and x1, x9, ..., x, be some non-negative real numbers. Let o and

B be the arithmetic average and geometric average of xy,xs, ..., Ty, respectively, that is

7I1+I2+"'+l‘n i

and 8 = Yxi1x9 - Xy.

Then o > 3 and the equality holds if and only if 1 = x9 = -+ = x,.

n

In [8] Kober generalizes the above inequality as the following.

Theorem 2. (8] Let n > 2 and x1, %9, ..., 2, be some non-negative real numbers. Let
« and B be the arithmetic average and geometric average of x1,xs, ..., T,, respectively.
Then
LY E-VBPza-fr s 3 VA VER
1<i<j<n 1<i<j<n
Moreover the equality holds if and only if x1 = 9 = -+ = x,.

Applying the above inequality we obtain the following result for energy of square

complex matrices. See also [5] for some applications of Kober’s inequality.

Theorem 3. Letn > 3 and A be an n X n complex matriz with eigenvalues A\, Ag, ..., Ay.
Then
EA) 2 =5 > Il =5V

1<‘L<J<IL
Proof. Let x; = ||, fori =1,2,...,n. Since det(A) = Az - - Ay, we find that |det(A)| =
T1T2 - -+ Tp. In addition, since E(A) = |\ + [Xo| + -+ + |An|, we conclude that £(A) =
x1+ 29+ - -+ + x,. Using Theorem 2 we find that
1 E(A)
- Z (Vzi = ;) = W

1<i<j<n

— {/ldet(A)]. 2
On the other hand one can see that

R S o o
1<i<j<n 1<i<j<n
By combining Equations (2) and (3) and some computations we conclude that

Z VL) = 5 {/|det(A (4)

1<z<7<n

£(A) >

Thus the result follows. ]

In sequel we obtain some bounds for energy of real symmetric matrices in terms of

their positive eigenvalues.
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Theorem 4. Let A be a square real symmetric matriz such that tr(A) = 0. Assume that
A has at least two positive eigenvalues and A1, Ag, ..., Ap are all positive eigenvalues of A.

Then

E(A) > — > VAN,

1<L<J<p

and the equality holds if and only if \y = Ay = -+ = Ap.
Proof. First we note that the eigenvalues of every real symmetric matrix are real. Suppose
that Ap41,..., A, are all non-positive eigenvalues of A. Thus

E(A) :)\1+"'+)\p—)\p+1—~~-—)\w

On the other hand Ay + -+ + Ay + A\pp1 + -+ - + Ay = 0 (since tr(A) = 0). Therefore we
obtain that (for every integer p > 0)

E(A) =2(M+---+\y). (5)
It is not hard to see that
Y DYCCRIVR I SRR oo en ®
1<i<j<p 1<i<j<p
This shows that (since p > 2)
P
DNz X VA, (M
i=1 1<l<]<p
and the equality holds if and only if \; = Ay = --- = A,. Now by combining Equations (5)
and (7) we find that

4
£(4) 2 — > VAN,
and the equality holds if and only if \; = Xy = -+ = A, |

We note that if A is a square zero matrix, then every eigenvalue of A is equal to zero
and so £(A) = 0. Now we obtain some bounds for the energy of non-zero matrices in

terms of the positive eigenvalues.

Theorem 5. Let A # 0 be a square real symmetric matriz such that tr(A) = 0. Assume

that A1, ..., A\, are all positive eigenvalues of A. Then
2
VA(VR 4+ VE) 2 VEm 2\ 2 (Ve V).

Moreover in the left hand side the equality holds if and only if p = 1 and in the right hand
side the equality holds if and only if p=1o0orp>2and A\ =--- = \,.
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Proof. 1t is well known that every real non-zero square real symmetric matrix has at least
one non-zero eigenvalue. Thus A has at least one non-zero eigenvalue. Since tr(A) = 0,
we obtain that A has at least one positive eigenvalue and one negative eigenvalue. We

recall that for every integer p > 0 (see Equation (5))
E(A)=2M+ -+ (8)
First assume that A has exactly one positive eigenvalue, that is p = 1. Thus by Equa-
tion (8) we obtain that £(A) = 2A; and so there is nothing to prove.
Now assume that A has at least two positive eigenvalues. In other words, assume that

p > 2. By Theorem 4 we find that

£(4)

oD VAN 9)

1<z<g<p
and the equality holds if and only if \; = Ay = --- = ),. By Equation (8) and the fact
that
(Vai+- ) Z N2 S VA
1<i<j<p
we obtain that
2
(A VR) e
> VAN 5 - (10)

1<i<j<p

Using Equations (9) and (10) we conclude that
2 2
A) > ]—j(wl et VAy)

and the equality holds if and only if A\; = Ay = --- = X,. This completes the right hand
side part.

Now we prove the other part. It is obvious that A 4+ -+ /A, > /A1 +---+ A,
and the equality holds if and only if p = 1. Since £(A) = 2(A\; + Ao +-- -+ \,), the latter

inequality shows that
(VA V) 2 VEA)

and the equality holds if and only if p = 1. This completes the proof. |

3 Energy of graphs

In this section as some applications of the previous theorems we find some bounds for

energy of graphs. First we recall some results.
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Theorem 6. [2] Let G be a graph and p(G) be the largest eigenvalue (the spectral radius)
of G. Then the following hold:
(i) If G is connected, then the multiplicity of p(G) is one.

(i2) For every eigenvalue X of G, [N < p(G).

Theorem 7. [20] A graph has exactly one positive eigenvalue if and only if its non-isolated

vertices form a complete multipartite graph.

By applying Theorem 3 for the adjacency matrices of graphs we obtain the follow-
ing result immediately. For every graph G, by det(G) we mean the determinant of the

adjacency matrix of G.

Theorem 8. Let G be a graph of order n > 3. Assume that A, A\a, ..., A\, are the

eigenvalues of G. Then

E(G)zni2 S/ —%(’/W@t((lﬂ.

1<i<j<n

Theorem 9. Let G be a connected graph of order n. Assume that G has at least two
positive eigenvalues and Ay, Ag, ..., A\, are all positive eigenvalues of G. Then
4
(@) > o1 Z VAN
1<i<j<p
Proof. Without losing the generality assume that A\; > Ay > --- > A,. Since G is
connected by the first part of Theorem 6, we conclude that Ay > Xy > A3 > --- > A,
Now, by applying Theorem 4 for A = A(G) we obtain that
4
(@) > o1 Z VAN
1<i<j<p

We finish the paper by obtaining a lower bound and an upper bound for the energy
of graphs in terms of the positive eigenvalue of graphs. We note that if G is a graph with

at least one edge, then G has at least one positive eigenvalue.

Theorem 10. Let G be a connected graph of order n > 2. Assume that Ay, ..., \, are all

positive eigenvalues of A. Then

VA(VA o V) 2 VE 2 2 (VA VR
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Moreover in the left hand side the equality holds if and only if G is a complete multipartite
graph. Similarly, in the right hand side the equality holds if and only if G is a complete
multipartite graph.

Proof. First assume that G is a complete multipartite graph. Thus by Theorem 7 we find
that p = 1. Hence by applying Theorem 5 we conclude that

VA(VA o V) = VEGT = [ (VA4 V).

Now assume that G is not a complete multipartite graph. Thus by Theorem 7, p > 2.
Without losing the generality suppose that A\; > Ay > --- > X,. Since G is connected, by
the first part of Theorem 6, we find that Ay > Ay > A3 > --- > A,,. Using Theorem 5 for
A = A(G) we deduce that

ﬂ(ﬁ+~~+@)>@>\@(ﬁ+m+\/ﬁ).

This completes the proof. |

Acknowledgments: This research was in part supported by Iran National Science Foun-
dation (INSF) under the contract No. 98001945.

References

[1] S. Akbari, E. Ghorbani, M. R. Oboudi, Edge addition, singular values, and energy
of graphs and matrices, Lin. Algebra Appl. 430 (2009) 2192-2199.

[2] A. E. Brouwer, W. H. Haemers, Spectra of Graphs, Springer, New York, 2012.

[3] D. M. Cvetkovié¢, M. Doob, H. Sachs, Spectra of Graphs — Theory and Application,
Academic Press, New York, 1980.

[4] D. Cvetkovi¢, P. Rowlinson, S. Simié¢, An Introduction to the Theory of Graph Spectra,
Cambridge Univ. Press, Cambridge, 2010.

[5] I. Gutman, Bounds for total m-electron energy, Chem. Phys. Lett. 24 (1974) 283-285.

[6] I. Gutman, Oboudi-type bounds for graph energy, Math. Interdisc. Res. 4 (2019)
151-155.

[7] I. Gutman, The energy of a graph, Ber. Math. Statist. Sekt. Forsch. Graz. 103 (1978)
1-22.



8]

(10]

(1]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

-384-

H. Kober, On the arithmetic and geometric means and the Holder inequality, Proc.
Amer. Math. Soc. 59 (1958) 452-459.

V. Nikiforov, The energy of graphs and matrices, J. Math. Anal. Appl. 326 (2007)
1472-1475.

M. R. Oboudi, A new lower bound for the energy of graphs, Lin. Algebra Appl. 580
(2019) 384-395.

M. R. Oboudi, A very short proof for a lower bound for energy of graphs, MATCH
Commun. Math. Comput. Chem. 84 (2020) 345-347.

M. R. Oboudi, Bipartite graphs with at most six non-zero eigenvalues, Ars Math.
Contemp. 11 (2016) 315-325.

M. R. Oboudi, Characterization of graphs with exactly two non-negative eigenvalues,
Ars Math. Contemp. 12 (2017) 271-286.

M. R. Oboudi, Cospectrality of complete bipartite graphs, Lin. Multilin. Algebra 64
(2016) 2491-2497.

M. R. Oboudi, Energy and Seidel energy of graphs, MATCH Commun. Math. Com-
put. Chem. 75 (2016) 291-303.

M. R. Oboudi, Majorization and the spectral radius of starlike trees, J. Comb. Optim.
36 (2018) 121-129.

M. R. Oboudi, On the difference between the spectral radius and maximum degree
of graphs, Algebra Discr. Math. 24 (2017) 302-307.

M. R. Oboudi, On the eigenvalues and spectral radius of starlike trees, Aequationes
Math. 92 (2018) 683-694.

M. R. Oboudi, On the third largest eigenvalue of graphs, Lin. Algebra Appl. 503
(2016) 164-179.

J. H. Smith, Symmetry and multiple eigenvalues of graphs, Glas. Mat. Jugosl. 12
(1977) 3-8.



