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Abstract
Let G be a graph of order n with vertex set V(G) = {v1,v2,...,v,}, and let
d; be the degree of the vertex v; of G for i = 1,2,...,n. The arithmetic-geometric

adjacency matrix A,y(G) of G is defined so that its (i, j)-entry is equal to ;’ ';d(f]
l;d;

if the vertices v; and v; are adjacent, and 0 otherwise. The arithmetic-geometric
spectral radius and arithmetic-geometric energy of G are the radius and energy of
its arithmetic-geometric adjacency matrix, respectively. In this paper, some sharp
lower and upper bounds on arithmetic-geometric radius and arithmetic-geometric
energy are obtained, and the respective extremal graphs are characterized.

1 Introduction

Let G = (V(G), E(G)) be a graph with vertex set V(G) = {v1,vq,...,v,} and edge set
E(G), and let |E(G)| = m, where n is the order and m is the size of G. Let d; be the
degree of the vertex v; of G for i = 1,2,...,n. The maximum and minimum degrees of
G are denoted by A(G) and 0(G), respectively.

The adjacency matrix A = A(G) of a graph G is the matrix of order n, where a;; =1
if v;u; € E(G) and 0 otherwise. The eigenvalues of A(G) are denoted by pM(G) >
PA(G) > - > p™(G). The greatest eigenvalue p(G) is called the spectral radius of

G. The energy of G is
£@) =100 -
i=1
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In 2015, Sehgehalli et al. [11] proposed the arithmetic-geometric index of a graph G,
and defined the arithmetic-geometric adjacency matrix (AG matrix) of G, denoted by
Aug(G) = (gij), where g;; = 2\77] if v;vu; € E(G) and 0 otherwise. Note that A,,(G) is a

real symmetric matrix of order n. All eigenvalues of A,,(G) are real, which can be denoted

by p“)(G) > pa 2)(G) > p(”>(G) The greatest eigenvalue p“)(G) of Agy(G) is called

the arithmetic-geometric radius (AG spectral radius) of G. The arithmetic-geometric

energy (AG energy) of G is defined in an analogue way as

=210 (G)]

In [15], some bounds for the AG spectral radius and AG energy were obtained.

It is usual and useful to define modified energies as inverse sum indeg energy [12],
distance energy [14], ABC energy [3,6], matching energy [1,16], and Randi¢ energy [5,9].

In this paper, we consider the AG spectral radius and AG energy of graphs. In Section
2, we give some useful lemmas. In Section 3, we give some lower and upper bounds on the
AG spectral radius and characterize the extremal graphs. In Section 4, we obtain some
lower and upper bounds on the AG energy and characterize the extremal graphs.

We shall need three graph invariants, namely the forgotten topological index F', the

second Zagreb index Ms, and the modified second Zagreb index M of a graph G-

F=FG)= > (&+d),

viv; €E(G)
My=My(G)= Y did;,
viv; €E(G)
A{*: *
5= M( d,, 7
viv;€E(G)

Throughout the paper, we use K,, and K, ,(p + ¢ = n) to denote the complete graph
and the complete bipartite graph of order n, respectively. For other undefined notions

and terminology from graph theory, the readers are referred to [2,10].

2 Lemmas

Lemma 2.1 [18] If B is an n X n real symmetric matriz with eigenvalues Ay > Ay >
- > A, then for any 0 # & € R", 2" Bx < Mz’ x. Equality holds if and only if = is an

eigenvector of B corresponding to ;.
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Lemma 2.2 [8] Let B = (b;;) and D = (d;;) be real symmetric, nonnegative matrices
of order n. If B > D, i.e., by > di; for all i, j, then \(B) > A\(D), where A\ is the
largest eigenvalue.

Lemma 2.3 [7] Let G be a connected graph of order n and size m. Then pM(G) <
V2m —n+ 1, with equality if and only if G = Ky, or G = K,,.

The nullity no(G) of a graph G is the multiplicity of the eigenvalue zero of A(G).
Lemma 2.4 [/] Let G be a graph of order n > 2. Then no(G) = n — 2 if and only if
G=K,,U(n—p—q)K;, where p+q <n.

The following Lemma 2.5 is clear from the Perron-Frobenius theorem.

Lemma 2.5 Let G be a connected graph of order n > 2. Then pm(G) p<2)(G)

Lemma 2.6 Let G be a graph of order n. Then |py (G)]| = |p$(G)| = -+ = |p%(G)| if
and only if G = nK, or G = 3K,.

Proof. Let |p(1) (@) = \p(%)( G)| = |pflz) (G)|, and k be the number of isolated vertices
in G. If k > 1, then p(l)(G’) = p((lf,)(G) == ple)(G) =0, and so G = nK;. Otherwise,
k=0.If A(G) =1, then G = 2 K. If A(G) > 2, then G contains a connected component

H with at least 3 vertices, and so p. )(H ) > pag (H ) by Lemma 2.5, a contradiction. W

3 On AG spectral radius of a graph
In this section we give some sharp lower and upper bounds on AG spectral radius.

Theorem 3.1 [15] Let G be a connected graph of order n and size m. Then

AD(G )S%(\/ﬁ+ )m m

1
vn—1
with equality holding if and only if G = K ,,_;.

Theorem 3.2 Let G be a graph of order n and size m with the mazimum degree A and

minimum degree §. Then

2mo
Pé]g)(G) > A (2)

with equality holding if and only if G is a regular graph.
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Proof. Let x = (1,72, -+ ,7,)T be any unit vector in R". By Lemma 2.1,
d; +d; 24
0 T — L it T
Pag (G) = X" Agg(G)x = Z TT; > Z T (3)
viv;€E(G) V dld] A viv; €B(G)
Taking x = (\%, ﬁ, I ﬁ)l in (3), we have

pélg)(G) > xTAag(G)x >

Then (2) holds.
If the equality in (2) holds, then all the above inequalities must be equalities. From
(3), we have d; = dy = -+- =d, = = A. Then G is a regular graph.

1 1

Conversely, if G isregular, thend;, =dy = --- =d,, = A, andsox = (ﬁ> NI 7ﬁ)T

is an eigenvector of A,4(G) corresponding to the eigenvalue p((,l,)(G). Then the equality
holds in (2). |
In what follows, we obtain an upper bound on pfllg)(G) in terms of maximum degree

A(G), minimum degree §(G), and spectral radius p(G).

Theorem 3.3 Let G be a graph of order n with the maximum degree A and minimum

degree §. Then
A
Phy (G) < 5 P1(G), (4
with equality holding if and only if G is regular.

Proof. Let y = (y1,¥2, - ,yn)" be a unit eigenvector of A,,(G) corresponding to the
eigenvalue p,(z_lq) (G). Then

Pg (G) = yTAag(G)y

d; + d; 2A
> \/fd; vy <5 Y i - (5)

v €E(G) v €E(G)
By Lemma 2.1,
PG =y AG)y =2 > ;- (6)
v €E(G)

Combining (5) and (6), the inequality (4) holds.

If the equality in (4) holds, then all the inequalities in (5) and (6) must be equalities.
From (5),dy =dy =---=d, = =A. So G is regular.

Conversely, if G is regular, then d; = dy = -+ = d, = § = A. Moreover, A,(G) =
A(G), and p((lls)(G) = pM(G). Hence the equality in (4) holds. |
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Corollary 3.4 Let G be a graph of order n with the mazimum degree A and minimum
degree §. Then

A2

PG < 5 ()

with equality holding if and only if G is regular.

4 On AG energy of a graph

In this section we establish some sharp lower and upper bounds on the AG energy.
Let G be a graph of order n. Note that A,,(G) is a real symmetric matrix with zero

diagonal. Then

n

prfg)(G):U, S (D@) ==2 > ANGAIG), (8)

i=1 1<i<j<n
n 2
()2 = L di +d;
Pag(G)) = ( | - 9)
z'2=1: ( ! ) 2 vw]‘gE:(G) djdj

Theorem 4.1 Let G be a graph of order n and size m with the mazimum degree A and

minimum degree §. Then

() < SV (10)
£1g(G) < AV2RME(G) (11)
£0(C) < 51/ 2 (F(G) + M(C) (12)

In all three relations equality holds if and only if G = 3 K,.

Proof. Applying the Cauchy-Schwarz inequality, we get

2
n dz + dj>
5 Y, | === (13)
2 vv; €E(G) ( djdj

1o (G)|. Note that

with equality holding if and only if |p(1> (G)| = \p(z) (@) =---
ditd; 28 di+d _ 20 ditdy _di+d,
Va4 S VAL SVah ag S
So inequalities (10)-(12) hold.
If the equality in (10) (or (11), or (12)) holds, then the equality in (13) holds, and so
|p5115)( G)| = |Pag( == \,Dz(:gl)(G)\ By Lemma 2.6, we have G = K, or G = 5K, If

G = K, then § = 0, a contradiction. Thus G = K.
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If G = 5K, then it is easy to see that the equalities in (10), (11), and (12) hold. M

Theorem 4.2 Let G be a graph of order n and size m with the mazimum degree A and

manimum degree §. Then

4méo
> .
€ag(G) 2 nA
Proof. From (2) and (8),
4mdé
(1) _ O (G (1)
Zm al=2 Y @) 2200 >
p$0(G)>0
The theorem follows. [ ]

Theorem 4.3 Let G be a connected graph of order n > 2 and size m. Then

Eag(G) > 2¢/m, (14)
with equality holding if and only if G = Kz z.

Proof. For n =2, G = K3 and hence the equality holds. Let n > 3. We have

n

(€@ =" (@) +2 3 [d@Ie8)(@)|

i=1 1<i<j<n

> Z (o) > (GG

1<i<j<n

722 pGE) = Y. (%) > 4m, (16)

v €E(G)

and so inequality (14) follows.

The equality in (14) holds if and only if the inequalities in (15) and (16) must be
equalities. The equality in (16) holding implies that \/% + \/% = 2 for each edge
vv; € E(G), that is, d; = d; for each edge v,v; € E(G). This means G is regular.

The equality in (15) holding implies that A..(G) has two nonzero eigenvalues and all

the remaining eigenvalues are zero, that is, pf,l,)(G) = p(z) (G), and p(”(G) = 0 for
2 < i <n—1. Since G is regular, A, (G) = A(G), and no(G) = n — 2. Note that G is
connected. By Lemma 2.4, G = Kz ». |

Note that the graph G in Theorem 4.3 is connected. For general graphs (not necessarily

connected), the paper [15] gives the following result.
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Theorem 4.4 [15] Let G be a graph of order n with m edges. Then
£uy(G) = 2/, (17)
with equality holding if and only if G = nkKy, or G = K, ,U(n—2p)K; with 1 <p < ||

Theorem 4.5 Let G be a connected graph of order n and size m with the mazimum

degree A and minimum degree §. Then

Eug(G) > min{gg‘g7 éfg}, (18)
where
d+d;\
d;d;
vv; €E(G)
and

2
A d; +d, 3A2 )
s _ B it 5w .
Eag =50 (G) + wémv)( > 5 (P (@)

Equality in (18) holds if and only if G = Kz n.

Proof. Note that

(@ <Zp ) SSRGS AGNE),

i=1 1<i<j<n—1
and
n—1 ) 2 n—1
(m(@);) S ey Y el ol
i=1 i=1 1<i<j<n—1
Then
n—1
(Eag(@) = [0 @) =D (P0G)* +2 > (66| [2)(G)]
i=1 1<i<j<n—1
n—1
>3 (0@) 2 S pG)(G) (19)
i= 1<i<j<n-—1
n—1 n—1
=3 (@) + | (b2(@) =3 (h(a))*
i=1 i=1




Since py (G) > o5 (G)|, we have (p((f;)( )) < Z:: ( (G ) . Thus

n—1 n

(€a0(G) = o2 (@)])" = 2 > (@) = (o))" =2 D (P9(@)" =3 (@)
that is, 7 :
£ulC) 2 @]+ |2 (@) 3 (@)
By (9),

d; +d; :
£(G) 2 o) @) + | D <\/§de> 3<p“9(0)>2‘

viv; €E(G)
Note that G is a connected graph. Then G has at least one edge. Without loss of

generality, assume v;v; € E(G). Then

U N
B = d;i+d; 0
did;

is a 2 x 2 principal submatrix of A,,(G) based on indices ¢ and j. It is easy to see that the

di+d, ditd; . . .
il and it = 1. By the interlacing theorem of eigenvalues

of real symmetric matrices [8], we have

eigenvalues of B are +

ditd 4

(G
Pag (G) < — =

It implies that

p,(;; (G)‘ > 1. By Theorem 3.3, we get
) (G (1) A (1)
P ()] < PG < S0(E) (20)

We now consider the function

2
d; + d;

fl@)=a+ Z <]) —3a2,
viv; €EE(G) Vv dldj

where 1 < z < %p(l)(G). It is not difficult to see that f(z) is increasing for 1 < z < A

and decreasing for A < 2 < £pM(G), where

2
R d; + d;
A= 2 < d,;dj> '

vv; €EE(G)
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Thus
A
£:(@) 2 min{ (1), F(50(@)}.
where f(1) = &2, and f(5p0(G)) = £J. Then (18) holds.

Note that if the equality in (18) holds, then either £,(G) = €2, or &,(G) = EF. 1f
the equality in (18) holds, then all the above inequalities must be equalities. From (19),

we conclude that A,,(G) has exactly two nonzero eigenvalues, that is,
A(G) = —p(G), and p8(G) =0, 2<i<n—1. (21)

If £,4(G) = &2, then p((lz)(G) = —1, and so pgq)(G) = 1. It implies that G = K,. If
Eag(G) = E2, then p((fgl)(G) = —£p1(G), and p,(l?(G) = 2pM(G). By Theorem 3.3, G
must be regular. Since G is connected, by Lemma 2.4, G = Kz .

Conversely, it is easy to check that the equality in (18) holds for G = Koo |
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