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Abstract

Energy of a simple graph G, denoted by E(G), is the sum of the absolute val-
ues of the eigenvalues of G. Two graphs with the same order and energy are
called equienergetic graphs. A graph G with the property G ∼= G is called self-
complementary graph, where G denotes the complement of G. Two non-self-
complementary equienergetic graphs G1 and G2 satisfying the property G1

∼= G2

are called complementary equienergetic graphs. Recently, Ramane et al. [Graphs
equienergetic with their complements, MATCH Commun. Math. Comput. Chem.
82 (2019) 471–480] initiated the study of the complementary equienergetic regu-
lar graphs and they asked to study the complementary equienergetic non-regular
graphs. In this paper, by developing some computer codes and by making use of
some software like Nauty, Maple and GraphTea, all the complementary equiener-
getic graphs with at most 10 vertices as well as all the members of the graph class
Ω = {G : E(L(G)) = E(L(G)), the order of G is at most 10} are determined,
where L(G) denotes the line graph of G. In the cases where we could not find the
closed forms of the eigenvalues and energies of the obtained graphs, we verify the
graph energies using a high precision computing (2000 decimal places) of Maple. A
result about a pair of complementary equienergetic graphs is also given at the end
of this paper.
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1 Introduction

Throughout this paper, by a graph we mean a simple graph (that is, a graph without

loops and multiple edges). Vertex set and edge set of a graph G are denoted by V (G)

and E(G), respectively. Edge connecting the vertices u, v ∈ V (G) is denoted by uv. An

n-vertex graph is a graph with order n. The complement G of a graph G is the graph

with the vertex set V (G) = V (G) and uv ∈ E(G) if and only if uv 6∈ E(G). A graph G

with the property G ∼= G is called self-complementary graph. The line graph L(G) of a

graph G is a graph whose vertex set is E(G) and two vertices of L(G) are adjacent if and

only if the corresponding edges are adjacent in G. The matrix A(G) = [ai,j]n×n is called

the adjacency matrix of a graph G where

ai,j =

1 if vivj ∈ E(G),

0 otherwise,

and V (G) = {v1, v2, · · · , vn}. The eigenvalues of a graph G are the eigenvalues of its

adjacency matrix A(G). It needs to be mentioned here that all the eigenvalues of a

graph G are always real because A(G) is a real symmetric matrix. The multiset of the

eigenvalues of a graph G is called the spectrum of G and it is denoted by Spec(G). If

λ1, λ2, · · · , λr are distinct eigenvalues of a graph G with multiplicities m1,m2, · · · ,mr,

respectively, then we write

Spec(G) =

(
λ1 λ2 · · · λr

m1 m2 · · · mr

)
.

The spectrum of the union of two graphs is the union of their spectra. Two graphs with

the same spectra are known as the cospectral graphs. Graph theoretical terminology not

defined here can be found in some standard books of graph theory, like [4].

The energy E(G) of a graph G is the sum of the absolute values of the eigenvalues of G.

This concept of graph energy, originating from HMO (Hückel molecular orbital) theory,

was firstly introduced by Gutman [7]. The graph energy can be considered as one of the

most studied spectrum-based graph invariants in chemical graph theory. Details about

the graph energy can be found in the books [12,19], book chapters [8,9,13], reviews [10,11]

(it should be mentioned here that scanned copy of the seminal paper [7] on graph energy

is given in [10]), recent papers [1–3, 6, 20, 21, 23, 24, 30, 31] and in the related references

listed therein.
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Two n-vertex graphs with the same energy are called equienergetic graphs. Cer-

tainly, cospectral graphs are always equienergetic graphs. Indulal and Vijayakumar

[18] studied the equienergetic self-complementary graphs and showed that there exist

equienergetic self-complementary graphs on n vertices for every n ∈ {8, 12, 16, 20, · · · } ∪

{73, 97, 121, 145, · · · }. Does there exists some non-self-complementary graph G with the

property E(G) = E(G )? The answer of this question is yes: Ramane et al. [25] proved that

for an r-regular graph G, with r ≥ 3, the equation E(L(L(G))) = E(L(L(G)) ) holds if

and only if G is isomorphic to the complete graph of order 6. This result of Ramane et al.

gave a birth to the following definition: two non-self-complementary equienergetic graphs

G1 and G2 satisfying G1
∼= G2 are called complementary equienergetic graphs. Recently,

Ramane et al. [26] established several results concerning the complementary equiener-

getic regular graphs and suggested to study the complementary equienergetic non-regular

graphs. In this paper, we continue the work done in [26]. More precisely, we determine all

the complementary equienergetic graphs with at most 10 vertices as well as all the mem-

bers of the graph class Ω = {G : E(L(G)) = E(L(G)), the order of G is at most 10} by

developing some computer codes and by making use of some software.

Firstly, by developing a java code for GraphTea [16,27], we determined all the graphs

G (in graph6 format) of order at most 10 satisfying the equations

E(G) = E(G) (1)

and/or

E(L(G)) = E(L(G)) (2)

up to five decimal places. Then, we made a c-program code and used nauty [15, 22]

for converting the graph6 codes into adjacency matrices. Afterwards, we filtered these

adjacency matrices by verifying Equations (1) and (2) up to twelve decimal places – at

this stage we dropped several adjacency matrices because their corresponding graphs do

not satisfy either of (1) and (2) (for example, there are 54 pairs of graphs satisfying (1) up

to five decimal places but there are only 47 pairs of graphs satisfying (1) up to 12 decimal

places). Finally, we verified Equations (1) and (2) for the remaining adjacency matrices

by using a high precision computing (200, 500 and then 2000 decimals) of Maple [17] –

no further adjacency matrix was dropped at this stage.
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2 Main results

Firstly, we address the problem of determining all the complementary equienergetic graphs

on at most 10 vertices – certainly such graphs occur in pairs. From the definition of the

complementary equienergetic graphs, it follows that if two graphs are complementary

equienergetic then they are equienergetic as well, however there exist so many pairs of

equienergetic graphs that are not complementary equienergetic. According to Stanković

et al. [29] there are 14225 equisets of connected graphs on 10 vertices (a set of graphs

is said to be equiset if all graphs in the set have the same energy and there are at least

two non-cospectral graphs in the set) but we will see that there are at most 47 pairs of

complementary equienergetic graphs on 10 vertices.

It can be easily verified that among all the graphs of order at most 5, there is only

one pair of complementary equienergetic graphs and this pair consists of the 4-vertex

cycle graph C4 and its complement. Also, there is exactly one pair of complementary

equienergetic graphs of order n for every n ∈ {6, 7}, see Figure 1. Eigenvalues and

energies of the pairs of the graphs (D1, D2) and (E1, E2) depicted in Figure 1, are given

in Table 1, from which it follows that each of these two pairs is non-cospectral.

D1 D2 E1 E2

Figure 1. All the pairs of complementary equienergetic graphs on 6 and 7 vertices.

Table 1. Eigenvalues and energies of the graphs shown in Figure 1.

Graph Eigenvalues Energy

D1 −2,−2, 0, 0, 1, 3 8
D2 −2,−1,−1, 1, 1, 2

E1 0, 0,−2,−2, 1, 32 ±
√
17
2 5 +

√
17

E2 −1,−1,−2, 1, 32 ±
√
17
2

There are eight possible pairs of complementary equienergetic graphs of order 8, see

Figure 2. From these eight pairs, exactly two pairs (F1, F2) and (F15, F16) are cospectral.

For the remaining six pairs, either their eigenvalues and energies, or just their charac-

teristic polynomials (where we could not find the closed forms of all the eigenvalues and

energies – in that case energies are verified up to 2000 decimal places using Maple [17])
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are given in Table 2.

F7 F8 F9 F10 F11 F12

F13 F14 F15 F16

F1 F2 F3 F4 F5 F6

Figure 2. All the possible pairs of complementary equienergetic graphs on 8 ver-
tices.

Table 2. Eigenvalues and energies, or just the characteristic polynomials, of the
graphs F3, F4, · · · , F14, depicted in Figure 2.

Graph Eigenvalues / Characteristic polynomial Energy

F3 λ3(λ5 − 16λ3 − 24λ2 + 16λ+ 32)
F4 λ8 − 12λ6 − 8λ5 + 22λ4 + 16λ3 − 12λ2 − 8λ+ 1

F5 λ2(λ6 − 16λ4 − 12λ3 + 28λ2 + 16λ− 12)
F6 λ8 − 12λ6 − 8λ5 + 34λ4 + 40λ3 − 8λ+ 1

F7 0, 0, 0,−2,−2,−2, 2, 4 12
F8 3,−3, 1, 1, 1,−1,−1,−1

F9 −1, 1, 2±
√

5,−1±
√

2,−1±
√

2 2(1 +
√

5 + 2
√

2)

F10 0,±
√

2,±
√

2,−2, 1±
√

5

F11 0, 0,−2, 4,±
√

2,−1±
√

3 2(3 +
√

2 +
√

3)

F12 −1,−1,±
√

3,−1±
√

2, 3, 1

F13 λ(λ7 − 15λ5 − 12λ4 + 45λ3 + 40λ2 − 24λ− 8)
F14 λ8 − 13λ6 − 4λ5 + 36λ4 + 8λ3 − 33λ2 − 4λ+ 9

On 9 vertices, there are exactly twenty four pairs of complementary equienergetic

graphs, which are depicted in Figure 3. From these twenty four pairs, exactly nineteen

pairs, namely (G2i−1, G2i) with i = 6, 7, · · · , 24, are cospectral. For the remaining five

pairs, their eigenvalues and energies are given in Table 3.

Table 3. Eigenvalues and energies of the graphs G1, G2, · · · , G10, shown in Figure
3.

Graph Eigenvalues Energy

G1 0, 0, 0, 0,−1,−1, 1, 5,−4 12
G2 0, 0,−1,−1,−1,−1, 2, 4,−2

G3 0, 0, 0, 0,−1,−1,−4, 3±
√

5 12
G4 0, 0,−1,−1,−1,−1, 3, 3,−2
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Continuation of Table 3

Graph Eigenvalues Energy
G5 −3,−3, 0, 0, 0, 0, 0, 0, 0, 6 12
G6 −1,−1,−1,−1,−1,−1, 2, 2, 2

G7 0,−1,−1, 1, 1,−1±
√

2, 1±
√

10 2(
√

10 +
√

2 + 2)

G8 0, 0, 0,−2,−2,±
√

2, 2±
√

10

G9 0, 0,−2,−2,±
√

2,±
√

2, 4 4(2 +
√

2)

G10 0,−1,−1,−1±
√

2,−1±
√

2, 5, 1

All the possible pairs of complementary equienergetic graphs of order 10 (which are

forty seven in total) are shown in Figures 4 and 5. We note that none of these pairs is

cospectral. We give either the eigenvalues and energies, or just the characteristic polyno-

mials (where we could not find the closed forms of the eigenvalues and energies – in that

case energies are verified up to 2000 decimal places using Maple [17]) in Table 4.

Table 4. Eigenvalues and energies, or just the characteristic polynomials of the
graphs depicted in Figures 4 and 5.

Graph Eigenvalues / Characteristic polynomial Energy

H1 0, 0, 0, 0,−3,−1, 52 ±
√
37
2 ,− 1

2 ±
√
13
2 4 +

√
37 +

√
13

H2 0, 0, 52 ±
√
37
2 ,− 1

2 ±
√
13
2 ,−1,−1,−1,−1

H3 (λ+ 2)(λ3 − 2λ2 − 13λ+ 2)(λ− 1)3(λ+ 1)3

H4 λ3(λ− 1)(λ3 − 5λ2 − 6λ+ 12)(λ+ 2)3

H5 λ3(λ+ 2)(λ+ 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 4λ+ 12)
H6 λ(λ− 1)(λ2 − 5)(λ3 − 2λ2 − 11λ+ 4)(λ+ 1)3

H7 λ3(λ+ 2)(λ+ 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 4λ+ 12)
H8 λ(λ− 1)(λ2 − 5)(λ3 − 2λ2 − 11λ+ 4)(λ+ 1)3

H9 −2,−2,−2,−2, 0, 0, 0, 0, 3, 5 16
H10 −4,−1,−1,−1,−1, 1, 1, 1, 1, 4
H11 λ3(λ− 1)(λ+ 2)(λ2 − 4λ− 6)(λ3 + 3λ2 − 4λ− 10)
H12 λ(λ− 1)(λ2 − 2λ− 9)(λ3 − 7λ+ 4)(λ+ 1)3

H13 λ3(λ+ 2)(λ3 − 5λ2 − 2λ+ 8)(λ3 + 3λ2 − 4λ− 8)
H14 (λ− 1)(λ3 − 7λ+ 2)(λ3 − 2λ2 − 9λ+ 2)(λ+ 1)3

H15 λ3(λ+ 2)(λ+ 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 4λ+ 16)
H16 λ(λ− 1)(λ2 − 5)(λ3 − 2λ2 − 11λ+ 8)(λ+ 1)3

H17 λ3(λ+ 2)(λ+ 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 4λ+ 16)
H18 λ(λ− 1)(λ2 − 5)(λ3 − 2λ2 − 11λ+ 8)(λ+ 1)3

H19 λ3(λ+ 2)(λ+ 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 4λ+ 16)
H20 λ(λ− 1)(λ2 − 5)(λ3 − 2λ2 − 11λ+ 8)(λ+ 1)3

H21 −1, 1, 0, 0, 2±
√

10,−1±
√

5,−1±
√

3 2(1 +
√

10 +
√

5 +
√

3)

H22 −1,−1, 0, 0,±
√

5,±
√

3, 1±
√

10

H23 −2, 1, 0, 0,±
√

2, 2±
√

10,− 3
2 ±

√
17
2 3 + 2

√
2 + 2

√
10 +

√
17

H24 0, 1,−1,−1, 1±
√

10, 12 ±
√
17
2 ,−1±

√
2

H25 λ2(λ− 1)(λ− 5)(λ+ 1)(λ2 + λ− 1)(λ3 + 4λ2 − 2λ− 11)
H26 λ(λ− 4)(λ+ 2)(λ2 + λ− 1)(λ3 − λ2 − 7λ+ 6)(λ+ 1)2

H27 λ2(λ3 − 5λ2 − 2λ+ 8)(λ5 + 5λ4 + 2λ3 − 16λ2 − 12λ+ 4)
H28 (λ3 − 2λ2 − 9λ+ 2)(λ5 − 8λ3 + 2λ2 + 11λ− 2)(λ+ 1)2

H29 λ2(λ3 − 5λ2 − 2λ+ 8)(λ5 + 5λ4 + 2λ3 − 16λ2 − 12λ+ 4)
H30 (λ3 − 2λ2 − 9λ+ 2)(λ5 − 8λ3 + 2λ2 + 11λ− 2)(λ+ 1)2

H31 λ3(λ2 + λ− 4)(λ3 − 5λ2 − 4λ+ 12)(λ+ 2)2

H32 (λ2 + λ− 4)(λ3 − 2λ2 − 11λ+ 4)(λ− 1)2(λ+ 1)3

H33 −3, 0, 4, 1, 1,−1,−1,−1,±
√

5 12 + 2
√

5

H34 −1, 2, 5,−2,−2, 0, 0, 0,−1±
√

5
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Continuation of Table 4
Graph Eigenvalues / Characteristic polynomial Energy
H35 (λ− 4)(λ4 + 3λ3 − 5λ2 − 11λ+ 4)(λ− 1)2(λ+ 1)3

H36 λ3(λ− 5)(λ4 + λ3 − 8λ2 − 4λ+ 8)(λ+ 2)2

H37 λ2(λ− 5)(λ3 + 3λ2 − 5λ− 11)(λ2 + λ− 1)2

H38 (λ− 4)(λ3 − 8λ+ 4)(λ+ 1)2(λ2 + λ− 1)2

H39 λ3(λ− 2)(λ+ 3)(λ3 − 5λ2 − 2λ+ 8)(λ+ 2)2

H40 (λ− 2)(λ+ 3)(λ3 − 2λ2 − 9λ+ 2)(λ− 1)2(λ+ 1)3

H41 λ2(λ− 5)(λ+ 1)(λ2 + λ− 1)(λ4 + 3λ3 − 6λ2 − 13λ+ 11)
H42 λ(λ− 4)(λ2 + λ− 1)(λ4 + λ3 − 9λ2 − 4λ+ 16)(λ+ 1)2

H43 λ2(λ− 5)(λ+ 1)(λ3 − 4λ+ 2)(λ3 + 4λ2 − 6)
H44 λ(λ− 4)(λ3 − λ2 − 5λ+ 3)(λ3 + 3λ2 − λ− 5)(λ+ 1)2

H45 λ3(λ− 5)(λ+ 2)(λ2 − 2)(λ3 + 3λ2 − 4λ− 10)
H46 (λ− 1)(λ− 4)(λ2 + 2λ− 1)(λ3 − 7λ+ 4)(λ+ 1)3

H47 λ3(λ+ 3)(λ+ 2)(λ2 − 2)(λ3 − 5λ2 − 4λ+ 18)
H48 (λ− 1)(λ− 2)(λ2 + 2λ− 1)(λ3 − 2λ2 − 11λ+ 10)(λ+ 1)3

H49 λ3(λ+ 2)(λ3 + 3λ2 − 3λ− 8)(λ3 − 5λ2 − 3λ+ 14)
H50 (λ− 1)(λ3 − 2λ2 − 10λ+ 7)(λ3 − 6λ+ 3)(λ+ 1)3

H51 λ3(λ+ 2)(λ3 + 3λ2 − 3λ− 8)(λ3 − 5λ2 − 3λ+ 14)
H52 (λ− 1)(λ3 − 2λ2 − 10λ+ 7)(λ3 − 6λ+ 3)(λ+ 1)3

H53 λ2(λ− 5)(λ3 + 4λ2 + 2λ− 2)(λ4 + λ3 − 6λ2 − 4λ+ 6)
H54 (λ− 4)(λ3 − λ2 − 3λ+ 1)(λ4 + 3λ3 − 3λ2 − 7λ+ 4)(λ+ 1)2

H55 −1, 5, 0, 0,±
√

2,−1±
√

5,−1±
√

3 2(3 +
√

2 +
√

5 +
√

3)

H56 0, 4,−1,−1,±
√

5,±
√

3,−1±
√

2

H57 −2, 5, 0, 0,±
√

2,±
√

2,− 3
2 ±

√
17
2 7 +

√
17 + 4

√
2

H58 1, 4,−1,−1, 12 ±
√
17
2 ,−1±

√
2,−1±

√
2

H59 λ3(λ− 1)(λ3 − 5λ2 − 6λ+ 28)(λ+ 2)3

H60 (λ+ 2)(λ3 − 2λ2 − 13λ+ 18)(λ− 1)3(λ+ 1)3

H61 λ2(λ+ 3)(λ2 − 2)(λ2 + 2λ− 2)(λ3 − 5λ2 − 2λ+ 8)
H62 (λ− 2)(λ2 − 3)(λ2 + 2λ− 1)(λ3 − 2λ2 − 9λ+ 2)(λ+ 1)2

H63 λ2(λ+ 2)(λ2 + 2λ− 4)(λ2 + λ− 1)(λ3 − 5λ2 − 3λ+ 12)
H64 (λ− 1)(λ2 − 5)(λ2 + λ− 1)(λ3 − 2λ2 − 10λ+ 5)(λ+ 1)2

H65 λ2(λ− 5)(λ3 + 2λ2 − 4λ− 6)(λ4 + 3λ3 − 2λ2 − 6λ+ 2)
H66 (λ− 4)(λ3 + λ2 − 5λ+ 1)(λ4 + λ3 − 5λ2 − 3λ+ 4)(λ+ 1)2

H67 λ2(λ− 5)(λ2 + λ− 1)(λ5 + 4λ4 − 3λ3 − 19λ2 + 2λ+ 19)
H68 (λ− 4)(λ2 + λ− 1)(λ5 + λ4 − 9λ3 − 4λ2 + 20λ− 4)(λ+ 1)2

H69 λ2(λ− 5)(λ2 + λ− 1)(λ5 + 4λ4 − 3λ3 − 19λ2 + 2λ+ 19)
H70 (λ− 4)(λ2 + λ− 1)(λ5 + λ4 − 9λ3 − 4λ2 + 20λ− 4)(λ+ 1)2

H71 λ2(λ− 5)(λ+ 2)(λ6 + 3λ5 − 6λ4 − 16λ3 + 12λ2 + 16λ− 8)
H72 (λ− 1)(λ− 4)(λ6 + 3λ5 − 6λ4 − 18λ3 + 9λ2 + 23λ− 4)(λ+ 1)2

H73 λ2(λ− 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 2λ+ 8)(λ+ 2)2

H74 (λ+ 2)(λ2 − 5)(λ3 − 2λ2 − 9λ+ 2)(λ− 1)2(λ+ 1)2

H75 λ2(λ− 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 2λ+ 8)(λ+ 2)2

H76 (λ+ 2)(λ2 − 5)(λ3 − 2λ2 − 9λ+ 2)(λ− 1)2(λ+ 1)2

H77 λ2(λ− 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 2λ+ 8)(λ+ 2)2

H78 (λ+ 2)(λ2 − 5)(λ3 − 2λ2 − 9λ+ 2)(λ− 1)2(λ+ 1)2

H79 λ2(λ− 1)(λ2 + 2λ− 4)(λ3 − 5λ2 − 2λ+ 8)(λ+ 2)2

H80 (λ+ 2)(λ2 − 5)(λ3 − 2λ2 − 9λ+ 2)(λ− 1)2(λ+ 1)2

H81 λ2(λ− 5)(λ2 − 2)(λ3 + λ2 − 6λ+ 2)(λ+ 2)2

H82 (λ− 4)(λ2 + 2λ− 1)(λ3 + 2λ2 − 5λ− 8)(λ− 1)2(λ+ 1)2

H83 2, 5,−2,−2,−2, 0, 0, 0,− 1
2 ±

√
17
2 13 +

√
17

H84 −3, 4,−1,−1,−1, 1, 1, 1,− 1
2 ±

√
17
2

H85 −3,−1, 1, 5, 0, 0,− 1
2 ±

√
13
2 ,− 1

2 ±
√
13
2 10 + 2

√
13

H86 −2, 0, 2, 4,−1,−1,− 1
2 ±

√
13
2 ,− 1

2 ±
√
13
2

H87 λ2(λ3 + λ2 − 5λ+ 2)(λ3 − 5λ2 − 3λ+ 14)(λ+ 2)2

H88 (λ3 − 2λ2 − 10λ+ 7)(λ3 + 2λ2 − 4λ− 7)(λ− 1)2(λ+ 1)2
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Continuation of Table 4
Graph Eigenvalues / Characteristic polynomial Energy
H89 λ2(λ3 + λ2 − 5λ+ 2)(λ3 − 5λ2 − 3λ+ 14)(λ+ 2)2

H90 (λ3 − 2λ2 − 10λ+ 7)(λ3 + 2λ2 − 4λ− 7)(λ− 1)2(λ+ 1)2

H91 −2, 5, 0, 0,±
√

2,− 1
2 ±

√
17
2 ,−1±

√
3 7 + 2

√
3 +
√

17 + 2
√

2

H92 1, 4,−1,−1,±
√

3,− 1
2 ±

√
17
2 ,−1±

√
2

H93 5,−2,−2, 1, 1, 1,−1±
√

2,−1±
√

2 12 + 4
√

2

H94 1,−2,−2,−2,±
√

2,±
√

2, 52 ±
√
17
2

Next, we determine all the possible members of the graph class

Ω = {G : E(L(G)) = E(L(G)), the order of G is at most 10},

see Figure 6. In what follows, we prove a result, which guaranties that the graph LG9
5

(shown in Figure 6) belongs to the class Ω.

Proposition 2.1. For p ≥ 4, it holds that E
(
L
(
K

(p)
p+2

))
= E

(
L
(
K

(p)
p+2

))
, where K

(q)
p

is the graph obtained from the complete graphs Kp and Kq by identifying one of their

vertices.

Proof. The result follows from the following facts

Spec
(
L
(
K

(p)
p+2

))
=

(
−2 p− 3 p− 1 4p−1−

√
8p+25

2
2p− 1 4p−1+

√
8p+25

2

p(p+ 1) p− 1 p 1 1 1

)
and

Spec

(
L
(
K

(p)
p+2

))
=

(
1 −p+ 2 −p −2(p− 1) −2p p(p+ 1)

p(p+ 1) p− 1 p+ 1 1 1 1

)
.

It is clear that LG9
5
∼= K

(4)
6 and hence by using Proposition 2.1, we deduce that

LG9
5 ∈ Ω. Also, the next proposition (Proposition 2.2) ensures that the graphs LG5

1,

LG6
2, LG

7
1, LG

8
2, LG

8
3, LG

8
5, LG

9
1, LG

9
3, LG

9
4, LG

10
1 , LG10

2 , LG10
4 and LG10

8 belong to the

class Ω.

Proposition 2.2. [26] For p, q ≥ 2, it holds that E (L (Kp,q)) = E
(
L (Kp,q)

)
, where Kp,q

is the complete bipartite graph of order p+ q.

The energies or the characteristic polynomials of the line graphs and complements of

the line graphs, of those graphs of Figure 6 which are different from LG5
1, LG

6
2, LG

7
1, LG

7
3,

LG8
2, LG

8
3, LG

8
5, LG

9
1, LG

9
3, LG

9
4, LG

10
1 , LG10

2 , LG10
4 and LG10

8 , are specified in Table 5.

We remark that the equations E (L(LG10
9 )) = E

(
L(LG10

9 )
)

, E (L(LG10
10)) = E

(
L(LG10

10)
)

and E (L(LG10
12)) = E

(
L(LG10

12)
)

are verified up to 2000 decimal places using Maple [17].
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G7
9 G8

9
G9

9 G10
9 G11

9 G12
9

G13
9 G14

9 G15
9

G16
9 G17

9 G18
9

G19
9 G20

9 G21
9 G22

9 G23
9

G24
9

G25
9 G26

9 G27
9 G28

9 G29
9 G30

9

G31
9 G32

9 G33
9 G34

9 G35
9 G36

9

G37
9 G38

9 G39
9 G40

9 G41
9 G42

9

G1
9 G2

9 G3
9 G4

9 G5
9 G6

9

G43
9 G44

9 G45
9 G46

9 G47
9 G48

9

Figure 3. All the pairs of complementary equienergetic graphs of order 9.
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H1
10 H2

10 H3
10 H4

10 H5
10 H6

10

H7
10 H8

10
H9

10 H10
10 H11

10 H12
10

H13
10 H14

10 H15
10

H16
10 H17

10 H18
10

H19
10 H20

10 H21
10 H22

10 H23
10

H24
10

H25
10 H26

10 H27
10 H28

10 H29
10 H30

10

H31
10 H32

10 H33
10 H34

10 H35
10 H36

10

H37
10 H38

10 H39
10 H40

10 H41
10 H42

10

H43
10 H44

10
H45

10 H46
10 H47

10 H48
10

Figure 4. Twenty four possible pairs of complementary equienergetic graphs on 10
vertices. The remaining twenty three possible pairs of complementary
equienergetic graphs on 10 vertices are shown in Figure 5.
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H73
10 H74

10 H75
10 H76

10 H77
10 H78

10

H79
10 H80

10 H81
10 H82

10 H83
10 H84

10

H85
10 H86

10 H87
10 H88

10 H89
10 H90

10

H91
10 H92

10 H93
10 H94

10

H49
10 H50

10 H51
10 H52

10 H53
10 H54

10

H55
10 H56

10
H57

10 H58
10 H59

10 H60
10

H61
10 H62

10 H63
10 H64

10 H65
10 H66

10

H67
10 H68

10 H69
10 H70

10 H71
10 H72

10

Figure 5. Twenty three possible pairs of complementary equienergetic graphs on
10 vertices, different from those given in Figure 4.
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LG5
1 LG6

1 LG6
2 LG7

1 LG7
2 LG7

3

LG8
1 LG8

2 LG8
3 LG8

4 LG8
5 LG9

1

LG9
2 LG9

3 LG9
4 LG9

5 LG10
1 LG10

2

LG10
3 LG10

4 LG10
5

LG9
6 LG10

7 LG10
8

LG10
9 LG10

10 LG10
11

LG10
12

LG10
13 LG10

14

Figure 6. All the possible members of the graph class Ω.

Table 5. Energies or the characteristic polynomials of the line graphs and comple-
ments of the line graphs, of some graphs of Figure 6.

Graph LGk
i Eigenvalues or Characteristic Polynomials of L(LGk

i ) and L(LGk
i ) Energies of L(LGk

i ) and L(LGk
i )

LG6
1 −2,−1,−1, 1, 1, 2 8

−2,−2, 0, 0, 1, 3
LG7

2 1,±
√
2,±
√
2,−2,−2,−2, 5±

√
17

2
12 + 4

√
2

5, 1, 1, 1,−2,−2,−1±
√
2,−1±

√
2

LG8
1 0,−2, 1±

√
5,±
√
2,±
√
2 2 + 2

√
5 + 4

√
2

1,−1, 2±
√
5,−1±

√
2,−1±

√
2

LG8
4 0, 6, 2, 2, 2, 2,−2,−2,−2,−2,−2,−2,−2,−2, 1±

√
5 30 + 2

√
5

9, 1, 1, 1, 1, 1, 1, 1, 1,−1,−3,−3,−3,−3,−2±
√
5

LG9
2 3, 1, 1, 1, 1,−1,−1,−2,−2,−2,−2,−2,−2,−2, 9±

√
41

2
32

9, 1, 1, 1, 1, 1, 1, 1, 0, 0,−2,−2,−2,−2,−4,−4
LG9

5 9, 5, 2, 2, 2, 2, 2, 0, 0,−2, · · · ,−2︸ ︷︷ ︸
12 times

48

12, 1, · · · , 1︸ ︷︷ ︸
12 times

,−1,−1,−3,−3,−3,−3,−4,−6

LG10
3 4± 2

√
3,−2, · · · ,−2︸ ︷︷ ︸

11 times

,−1,−1, 2, 2, 2, 2, 4, 4 48

13,−2, 0, 0, 1, · · · , 1︸ ︷︷ ︸
11 times

,−3,−3,−3,−3,−5,−5

LG10
5 5±

√
21, 6, 0,−2, · · · ,−2︸ ︷︷ ︸

15 times

, 1, 1, 2, 2, 4, 4 60

15,−7,−1, 1, · · · , 1︸ ︷︷ ︸
15 times

,−2,−2,−2,−3,−3,−5,−5

LG10
6

5±
√
17

2
, 8,−1,−2, · · · ,−2︸ ︷︷ ︸

15 times

, 3, 3, 3, 3, 3, 3 62

−7±
√
17

2
, 16, 0, 1, · · · , 1︸ ︷︷ ︸

15 times

,−4,−4,−4,−4,−4,−4
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Continuation of Table 5

Graph LGk
i Eigenvalues or Characteristic Polynomials of L(LGk

i ) and L(LGk
i ) Energies of L(LGk

i ) and L(LGk
i )

LG10
7

3±
√
33

2
, 8, 1,−2, · · · ,−2︸ ︷︷ ︸

15 times

, 3, 3, 3, 3, 3, 3 57 +
√
33

−5±
√
33

2
, 16,−2, 1, · · · , 1︸ ︷︷ ︸

15 times

,−4,−4,−4,−4,−4,−4

LG10
9 (λ− 2)2(λ2 − 10λ+ 8)(λ3 − 10λ2 + 29λ− 22)2(λ+ 2)17

(λ− 17)(λ+ 2)(λ+ 3)2(λ3 + 13λ2 + 52λ+ 62)2(λ− 1)17

LG10
10

{
(λ− 2)(λ3 − 10λ2 + 31λ− 29)(λ2 − 10λ+ 8)
×(λ4 − 12λ3 + 47λ2 − 67λ+ 30)(λ+ 2)17

}
{

(λ− 17)(λ+ 3)(λ+ 2)(λ3 + 13λ2 + 54λ+ 71)

×(λ4 + 16λ3 + 89λ2 + 201λ+ 157)(λ− 1)17

}
LG10

11 −2, · · · ,−2︸ ︷︷ ︸
17 times

, 4, 3, 3, 2, 5±
√
17, 5±

√
17

2
, 7±
√

17
2

68

17,−5,−3,−2,−4,−4, −7±
√

17
2

, −9±
√

17
2

, 1, · · · , 1︸ ︷︷ ︸
17 times

LG10
12

{
(λ− 2)(λ2 − 10λ+ 8)(λ3 − 8λ2 + 17λ− 8)

×(λ− 4)(λ3 − 10λ2 + 29λ− 22)(λ+ 2)17

}
{

(λ+ 5)(λ+ 3)(λ+ 2)(λ3 + 11λ2 + 36λ+ 34)

×(λ− 17)(λ3 + 13λ2 + 52λ+ 62)(λ− 1)17

}
LG10

13 −2, · · · ,−2︸ ︷︷ ︸
17 times

, 5, 4, 4, 3, 2, 1, 5±
√
17, 5±

√
17

2
68

17,−6,−5,−5,−4,−3,−2,−2, −7±
√
17

2
, 1, · · · , 1︸ ︷︷ ︸
17 times

LG10
14 −2, · · · ,−2︸ ︷︷ ︸

17 times

, 4, 3, 3, 2, 5±
√
17, 5±

√
17

2
, 7±
√

17
2

68

17,−5,−4,−4,−3,−2, −7±
√

17
2

, −9±
√

17
2

, 1, · · · , 1︸ ︷︷ ︸
17 times

We end this article by giving a result about a pair of complementary equienergetic

graphs. For this, following Haemers [14], we firstly state some definitions concerning

designs. A 2-(v, k, λ) design, with parameters v, k and λ, consists of a finite point set P
of cardinality v and a collection B of subsets (called blocks) of P , such that:

(i) each block has cardinality k with the constraint 2 ≤ k ≤ v − 1,

(ii) each (unordered) pair of points occurs in exactly λ blocks.

A design in which number of blocks and number of points are same is called symmetric.

The incidence matrix N of a 2-(v, k, λ) design is the (0, 1) matrix with rows indexed by

the points, and columns indexed by the blocks, such that Ni,j = 1 if the point i belongs

to the block j, and Ni,j = 0 otherwise. The incidence graph of a design with incidence

matrix N is the bipartite graph with the adjacency matrix

(
O N

NT O

)
. We also need the

following two results.

Theorem 2.3. [5] If IG(v, k, λ) is the incidence graph of the symmetric 2-(v, k, λ) design

then

Spec (IG(v, k, λ)) =

(
k
√
k − λ −k −

√
k − λ

1 v − 1 1 v − 1

)
.

Theorem 2.4. [28] If G is an r-regular graph of order n with the eigenvalues r, λ2, · · · , λn
then the eigenvalues of G are n− r − 1,−λ2 − 1, · · · ,−λn − 1.
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We are now in position to state and prove the final result of this paper.

Proposition 2.5. For l ≥ 4, IG(l, l− 1, l− 2) and IG(l, l − 1, l − 2) are complementary

equienergetic graphs where IG(l, l − 1, l − 2) is the incidence graph of the symmetric 2-

(l, l − 1, l − 2) design.

Proof. By Theorem 2.3, it holds that

Spec (IG(l, l − 1, l − 2)) =

(
l − 1 1 1− l −1

1 l − 1 1 l − 1

)
.

Also, by using Theorem 2.3, we get

Spec
(
IG(l, l − 1, l − 2)

)
=

(
l −2 l − 2 0

1 l − 1 1 l − 1

)

and hence it holds that E (IG(l, l − 1, l − 2)) = E
(
IG(l, l − 1, l − 2)

)
= 4(l − 1).
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graphs, MATCH Commun. Math. Comput. Chem. 61 (2009) 443–450.

[30] F. Tian, D. Wong, Upper bounds of the energy of triangle-free graphs in terms of

matching number, Lin. Multilin. Algebra 67 (2019) 20–28.

[31] Q. Zhou, D. Wong, D. Sun, A lower bound for graph energy, Lin. Multilin. Algebra,

in press.

-570-


