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Abstract

Let G be a graph with vertex set V = V(G) = {v1,ve, -+ ,v,} and edge set
E = E(G). In 1994, Yang et al. proposed the extended adjacency matrix, denoted
by Aez = Aez(G), which is defined that its (4, j)-entry is equal to % (j—j + %) if the
vertices v; and v; are adjacent, and 0 otherwise, where d; is the degree of vertex v;.
In this paper, we first derive some new bounds for the extended spectral radius (7;)
in terms of some significant graph parameters, such as the minimum and maximum
degree of G, the chromatic number (), the Randi¢ index (R), the modified second
Zagreb index (Ms), the Symmetric Division Deg index (SDD) and so on. Moreover,
several eigenvalue properties of extended adjacency matrix are presented. Finally,

we characterize some new lower and upper bounds on &;.
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1 Introduction

Eigenvalue-based topological molecular descriptors have played an increasingly im-
portant role in chemical research in recent years. Graph energy, introduced by I. Gutman
[12,13], is a significant and representative eigenvalue-based topological molecular descrip-
tors, since it can be used to approximate the total w-electron energy of molecule. Let G
be a graph with vertex set V = V(G) = {v1,v2,--- ,v,} and edge set E = E(G). The
adjacent matriz of the graph G, denoted by A(G), is defined that its (7, j)-entry is equal
to 1 if vv; € E(G) (v; ~ v;) and 0 otherwise. Let Ay > Ay--- > A, be the eigenvalues
of A(G). The greatest eigenvalue of \; is usually referred to as the spectral radius of G.
The energy of the graph G is defined as

E=£(G)=3"Inl-
=1

Nowadays, relevant researches on graph energy are very popular. Several important con-
clusions can be found in the recent papers [5,6,14,16,21], and the references cited therein.

In 1994, Yang et al. [26] proposed the extended adjacency matrix of the graph G,
which is denoted by A., = A.(G). An element of this matrix can be defined in the
following equations:

d . . .
(% + ch)v if vertices v; and v; are adjacent

ex dj

1
Gij = ’ )
0 otherwise
which d; and d; are the degrees of the vertices v; and v;, respectively.
Similarly, let 71 > 75+ - - > 7, be eigenvalues of A.,(G). The greatest eigenvalue of n;
is usually viewed as the extended spectral radius of G. The extended graph energy of the

graph G is defined as
gel' = gaz(G) = Z |7]i|7
i=1

(see [26]).

Some papers [2,7,15,17,25] on extended graph energy published in past three years
have established some mathematical properties of &, and contributed to further research
on this matter.

In the later part of this paper we shall need some important classical graph parameters.
The maximum and minimum degrees of the graph G are denoted by A and 9, respectively.
The chromatic number of G is the smallest number of colours needed to colour a graph
G, denoted by x(G). The Randié¢ index of G, denoted by R(G), is defined as

1
R=R(G) = .
@= > —= T
viv; €E(G) E
The modified second Zagreb index of G [22], is defined as

* * 1
M; = M3 (G) = Z dd.’
viv; €E(G) I
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for lower and upper bounds on M3, see [19]. The Symmetric Division Deg index [24] is

SDD = SDD(G) = > (% + %) :
viv; €E(G) J i

and relevant researches on SDD-index can refer to [1,9,20,23].

In this paper, we first derive some new bounds for the extended spectral radius (7;) in
terms of some significant graph parameters, such as the minimum and maximum degree
of G, the chromatic number (x), the Randié index (R), the modified second Zagreb index
(M3), the Symmetric Division Deg index (SDD) and so on. Moreover, several eigenvalue
properties of extended adjacency matrix are presented. Finally, we characterize some new

lower and upper bounds on &, .

2 Lemmas

In this section, we list some previously known results which are necessary for subse-

quent part.

Lemma 1. (Rayleigh-Ritz [27]) If B is symmetric n X n matric with eigenvalues py >
pa > -+ > py, then for any x € R", such that ¢ # 0,

z'Bx < 1 'z
Equality holds if and only if x is an eigenvalue of B corresponding to the largest eigenvalue
P1-

Lemma 2. [18] Let B = (b;;) and C = (c;;) be symmetric, non-negative matrices of
ordern. If B> C, i.e. bjj > ¢;; for all i, j, then pi(B) > p1(C), where py is the largest

eigenvalue.

Lemma 3. [3] The spectrum of an empty graph of ordern is \y = Ay = --- =\, =0, the
spectrum of a complete graph K, is \y =n—1, \a = A3 = -+ = X\, = —1, the spectrum
of a complete bipartite graph Ky, with p+q = n is Ay = \/pq, Ao = -+ Aymq = 0,

An = —/Pq, and that of a regular graph G of degree k is k =X > Ay > -+ > A,

Lemma 4. [/] Let G be a graph of order n with m edges and minimum (resp. mazimum,)
degree 6 > 1 (resp.A). Then

M<V2m—dn—1)+ (- DA,

with equality holding if and only if G is regular, a star plus copies of Ko, or a complete

graph plus a reqular graph with smaller degree of vertices.

Lemma 5. [8] For any connected graph, A1 < \/2m(x —1)/x.
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Lemma 6. [7] Let G be a graph of order n with mazimum degree A and minimum degree

0. Then A s
(;) Al
242
with equality holding if and only if G is regular.

m < {14‘

Lemma 7. [7] Let G be a graph of order n. Then |m| = |ne| = -+ = |na| if and only if
G2K, orG= 3K,

3 Eigenvalue properties of extended adjacency ma-
trix of graphs
We state here some equations which show the elementary properties of extended ad-
jacency matrix of G.

zn:m = i)‘i =0, i)\f = QZ((IU)2 = 2m, (1)
i=1 i=1 i=1

i<j

iﬂ?=22(aff)2=; 3 (;L%) o)

i<j vv; €E(G) J
The following two theorems present some new bounds for the extended spectral radius

m-

Theorem 8. Let G be a non-empty graph of order n with m edges, mazimum degree A

and minimum degree §. Then
0 1/0 A
< (1= _
msg (A + ) Vvem(x = 1)/x,

0
with equality holding if and only if G is the direct sum of r complete (—=)-part
graph Kwﬂw or G is the direct sum of r complete bipartite graph K, ,,
with p+q = 2.

m < {1 + %} 2m(x — 1)/x,

_n
n—rk

with equality holding if and only if G 1is the direct sum of r complete ( )-part

graph Kn—rk n—rk  n-rk.
T ? i ’ ’

(iii)

(A —9)?
202
with equality holding if and only if G is a regular.

ms{u }\/meé(nfl)Jr(éfl)A,
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Proof. (i) For any edge v;v; € E(G), we have
i + L d é
di = 6

4. +

9
i A
with equality holding if and only if d; = A, dj =d or d; =6, dj = A.
Consider the following two cases.
Case 1. If d; = d; = A = 0, it is obvious that G is a regular graph. In this case,
Ae(GQ) = A(G).
Case 2. If A # 6, then welet p=A, ¢g=0 or p=20, g = A. It is easy to obtain that
G is the direct sum of  complete bipartite graph K, ,, with p+q = 2.
If py is the largest eigenvalue of the matrix (£ +2)A(G), then by Lemma 2, we know
that n; < p1. In view of (3), then
1/A 4
<=+ 4
"1—2(5+A> B )
with equality holding if and only if G is a regular graph or G is the direct sum of r
complete bipartite graph K, (p+¢=2).
nk
For a connected regular graph G of degree k, m = T Let A\ = v/2m(x — 1)/x, by

Lemma 3, then
k= +/nk(x(G) = 1)/x(G).

Thus,
x(G@) -1 k&
X@G) o
where k = 1,2,--- ;n — 1. Since x(G), k and n are integer, then the following equation

system is easy to obtained:

k:77’_37 X(G):%7
k=n-1, x(G) =n.

By derivation, we can know that for a connected regular graph G of degree k, A\, =

n
n—k

A1 = A2 = -+ = A\, =k, by the Perron-Frobenius theorem, one can see that the graph G

2m(x —1)/x if and only if G is the complete (-2)-part graph K, _j ... nok. If
is the direct sum of  complete (—2)-part graph Kn-rs k nork | nerk.

In Case 2, x(K,,) = 2, and m(K,4) = pq. If p+¢q =n, then we have \/2m(x —1)/x =
vm = /pg = M(K,,). Thus, G = Kp-,q- Similarly, if Ay = Ay = --- = \,, one can check
that G is the direct sum of  complete bipartite graph K, ,, with p + ¢ = 2.
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On the whole, from Lemma 3, Lemma 5 and (4), we can get
m < ; (Z + %) 2m(x — 1)/x
with equality holding if and only if G is the direct sum of r complete (-")-part graph
Kok -tk nerk | nerk OF G is the direct sum of r complete bipartite graph K, 4, with p+¢ = 2.
(11) (111) In view of Lemma 4 - 6 and the proofs of Theorem 8 (i), it is easy to obtain
the results of Theorem 8 (ii)-(iii).
This completes the proofs of Theorem 8. |

Theorem 9. Let G be a non-empty graph of order n with m edges and minimum degree
0. Then

(i)
4°M; _2m AR 2m

m > > ; 5)
n n nm n
with all equalities holding if and only if G is a regular graph.
(i)
SDD
> 6
m =z w0 (6)
with equality holding if and only if G is a reqular graph.
(iii)
2m
> 7
m = . (7
with equality holding if and only if G is a reqular graph.
Proof. (i) Let x = (z1, 22, -+ ,2,)T be any unit vector in R". Then we have
d; d;
XTA&I(G)X = Z (a + E]L) Zixj
vv; €EE(G)
(d; + d;)*
- Z dvd,J iy =2 Z Tl
viv;€E(G) I viv; €E(G)
> 48* -2
218 Y a2 ¥ ®
viv;€E(G) viv;€E(G)
Suppose x = (ﬁ7 ﬁ, . T) then
48°M: 2
X A (G)x > =2 — 2 9)

n n

By the Cauchy-Schwarz inequality,

1 1
2 0 " did;

v, €E(G) i) v €B(G) 7

IN
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Thus, we can get My > %2 Equality holds if and only if G is a regular graph or G is the
direct sum of r complete bipartite graph K, 4, with p +¢ = 2. Combining with (9), we

have 46°M5 2 48°R? 2
XA (Gx > WMz 2m AR 2m
n n nm n
By Lemma 1, we get

46°M5  2m - 4°R* 2m

Mz x A (G)x > n n — nm n

Assume now that all equalities hold in (5), then all the above inequalities must be

equalities. If equality holds in (8), then dy = dy = --- = d,, = §. Further, from 1 =
xT A (G)x, it follows that x = (ﬁ, ﬁ, cee f) is an eigenvector corresponding to the

eigenvalue 7;. Hence G is a regular graph.
This completes the proofs of Theorem 9 (i).

(i) Similarly, let x = (z1, @, -+ ,2,)T be any unit vector in R™. Then
d; dj
viv; €E(G)
Putting x = (ﬁ, %, e ﬁ) into (10), we have
1 d d SDD
xT A (G)x = = (=—+ L) =

viv; €E(G)

Then by Lemma 1, 1 > xTA.,(G)x = %. Equality holds if and only if x =
(ﬁ, ﬁ, cee in) is an eigenvector corresponding to the eigenvalue 7.

Since the extended spectrum of a regular graph coincides with the ordinary graph
spectrum, one can easily check that G is a regular graph.

This completes the proofs of 9 (ii).

(iii) Let x = (21,72, -+ ,2,)T be any unit vector in R™. Based on fundamental
inequality, we have

X" Au(Gx = > (Z+

vv; €E(G)

&.‘&.

) i > 2 Z (11)
v v; €E(G)
with equality holding if and only if d; = d; for any v,v; € E(G).
Putting x = (ﬁ, ﬁ, cee in) into (11),then,
2
m > xT A (G)x > —2. (12)
n
Based on the proofs of Theorem 9 (i)-(ii), similarly, we can prove that all equalities
hold in (12) if and only if G is a regular graph.
This completes the proofs of Theorem 9 (iii). |

Then we give two theorems which show some eigenvalue properties of extended adja-
cency matrix of several special graphs.
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Theorem 10. For a bipartite graph of order n, then n = —n,. The extended spectrum

of a complete bipartite graph K, is m = 3 E+ %) VPG, M2 = - =M1 = 0, My =
f% (5 + %) V/Pq, and that of a complete graph K, ism =n—1,pp=n3=---=n, = —1.

Proof. The extended adjacency matrix of a bipartite graph has the form

0 C
A, = 4

The extended spectrum of a bipartite graph is symmetric. If (u,v)T

is an eigenvector
with eigenvalue p, then (u,—v)7 is an eigenvector with eigenvalue —p. Since 7; is the
extended spectral radius of bipartite graph G, then we have 7, = —n,,.

It is obvious that for a complete bipartite graph K, ;, Aex(K,q) = %(g + DAy,
and for a complete graph K,,, A..(K,) = A(K,). By Lemma 3, one can easily obtain the

conclusions. | |

Theorem 11. The extended adjacency matriz of graphs has only one distinct eigenvalue
if and only if G is an empty graph; has two distinct eigenvalues py > po multiplicities my
and my if and only if G is the direct sum of my complete graphs of order py + 1. In this
case, o = —1 and ms = my ;.

Proof. Since A..(G) is a real symmetric matrix, if A.,(G) has one eigenvalue p, then the
minimal polynomial m(z) =  — u. Thus A, = pl. Since A, is zero on the diagonal,
=0 and A, = 0. Thus G is an empty graph,

If G has two distinct eigenvalues p; > 9, with multiplicities m; and may, respectively.

Z n; =0,
i=1

Since

Then we have the following equations:
my +mg =n, My + mapiy = 0. (13)
By the Perron-Frobenius theorem, for any connected graph I', the largest eigenvalue
of Aer(T) (p1(T")) has multiplicity 1. If pi(I') has multiplicity =, then graph T' has r
connected branches.
Let [ = %, and we assert that [ is a positive integer. In fact, by adjusting the label

1
of the vertex of graph G, we have

(0, 0 o -~ 0 0
0 Q 0 - 0 0
0 0 Q -~ 0 0
0 0 0 -+ Qu- O
L 0 0 T 0 le— nxn
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where Q; = Ae.(H;) (i =1,2,--- ,m;) has distinct eigenvalues p; > po with multiplicities
1 and ¢;. In this case, 21111 t; = mgy. For any connected branches H;, jq + t;j = 0. One
can easily check that ty =ty =--- =1, =1

Therefore, [ = —isa positive integer, then
my

mi(l+1) =n, p = —lps.
Now Q; = |u2\A€I(K‘L1‘+1) = m2|A(K‘L1‘+1), with ¢ =1,2,--- ;my. From Lemma 3,
23 o
we get o = —1 and g = A\ =1 . It is obvious that G is the direct sum of m; complete

graphs of order uy + 1. In this case, gz = —1 and ma = mypy.
|

4 Bounds for the energy of extended adjacency ma-

trix of graphs

The following theorems show some new upper and lower bounds of extended energy
of graphs.

Theorem 12. Let G be a non-empty graph of order n and with m edges, mazimum degree

A and minimum degree 6. Then
(i) N
n
. <=—|—=—+—= — R
() <5 (5 +5) VIR D,
with equality holding if and only if G = K.
(i)
A —§)2
(@) <n |14 C] Va7,
with equality holding if and only if G = §K,.
(iif)

E(G) < {1 + w} V2m —d(n —1) + (6 — DA,

20
with equality holding if and only G = § K.

Proof. Since

gm(G) = Z \7)1\ < n|771|7

i=1
with equality holding if and only if || = |ne| = -+ = ||
From Lemma 7 and Theorem 8, it is easy to obtain the conclusions. |

Theorem 13. Let G be a non-empty graph of order n with m edges, minimum degree §.
Then
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2 4 2
E(G) > %M; _Am 8 e

n nm n
This lower bounds achieved for G = K, or G = K%% .

(i)

4m

Eer(G) > 25pD.
n
This lower bounds achieved for G = K, or G = K
(iif)

[NIE]

n,
2

£.(G) > m

n

This lower bounds achieved for G 2 K, or G = Kn

n,
272

Proof. Since

n

EalG) =D Iml =2 D |ml = 2/ml. (15)
i=1

i=1,m;>0
Equality holds in (15) if and only if 7, || = 7. Combining with Theorem 9 and
Theorem 10, one can check that all equalities will hold if G = K, or G = Kz ». |

Considering the case of extended energy, Gutman [15] defined a parameter M as
M =37, (a5F)?. Then we have Y27 7} = 2M. Koolen and Moulton provided a new
method to obtain upper bounds of graph energy and discussed the maximal energy graphs
(see [10]) and the maximal energy bipartite graphs (see [11]) in their papers published in
2001 and 2003, respectively. Inspired by Gutman [15], Koolen and Moulton [10,11], we
will derive the Koolen-Moulton bounds of extended energy of graphs and bipartite graphs
in the following two theorems.

By the Cauchy-Schwarz inequality, then

(Z mi)* < (n— 1)2 Imif?, (16)

with equality holding if and only if o] = |ns3| = - -+ = |ma].
Theorem 14. Let G be a non-empty graph of order n with m edges. Then
(i)
Eer(G) <7+ /(n—1)[2M — 2],
where T = maav{\/zTW7 %7 D m} Equality holds if and only if G = K,

n o ’n
or G = 5K,

(i)
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where 7 = maﬂ:{\/ <°2§f2fDD 462Mn72m7 SZD, Zm}- Equality holds if and only if

G=K, orG=3K,.
Proof. By (2), (3), (16) and (17
(i)

), we have

£l G) < |+ | (n=1) Y Il (17)
=2
= Iml+/(n—1)2M —|m[?]
with equality holding in (17) if and only if |na]| = |n3] = -+ = |na].
(i)
1.6 A d; d;
§ < — (= 4+ = P A B 2
fa@) <l [0-0 [5G+ 5 X (FF)-me| a9
viv; €E(G)
1,0 A
- |m|+\/(ﬂ— D |35+ 5500~ |

with equality holding in (18) if and only if || = |n3] = -+ -

dﬂzéordi:&d,-:A

Since the function g;(z

= z++/(n—1)[2M — 2?] decreases for

= ||, and d; = A,

M <2 <V2M,

and the function hy(z) = z+ \/ (n—1) [i(Z +

z</(5 + 2)SDD. By Theorem 2,

(i)

2)SDD — 22] decreases for \/@ <

182M5 -2
where 7 = max{,/”f,im, DD 2m o
n n n

(i)

524+ A2)SDD 482 M3 —2m
where 7 = max @+A%) 222 SDD 2m f
2nAd ) n n Y n

Then we consider the following two cases.

)< T+ (n—1)]2M — 72|, (19)
£a(G) < T+ \/(n _1) E(% + %)SDD _ Tz} , (20)
48% M3 —2m

Case 1. If gy = |p| = - -
DD _ am 2 and A =6 = 1.
n n n

Case 2. Ifn1>\7]2\:---:

DD _ 2m > J2Mand A= =n— 1.
n n

= |nn|, by Lemma 7, then G = 2 K,. For §K,, —2—— =

n

462 Mj—2m

[n.], by Theorem 11, then G = K,,. For K,,, —2—= =

n

In summary, cquahty holds in (19) and (20) if and only if G =2 K, or G = K,. W
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Theorem 15. Let G be a bipartite graph of order n with m edges. Then
(i)

Eea(G) <27 + +/(n —2)[2M — 277,

482 M5 —2 . . )
where T = max 2M s TEm SDD 2m L This upper bound is achieved for G =
? n ’mn 7’ mn
Knn, orG=2K,.
227 2

(i)

)SDD — 272,

°’H>

DO =
l>\°q

Eea(G) <27 + \/("* 2)[5(

52+A2)SDD 452 M3 —2 . . .
where T = maz (24+a%) 2=2m SDD 2m 4 This upper bound is achieved
2nAd ’ n 'n ' on
for G=Knn, or G=%K,.
2027 232

Proof. Since G is a bipartite graph, we have 1, = —n,,. By the Cauchy-Schwarz inequality,

z < v/2M, and the function hy(z

di=0,d; = A

Note that the function go(z) =

n—1
> oml < (21)
i=2
Hence,
(i)
n—1
EealG) < 20|+ ([ (n=2) > mil?
i=2
= 2|+ /(n —2) [2M — 2 ]
with equality holding if and only if |ne| = |n3| = -+ = a1
(i)
1.6 A d; d;
L(G) <2 B e e G G o2
Eul) <2l + |02 |35+ 5 X (£+F) -2l
viv;€E(G)
1.6 A
= _ =2 _ 2
2l + %n 2) [3(5 + 5500 2]
with equality holding if and only if |9y = |n3| =+ = |py—1|, and d; = A, dj = § or

2z + /(n —2)[2M — 222] decreases for 1/7 <

27+\/n—2

+ 2£)SDD — 22] decreases

for \/% <z< ,/(% + Z )SDD. Based on Theorem 2, we have
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(i)
Eer(G) < 27+ \/(n — 2)[2M — 277, (22)

[ A62M5—2
where 7 = max 2M 207, —Pm SDD 2m (.
n n ' n ) n

(i)
() <20+ (n- DL + 2

524+A2)SDD 462 Mj—2 S ’
where 7 = max (2+A%)SDD 22 SDD 2m L
2nAS ’ n 'n Y n

By Lemma 7 and Theorem 11, one can check that equality will hold in (22) and (23)
ifG%K%,% or G = 3K, |

SDD — 272, (23)
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