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Abstract

The energy of a graph is defined as the sum of the absolute values of all eigen-
values of its adjacency matrix. Given p integers n; > ng > --- > np > 0, let
SC(ni,ng,...,np) be a tree obtained from a star K, with p vertices vi,va,...,vp
of degree one by attaching n; pendent edges to vertex v; for 1 < ¢ < p, which is called
a blossomed star. Let SC(n;nyi,ng,...,ny) = {SC(n1,na,...,np)| >0 ny = n—p—

1}. In this paper, we show that, among all blossomed stars in SC(n;ny,ng, ..., ny),
SC(n —p—1,0,...,0) has minimal energy and SC(r+1,...,7+1,r,...,7) has
t p—t

maximal energy, where n —p—1=pr+¢t, 0<t<r-—1.

1 Introduction

Let G be a simple graph of order n and A(G) the adjacency matrix of G. Denote the char-
acteristic polynomial of A(G) by ¢(G;z) = det(zI — A(G)). Assume that Ag, A, ..., A,
are the eigenvalues of G, i.e. the zeros of ¢(G;x).

In chemistry, the total energy of HMO m-electron plays an important role as a parame-
ter of conjugated molecule, which is related to the thermodynamic stability of conjugated
structures. And the total energy of HMO m-electron in conjugated hydrocarbons can
be reduced to the sum of absolute values of all eigenvalues of the constructed molecular

graph. In 1977, Gutman [8] first defined the energy of a graph G as

n

E(G) ="\l (1)

i=1
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Since then, the graph energy has been widely studied because it can be used to ap-
proximate the total m-electron energy of molecules [8,9,18]. One of the vital problems of
the graph energy is the ordering of graphs with respect to their energies. Until now, nu-
merous results relevant to the maximal or minimal energies of graphs have been obtained,
see for example [1-3,5,6,10,11,13-16,19-21,23-25].

It is well known that for an acyclic graph T of order n, the matching polynomial and

the characteristic polynomial are the same. Hence

SE

J
¢(Tra) = ) (=1)'m(T,i)z""*, 2)

=0
where m(T, i) is the number of matchings of size 7 in T

The energy of a tree T" with n vertices can be expressed as the Coulson integral
formula [12] as follow:

E(T) = —/0 = In |1+ Z m(T, 7)122 dx. (3)

™ y
i=1

In fact, we can see that F(T) is a strictly monotonically function in terms of m(T,4). Gut-
man [7] also introduced a quasi-ordering relation which makes great effects on comparing
the energy of acyclic graphs as follows:

If 77 and T5 are both acyclic graphs, then 77 = T5 if and only if for any i > 0,
m(Ty,3) > m(Tz,1).

If T} > T3 and for some j > 0 such that m(71,j) > m(Ty, j), then we say Ty > Ts.

We thus have

T = Ty = BE(Th) > B(T3);

T -1, = E(Tl) > E(Tz)

Let T%(ny,ny, . .. ,nq_1) (n; > 0) denote a caterpillar of order n and diameter d, which
is obtained from a path P;,; whose vertices ordered from 0 to d by attaching n; pendent
edges to i-th vertex fori = 1,2, ...,d—1. By the quasi-ordering relation above, Zhang and
Guo [22] proved that among all caterpillars of order n and diameter d, T%(nq, na, . . ., a—1)
satisfying ny > ng_1 >ng >ngo > -+ > g and nq = < 1 has the maximum energy

for d < 5. Recently, Che [4] extended this result to caterpillars of diameter 6.
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Figure 1. (a) A blossomed star SC(3,3,2,2).

Given p integers ny > ng > -+ > n, > 0, let SC(ny,na, .. SNy ) be a blossomed star
of order n, which is obtained from a star K, (p > 1) with vertices vy,...,v, of degree
one by attaching n; pendent edges to vertex v; for i« = 1,2,...,p. Figure 1 illustrates

SC(3,3,2,2). Let SC(n;n1,na, ..., np) = {SC(n1,na,...,np)| Db ny =n—p—1}.

In this paper, we mainly prove the following results.

Theorem 1.1. Among SC(n;ni,ns,...,n,), the energy of SC(n —p —1,0,...,0) is
minimal.
Theorem 1.2. Among SC(n;nq,ne,...,n,), the energy of SC(r+1,...,r+1,r,....7)
t ¢
e

is maximal, where n —p—1=pr+t¢t 0<t <r—1.

2 Proofs of main results
We first need to introduce some lemmas.

Lemma 2.1. [17] Let T be a tree and u a vertex of 7. Then
O(T;z) = 2d(T — u; x) Z (T —u —v;z),
vENp(u)

where T — u is the subgraph of T by deleting vertex u and Np(u) = {v|(u,v) € E(T)},
E(T) is the edge set of T.
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Lemma 2.2. Given p integers n; > ny > --- > n, > 0, let f(z) = [[(2* — n;) and
i=1
P

g(x) = zlf(av)/(:v2 —n;). Then

p . .
@) = gla) = 2 + 37 (=1)'[ai + (p— i + a2,

i=1

where ag =1, a; = > Mgy Moy ** Mgy & = 1,2, ..., p.

1<s1<-<5;<p
Proof. Note that

f(z) = (2® = m)(@® = na) -+ (2 — my)

P P
— (Z n,) 2271 4 ( Z nmj) 222 4 (-1)? Hm
i=1

1<i<j<p i=1
p
= Z(fl)"aixz(z”i).
=0

p p—1 . .

Let fu(@) = f(2)/(2® —ni) = [1(2% — i) = 3 (=1)bx®P= 179 where by = 1 and
=1 =0
i#k

bri = E Mg Mgy~ * N, -

1<s1<--<5;<p

for1<i<p-1,

s;Ak =12,
Note that )
Zbk¢:b1z‘+b2i+---+bpi
k=1
= (p - Z) Z Mg Mgy =+ * Ths;
1<51<+<8:<p
= (p—1)a;.
Thus,

P p-1 P
= Z(_l)iaixz(p—i) _ Z(_l)i(z by )21
i=0 i=0 k=1
P -1
=3 (=Dfa@®®™ =Y (=1)'(p — i) a7
i=0 i=0
P P
= 2% 4+ 3 (< 1aa®® ) =3 (~1) p— i+ Dag_1a?P)
i=1 i=1

P
= 3:2’7+Z(71)i[a,~+ (p—i+ Da;_)z3*0. [ ]
=1
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Lemma 2.3. Let SC(ny,ng,...,n,) be a blossomed star of order n. Then the character-
istic polynomial of SC'(ny,ng, ..., n,) is
P . .
G(SC(n1 g, ... mp);w) = 2" + > (=i + (p— i + Day_y]a™ >, (4)
i=1
where ag = 1,a; = 3 Mgy Moy ** Mgy & = 1,2, ..., .

1<s1<<8;<p

Proof. It is obvious that
¢(Kl,nl; I) — l,nl+1 _ ni‘rm—l.

By lemma 2.1,

n1 P K
SOl i) = o) - 35 7 i)

IHz”L 22 —n, ) — zp: ™ H?:l 7”7“71(3”2 — 1)
- (1

a1 (2?2 — ny)

i=1
p p P
=g Hz —n;) ZHI —ny)
i=1 i=1 j=1
Jj#i
Therefore, by Lemma 2.2, the result is proved. |
Lemma 2.4. Given p integers ny > ny > -+ > n, > 0 satisfying n; — n; > 2 for some
tand j (1 <i < j < p), define p integers mq, mo, ..., m, such that m, = n, if s # 4,5
and m; =n; —1, mj =n; +1. Forany 1 <k <p, let a5 = ) Ng Mg, =+ N, and
1<s1<-<s<p
b = > M5, M, - - - Mg, Then
1<s1 < <5, <p
ap <bp, f2<k<a;aq=0=0 ifa<k<p,
where o = [{ms|ms #0,1 < s < p}|.
Proof. Obviously, if £ > « then a, = b, = 0.
For fixed 1 <i < j <p, let
A = Z Tsy Mgy * * * Mg, -
1<s1<<sp<p
spéfij}t,h=12,...k
Note that n; + n; —m; —my; = 0 and n;n; — mym; = —(n; —n; — 1) < 0. Thus, if k = 2,

then as — ¢o = (n; +nj —m; —my;) Ay + (nn; —mymy;) < 0.
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For 2 <k <a,
ap — cx = (n; +ny —my —my)Ap_y + (nny — mym;) Ao
=—(n; — n; — 1)Ag_s.
Since Ap_o >0, ai < ¢.
Hence, the result follows. | |
Moreover, by Lemmas 2.3, 2.4 and the quasi-ordering relation, we have the following

helpful lemma directly.

Lemma 2.5. Let SC(mq,my,...,m,) be a blossomed star of order n. If m; —m; > 2
for fixed 1 < i < j < p, then the energies of SC(my,mo,...,m,) and SC(myq,...,m; —

1,...,mj+1,...,m,) satisfying
E(SC(mi,ma,...,mp)) < E(SC(mq,...,m; —1,...,m; +1,...,m,)).

Now, we can prove our results.

Proof of Theorem 1.1. Assume that SC(my,my, ..., m,) is the blossomed star whose
energy is minimal. If there exists 1 <4 < j < p such that m; > m; > 1, then (m;+1)—
(mj —1) > 2. By Lemma 2.5,

E(Sc(ml7'~'7mi+l7"'7"lj717'-'7mp)) <E(So(mlv"'amiw-'7mj7'~'7mp))

contradicting the choice of SC(my,my,...,m,). Note that my > me > -+ > m, > 0,
thus me =mg =---=m, =0, i.e. SC(n—p—1,0,...,0) has the minimal energy among
SC(n;ny,na, ..., ny).

Proof of Theorem 1.2. Similarly, assume that SC(mi,mo,...,m,) is the blossomed

star whose energy is maximal. By Lemma 2.5, |m; — m;| < 1 for any ¢ # j, imply-

ing that all the values of m; equal to L"’T’HJ or f"’Tp’l] ie. SC(my,mo,...,my) =
SCr+1,...,r+1,r...;r),wheren—p—1=pr+t,0<t<r—1
—_———————
t p—t
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