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Abstract
The general atom-bond connectivity index (ABC,) of a graph G = (V, E) is
d'u du -2 « . .
defined as ABC,(G) = Z 27d> , where uv is an edge of G, d,, is the

wek
degree of the vertex u, « is an arbitrary nonzero real number, and G has no isolated

Ky if @ < 0. In this paper, we will determine the upper bound (resp. the lower
bound) of ABC,, index for o € (0,1] (resp. for o € (—0o0,0)) among all connected
graphs with fixed maximum degree, and characterize the corresponding extremal
graphs.
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1 Introduction

For a molecular graph G = (V, E), a large number of topological indices, defined
in terms of the vertex degrees, have been considered in the literature [11, 14, 18, 26, 27].

The general form of vertex-degree-based topological indices is TI(G) = Z U(dy,d,),

where ¥ is a non-negative and real two-variables function, d, denotes theuvdeleee of the
vertex v. Topological indices are playing a significant role in mathematical chemistry,
pharmacology, etc.

In 1998, Estrada, Torres, Rodriguez and Gutman [8,9] proposed the atom-bond con-
nectivity (ABC') index, defined as U(d,, d,) = 1/ % They showed that the ABC
index correlates well with the heats of formation of ;ll:anes and can therefore serve the
purpose of predicting their thermodynamic properties. Its mathematical properties were
also extensively investigated, see the recent literature [1-7,12,13,15-17,19,20,28] and the

references cited therein. Furtula et al. [11] made a generalization of ABC' index, defined

dy, +d, —2\“ .
as ¥(dy,d,) = (—;703) , where a@ > 0 is a real number. They also defined the
dy +d,—2
dyd,
and Zhou [23] generalized the ABC index for arbitrary nonzero real number «, called the

-3
augmented Zagreb index (AZI) by ¥(d,,d,) = ( ) . More generally, Xing

general atom-bond connectivity index and denoted as:

d'u, + d'u -2 “
ancu@ = Y- (“5=0)

el

where G has no isolated K> (the complete graph with two vertices) if @ < 0.

Furtula et al. [11] showed that the AZT index has a better prediction power than the
ABC index when studying the heat of formation of octanes and heptanes. Estrada [9,10]
provided a quantum-chemical explanation of the capacity of ABC-like indices and a prob-
abilistic interpretation that fits very well with the chemical intuition for understanding
the capacity of ABC-like indices to describe the energetics of alkanes. Moreover, the
work would also allow further investigations of more general scenarios outside molecular
sciences, such as the study of random walks on graphs.

Zhou et al. [25] determined the upper bound on the ABC index of trees with fixed
maximum degree. Xing et al. [24] investigated the upper bound on the ABC' index of
connected graphs with fixed maximum degree. Liu et al. [22] considered the lower bound

on the AZI index of connected graphs with fixed maximum degree. In this paper, we
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obtain the upper bound (resp. the lower bound) of the ABC,, index for o € (0, 1] (resp.
for a < 0) among all connected graphs with fixed maximum degree, and characterize the

corresponding extremal graphs.

2 Lower bound of ABC, indices for a < 0 among
connected graphs with fixed maximum degree

For any connected graph G of order n (n > 3) with maximum degree A, we now investigate
the lower bound of ABC,(G) for a < 0 and characterize the corresponding extremal
graphs. At first, we need some useful lemmas:
a2 —z) (20 —-2\"""
Lemma 2.1 Let h(z,a) = —— | —5— , where z > 3 and o < 0. Then h(z, a)
x x
is strictly increasing in x.

Proof. Note that for x > 3 and a < 0, the partial derived function

h,(x,a):a(zr_2>a_l 2 {w—l} >0,

a2 22 2r —2
implying that h(z, ) is strictly increasing in z. |
3a [4\“ A—1\" 1\
Lemma 2.2 Let A>3 and a < —1.5, then —— (= | +2(———] —2(=| >0.
4 \9 A 2
-3
Proof. If o < —3, then % - 2. We have

4
3a (4\“ A—1\¢ 1\¢ 4\ A -1\ 1\¢
7(5) “(T ) ‘2(5) >2(§) “(T ) ‘2@
> 2 éan la>0
9 2 ’

A _ 1 [e3
If « € (—3,—1.5], then <T> > 1. We obtain

a4\ A—1\" 1\“ a4\ 1\
1) () 20 2T (6) 26)
3a 4\ 1\“ . .
Let Dy () = Z_I (6) -2 (§> , by a direct calculation, we have D;(—3) ~ 11.63 > 0
and D;(—1.5) &~ 0.14 > 0. Moreover, with help of software Matlab, we have Dj(a) < 0
for o € (=3, —1.5] (shown in Fig.1). Then D;(a) > 0 for a € (—3,—1.5].

So Lemma 2.2 holds. ]
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-3 -2.5 -2 -1.5

Fig.1. The value of Df(«) for a € [-3,—1.5].

Lemma 23 let 0 < 2 <05 <y<1l,a<0and 0 < g < 1. Ifiiﬂ; < _5. then
- 14)(3) >0

Proof. It suffices to verify that % <1

Let K(z,y,a,8) = Z020° then Koo (z,y,a,5) = (21)“(11;21)2;%(21/)&(11,%)2 N

have K,(z,y, o, () is strictly increasing in a.

CIn 2z In2z + f1n2y
It —8, then K, (z,y,0,8) = =X TPy
1n2y< B, then K,(z,y,0,0) 155

a < 0.

Hence, K(z,y,a, ) =

< 0. We get K,(z,y,a,3) <0 for

(22)" + B(2y)
1+5

[3)(%)&>Ofora<0. |

For positive integers z,y, A with 1 <z <y <A, A > 3, let a be an arbitrary nonzero

> K(z,y,0,8) = 1. We obtain 2+ fy* — (1+

real number and let

r+y—2\" 1\ A-1\"T/1 1 1 1 1\
U, A o) = [ ———— 21(=z) = (—— —+-———-=—=)=(z],
e a = (252) 2| (G) - (557) | Gi-3-3) - ()
where = +y # 2 if @ < 0. We first prove the following lemma.
Lemma 2.4 Let z,y and A be positive integers with 3 <z <y < A. Then f(z,y,A, o) >

0 for a < —1.5.
Proof. Note that 3 <z <y < A and

) 1 z+y—2\*""'2-z A—1\“ 1\

-2
w. Then ky(x,y) =
Ty i

Let k(z,y) = 21‘ <0 for z > 3.
Y

_9 a—1 2% — 2 a—1"
Hence (w) > ( i 5 ) for a < —1.5, and
Ty x




-147-
1

e R e Ol
(2 ()]

By Lemma 2.1, we have h(z, ) > h(3,a) and then

ez o (352) 2(2)’

L) 5 )

By Lemma 2.2, we have f,(z,y,A, a) > 0 for a < —1.5 and z > 3. It follows that

fy('r7 Y, Av O‘) Z

And 02 0) = % a@; ) (22; 2)“ +9 (Ag 1)" _9 (%) “]
= [h@,a) 2 (%) 9 (;)]
> % [h(c},a 42 (%)a —2 GH
SR ) ) o
Lemma, 2.2)
Then

flz,y,Aa) > f(x,,a;,A,a) zaf(3,3,A,a(3 )
-(5) - () G -(557) ]G -3)
ctany (£) () >t 15

If A > 6 then 2 [(%)u — (%)a} (é - i) > 0. Hence f(z,y,A,a) > f(z,z,A,a) >
f(3,3,A,a) > 0.
If A=3,4,5 and o < —1.5, then by Lemma 2.3, we have

AN 1 /2\Y 4 [1\°
- seas0=(5) +5(5) ~3(3) >o
A\* 1/3\* 7 /1\°
sesin=(5) 45 (3) -5 (5) >0

9
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ssa= () L) 2 (1) 5o

This proves f(z,y,A,a) >0for3<z <y <A and a <-1.5. |
Lemma 2.5 Let y and A be positive integers with 3 < y < A. Then f(3,y,A,«) > 0
for & € (—1.5,0).
Proof. Note that

: _ (v’ IN' (AL o1y (LY
v (57) 2 ((G) - (557) [ G-5-3)- ()
We consider the following four cases:

Case.l y = 3.

e ss.a.0= (3)' - () [ - (35 ] (2-2)

4 (e}
and | - | — > 0 for a € (—1.5,0).

1
9 2
1\ A—-1\"1/1 1
> i IR (e e W , .
If A > 6, then2{<2) ( A ) } <6 A) > 0. We have f(3,3,A,a) >0
If A =3,4,5and a € (—1.5,0), then by Lemma 2.3,

S ORTOR O
= () L) 10~
sso - G) () 0

Hence f(3,3,A,a) > 0 for a € (—1.5,0).
Case.2 y = 4.

For A =4, we have f(3,4,4,a) = <%)" + %
have f(3,4,4,a) > 0, for a € (—1.5,0).

If A > 5, then

3\ 4 /1\°
<4) —3 (5) . By Lemma 2.3, we

>
By L 2.3 et 0(Jrl*§1a>0 Then f(3,4,A,a) > 0 for a €
y Lemma 2.3, we get ( o 30~ 30 . 4 A,
(—1.5,0).
Case.3y=>5
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2\% 1 /4\" 4 [1\”
For A = 5, we have f(3,5,5,a) = (5) + 3 (7) - - (5) . By Lemma 2.3, we
obtain f(3,5,5,a) > 0 for a € (—1.5,0).

If A > 6, then

rss- ()

1
5) T2 (5) A
2\ 4 1\“ A—l @ 1\“
>(Z2) - = I
—\5 5 2
(2 LA 191N
5 15 15\ 2
By Lemma 2.3, we get f(3,5,A,a) > 0 for a € (—1.5,0).
Case.d y > 6.

Recall that y < A, then

l (a3
f(3,y,A,a)2(y;;) +2[(
1
3

) -G ])-G)

>
—\18
Similarly, by Lemma 2.3, we have f(3,y, A, a) > 0 for a € (—1.5,0).

7N
M‘ku;

-
~—
Q
w
|
[SSTI

Hence f(3,y,A,a) >0 for 3 <y < A and a € (—1.5,0). The Lemma follows. |

Lemma 2.6 Let y and A be positive integers with 4 < y < A. Then f(4,y,A,a) > 0
for o € (—1.5,0).
Proof. Note that

y+2\° N /A-1\7/1 1 1 1\°
4,9, A o) = | Z—— 20(=] — | —— - — = - .
s (52 [0 - (] (-2 -
We consider the following three cases:
Case.l y = 4.
DNESI TS
2 A 2)
If A =4,5, by Lemma 2.3, wohavcf 4,4,a) > 0 and f 4,4,5,«) > 0 for € (—1.5,0).
If A > 6, then
3\* 1 1\ A—1\“ 1\“
Y I Y (== _
f<4=4’Ava>—(s) 16 -G5)]-6)
(3 LAY
8 3 2/
By Lemma 2.3, we have f(4,4,A,«) > 0 for « € (—1.5,0).
Case.2 y = 5.

Note that f(4,4,A,«a) =

w

Note that

s (5) 2[00 O)
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7\ 14\ 3 /1\”
If A =5, then f(4,5,5,a) = (%) + 3 (5) —3 (5) > 0 (by Lemma 2.3).

If A > 6, then
f<4““—() wl() - ]-6)
7 13 43 /1\“
?) %30 §)~
0

v
20
>0 for a € (—1.5,0) and A > 6.

By Lemma 2.3, we have f(4,5,A, a)

Case.3 y > 6.

We consider

o= (5 2 [G) - (C3)16-1-3) ()
> 2

Q

%

\Y
S~ N N N
<
B
o
~—
)
+

+

Wl = Wl

N —
?
N N = N =

IN

Using Lemma 2.3, we have
Hence f(4,y, A, «) > 0 for
The Lemma follows. u

Lemma 2.7 Let x,y, A be positive integers with x < y < A and A > 3. Then

fz,y,Aa) >0 for o <0 and (z,y) ¢ {(1,A),(2,A)}.

Y

—1\“ 1\“
Proof. Note that if z = 1,2 then y < A. Let g(y,a) = (7) , then ¢(2,a) = (5)

<« +

Y
and ¢(y, ) is strictly decreasing in y, where y > 2 and « < 0. It follows that

- (50 e[ ()] (A0 - ()
G CY ()
) ) (R ] -2 e

s [ - (5] G- 2)-

If > 3 then the proof of the case & < —1.5 is completed in Lemma 2.4. For

and

a € (—1.5,0), if x = 3, 4 then we get the result by Lemmas 2.5, 2.6. Now we may

suppose that > 5, in a similar manner as in the proof of Lemma 2.4, we have

ez [0 (52 (A1) o 3]
- L [h(z, @) +2 (%)a —2 (%)T



1 A—-1\" 1\“
zﬂh(mwz(T ) _2(5)
L[t (8N (AN N
T2 8 \25 A 2
1 15a (8 \“ 1\
i PO ) —o(2) |
X [ 8 25) <2> }
15 8\“ 1\“
Let Dy(a) =2 — ?Oé (2—5> -2 3) by direct calculation, we have Dy(—1.5) =

11.88 > 0 and D(0) = 0. Moreover, we have Dj(a) < 0 for o € (—1.5,0) (shown in
Fig.2). Then Dy(a) > 0 for a € (—1.5,0). Hence f,(z,y,A,a) > 0 for a € (—1.5,0) and

x > 5, and it follows that

() (- B0

And

el (R a6
NI

(%) > 0. (by Lemma 2.3)
0

The proof of Lemma 2.7 is now completed. |
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‘s -1 05 0

Fig.2.The value of Dj(a) for o € (—1.5,0).

Let G be a connected graph with n (n > 3) vertices and maximum degree A. Let n,
denote the number of vertices with degree  in G for 1 < < A, and let a,, denote the
number of edges of G' connecting vertices of degree z and y where 1 <z <y < A. Then

the ABC,, index of G can be rewritten as

ABCG) = Y ay (LH)Q (1)

1<z<y<A ry
For positive integers n, m and A with 3 <A <n —1<m and m = 0 (mod A), let
Iy m.a be the set of connected graphs with n vertices, m edges and maximum degree A
such that ag, = 0 for all z,y with > 3 or y # A.
Lemma 2.8 ( [24]) Let n, m and A be positive integers with 3 <A <n—1<m,
2m 2m m

(i) if G € Ty moa, then ajp =2n —m — ——, aga =2m — 2n + —, na = — and

A A A
ABC,(G) = (%) (271 —m— 2Km) + (%) (Qm —2n+ 2%)7

(ii) Tpmoa # 0 if and only if m < 2n — % and m = 0 (mod A).

Now we can establish a sharp lower bound on ABC,(G) in terms of n, m, A and «,
where a < 0 and G is a connected graph with n vertices, m edges and maximum degree
A.

Theorem 2.1 Let G be a connected graph of order n, size m and maximum degree A,

where 2 < A <n—1and o <0. Then

A—1\“ 2m 1\ 2m
> (== —m-"=)+(= —n+ ==
ABC,(G) > ( ) (Qn m ) <2) <2m 2n >

with equality if and only if G = P, for A =2, and G € I', ,, o for A > 3.
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Proof. If A =2, then G = P, and the result follows. Assume that 3 < A <n — 1. Let

Ny, Azy be defined as in Eq.(1), where 1 <2 <y < A. Then

ny+ng + ... +na =n,
ny+2ns + ... + Ana = 2m,

E A1z = N,

2<2<A
E Qgy + 205, = TNy (x=2,3,..,A).
1<y<Aazty

Suppose that

b] = E A1y,

2<y<A-1

by = Z agy + 2a9,
1<y<A-1y#2

bl’ = Z a:ty+2a:):.’1: (I:3’47"ﬁA_ 1)’
1<y<Ay#x

bA = Z apy +2aAA~

3<y<A-1

by =n1 — a1a,

bz = 27’1/2 — AaA,

b, = an, (I:3,4,..,A—1)7
ba = Ana — aja — aza.

Then we have

Z b, = 2m — 2(a1a + aza),
1<z<A

—bw*nf 1+71 aa — lJr*l a
E P N | Ga 5 T A ) e
1<z<A

Thus we obtain

2m 2 1 1
alAZQn—m—X— Z (;—5—Z)bt

1<z<A

2m 2 2 2
:2nfmef z (;Jrgflfg)az%

l1<z<y<A
(z,y) # (1,A),(2,4)
and

2m 2 1
aszm—Qn—i—X—&- Z (;_1_K)bm

1<g<A N7
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2m 2 2 2
:2m—2n+X+ z (;Jrj_Q_Z) Qgy.

1<z<y<a
(z,9) # (1,4),(2,4)
Substituting them back into Eq.(1), we get

A _ 1 « 1 « T \ _ 2 «
ABCL(G) = (T) an + <§> Qan + 3 <%> Oy

1<e<y<A i
(zy)#(1,A),(2,4)

A—1\" 2m 1\ 2m
= (T) <2u —m— K) + (5) (Qm —2n+ X)

> [y A, (2)

1<z<y<A

(z.9)#(1,4),(2,4)

By Lemma 2.7, we have f(z,y, A, «) > 0 for all positive integers 1 < z < y < A with
(z,y) €{(1,A),(2,A)} and a <0, then

ins@ = (S52) (anm ) (1) (o2 2)

with equality if and only if a,, = 0 for all positive integers 1 < oz < y < A with

(z,y) & {(1,A),(2,A)}, implying that

Jr

2m
am:2n—m—K,

2
agA:2m+%—2n,
that is, G € T’ a for A > 3.
This completes the proof of Theorem 2.1. |
2
Remark 1. By Lemma 2.8, if m > 2n — Xm or m # 0 (mod A), then I, o = 0. Thus,

in these cases the lower bound in Theorem 2.1 cannot be attained.

3 Upper bound of ABC, indices for 0 < a < 1
among connected graphs with fixed maximum de-
gree

In this section, for a € (0, 1], we will consider the upper bound of ABC, indices among
all connected graphs with n (n > 3) vertices and maximum degree A, and characterize
the corresponding extremal graphs.

Lemma 3.1 Let A(z, a) = (x; 1) {Q(L_Q; - 1} , where a € (0,1) and & > 3. Then

A(z, a) is strictly decreasing in .

Proof. By direct calculation, we have



() e )

x x—1 2z(zx-1)
Hence, A;(z, ) <0 for o € (0,1) and = > 3. It follows that the result is true. |
<

Lemma 3.2 Let z, y and A be positive integers with 3 < z <y < A. Then f(z,y, A, )
f(z,z,z,a) for a € (0,1).

Proof. By direct calculation, we have

2 [/1\* [/A-1\" A-1\""/1 1 1 1
fA(lyy:Aya):E (5) —(7A ) _OK(iA ) (;"1‘;—5—&)
1
Let T==-——-—- , then
2

fww—iz[(é)“—(%l)ﬂam1 (r+3)

1 1
BecauseTzi——'77<77f,f:

A’
N

o)
(?> + A23 a } (By Lemma 3.1)
(5) * (§> (5- 1)]~

A

1 o}
Let Q(« (5) ( ) (Z — 1) we have Q(1) = 0 and Q(0) = 0. Moreover, by
the value of Q'(a) for a € (0,1) (shown in Fig.3), we obtain Q(a) < 0 for a € (0,1). It

follows that fa(z,y,A,a) <0for3<z <y <A andaec (0,1). Then

s =222 (0 - (2] D)

and
Iy ) z+y—-2\""'2-z y—1\*"2 /1 1
T,Y,Y,a) =« -« ===z
ey zy a? T\ y y?\z 2
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Sl (5]
- “(fu;lr) <1 +z - 2)“‘1 - 1)“} |

oty=2 %ﬂ)aq —(y—1)*"'>0. Then f,(z,y,y,a) <0 for

Since <y —1, we have (
3<z<y<Aandac(0,1).
Thus f(z,y,A,a) < f(z,y,y,0) < f(z,z,z,a) for 3<z <y <Aand a€(0,1).

This completes the proof of Lemma 3.2. |

0.04

0.02

0

-0.02

-0.04
0 0.5 1

Fig.3.The value of Q'(«) for a € (0,1).

1
Lemma 3.3 Let W(z) = In(2z) — V22 + 1, where 0 < < 1. Then W (5) =0 and

W (x) is increasing in x.

1 1 1
Proof. By direct calculation, we have W (5) =0 and W'(z) = - — > 0 for
T

0 <z < 1. Then the result follows.

o
/o
m—1

Lemma 34 Let 0 <2 <05 <y <1 a€ (0,05 and0< <1 If ¥—— < -4,

1 «
then 2% + Sy® — (14 ) (7> < 0.
Proof. As in the proof of Lemma 2.3, it suffices to verify that K(x,y, o, §) =
<lfor0<z<05<y<1l ae (0,05 and0<j<1l.

(22)*+B(2y)*
1+8

n2x

|
Recall that K, (z,y, a, B) is strictly increasing in a. By Lemma 3.3, we have

In 24 <
Y
V2r —1 In2z + f1n2y
YT Then Ko (z,y,0,8) = 2 TP g
o1 en K, (2,9,0,58) 155 <0
v2zxIn2 V2yln2
On the other hand, K, (z,y, = 75) S Il—:_ﬂﬂ =
(i) If \/@}Egz < —f3, then K, (x Y, 27[5) < 0. We have K(z,y, «a, [J’) < K(z,y,0,8) = 1.
V2x1In2 1 V2
(i) If \/;ln; > —f, then K,(z,y, 576) > 0. Since —— ﬁ < —f, it follows that
yIn2y y
1 V2 V2
K(z,y, 5,/3) = liﬁ[} < 1and K(z,y,0,8) =
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Then K(z,y,a,8) <1 for a € (0,0.5]. The result follows. |

A\ 1 /2\* 4 1"
L .5 For 0. ¢ < 1, we he — -l=) —=(=z .
emma 3.5 For 0.5 < a < 1, we ave(g) +3<3) 3(2> <0

3/8\" 1 /4\“
P f. It is sufficie s that — | = (2 1.
roo t 1s suflicient to prove that 1 (9) + 1 (3) <

Let D3(« 3 (S) + 1 (g) , we have

)=
p=3(5) (=(5)) +1 () (=(5)) -
Hence Dj(z) is increasing in z. By direct calculation, Dj % ~ 0.034 > 0. Then
Ds(a) < D3(1) =1for 0.5 < a < 1.
Lemma 3.6 Let z,y and A be positive integers with 3 < z <y < A. Then f(z,z,z,a) <
0 for o € (0,0.5].
Proof. Note that

2z — 2\ 1\“ x—1\" 1 1 1\“
e = (3572) w2 |(5) - (57) [ G-2) - ()
1 1 1 1\“ x—1\"
As x> 3 and o € (0,0.5], we have — — = > ——and [ = | — v < 0. Then
z 2 2 2 T
1\ r—1\"7/1 1 1\“ r—1\"
20l =z — ——=<—=1lz) - .
) - 1C2) 16 - ()]
2z — 2\ z—1\" 1\“
, T, T, —2(=] .
fla,z,z,a) < < = ) +( - ) (2)
2\ . X .
Note that ( ) is strictly decreasing in x for x > 3. If x > 11, then

o< (2« (52 ) < ()

20\ 1\
By Lemma 3.4, we have 1+ ( 0 ) -2 (7) < 0 for @ € (0,0.5]. Thus f(z,z,2,a) <0

Hence

2x —

121 2
for 11 <z <y <A and a € (0,0.5].

If7<ac<10thenl>i Wehavel77> 2, nd

Y Vel G IR

2x — 2

rz 5 x )
2\ a9\t 9
—\49 5\ 10 5\ 2
< 0 (by Lemma 3.4).

Then f(z,z,z,a) <0 for 7 <z <10 and o € (0,0.5].
Similarly, for z = 3,4,5,6 and « € (0,0.5], by Lemma 3.4, we have



. .f(67 67 67 a) =
Thus the proof is now complete. |

2—a) (20 —2\""
Lemma 3.7 Let h(z,a) = o2-2) ( - 3 ) , where o € (0.5,1) and # > 6. Then

x
ha(x, @) is strictly increasing in .

x
Proof. Consider the derivative h(z, «) with respect to a.

a-1 a—1
hu(La):a(Q—x) (252—2) 1112:5—2+2—x(2x—2)

x 22 22 T 22

2z (2z—2\""" 2 — 2
= aln +1).
x x? x?
Then
-2 (22 -2\ 20— 2 (2 —2)(4—2z) (20 -2\
s (@, ) = a2 ( x? ) (a n x? * 1) * x2(2x — 2) a2 )

G Gl ) (29”*2)H (a]n 202 1)

2 2

ot 2 —2 (o = 1)(2 — z)(4 — 22) — 2(2z — 2)
(u In + 1) (22— 2)

[2(a = 1)(x = 2)> = 4(x — 1)] + 2a(x — 2)2}.

-2

2 6
Forx}(i,,wchavcalnx +1<1—?a,and

[2(a = 1)(z — 2)2 — 4(z — 1)] (a In 22; 2, 1) +2a(z — 2)?
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>(1—%%[ﬂa—U@—QY—4@—1ﬂ+2Mx—%2
e TE

> (fo)Qfg(xfl) (for 0.5 < a < 1)

| ot w

—(32% — 202 +20) > 0 (for = > 6).
5
Thus heg(z, o) > 0 for > 6 and « € (0.5, 1), the result follows. |
z—1\° r—2
Lemma 3.8 Let P(z,a) = (T ) [1+ afa )}, where z > 3 and a € (0.5,1).
x

2(x —1)
Then P, (z,«) is strictly increasing in .

Proof. By directed calculation, )
e b b 2
et =o (720) 5 0 2 SR i)
* (wgl)a{x(:ﬁl— 0 [” g((i:f))] i Q(xci I lnx;* 2(:ci 1)2}

_ (x—l)"_l{(alnx—l+1) {1+a(a?—2)]+a(x:2))}+

gatl : 2(x—1) 2z —1
—1)*2 —
(@ ) (a InZ ! + 1).
2z~ T
1 z—1 2 1
For o € (0.5,1), > 3, we have —— < —1 and —— > 3 It follows that —— <
! x a
—1 1 —2
~1<mn "= Thus aln > +1 > 0. Since % > 0, we have P,,(z,a) > 0 for
x x—

a € (0.5, l)xand x> 3.
The result follows.

Lemma 3.9 Let z, y and A be positive integers with 3 < z < y < A. Then f(z,z,z,a) <

0 for o« € (0.5, 1).

Proof. Note that

o220 (29
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Then

folz,z,z,0) = « (QIIQQ)W] 4;3% o 2?6; (1’;1)%1 (% B %)

=G - ()]

)T () ) )
_ % [h(:v, @) + P(z,a) (%ﬂ .

Let J(z,a) = h(z,a) + P(z, o) — (%) . For z = 3, we have

JG.a)= -5 (g)ail + (;)Q (1+9)- (%)a
and

1/4\*! 4 2\“[ 2 ay 1 N* 1
Jo(3,a) = ~3 (5) (aln§ + 1) + (5) {lng (1 + Z) + ﬂ - (5) In 5>

By the value of J,(3,«) for a € (0.5,1) (shown in Fig.4), we have J,(3,a) > 0.

)

Similarly, for x = 4,5, 6, we get Ju(x,«) > 0 (shown in Fig.5,6,7).

For z > 6, by Lemmas 3.7, 3.8, we obtain J,(z,a) > J,(6,«) > 0 for a € (0.5,1).
Then J,(z,a) > 0 for > 3 and o € (0.5,1).

Thus J(z,«) < J(z,1) =0 for z > 3 and a € (0.5,1). Then f.(z,z,z,a) <0, and

Fla,az,0) < £(3,3,3,a) = <%)a +é <§)Q _ g (%)a

Using Lemma 3.5, we get f(z,z,z,a) < f(3,3,3,a) <0 for a € (0.5,1).

The result follows.

0.15 0.3
0.1 0.2
0.05 0.1
%.5 0.6 0.7 0.8 0.9 1 %-5 0.6 0.7 0.8 0.9 1
Fig.4. The value of J,(3,«) for Fig.5. The value of J,(4,«) for

a € (0.5,1). a € (0.5,1).
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0.5 0.8
0.4
0.6

0.3
0.2 0.4
0.1 0.2

0.5 0.6 0.7 0.8 0.9 1 0.5 0.6 0.7 0.8 0.9 1
Fig.6. The value of J,(5,«) for Fig.7. The value of J,(6,«) for
a € (0.5,1). a € (0.5,1).

Lemma 3.10 Let z,y and A be positive integers with z < y < A and A > 3. Then
flz,y,A,a) <0 for (z,y) € {(1,A),(2,A)} and o € (0,1).
Proof. For z = 1,2 and « € (0,1), by similar arguments as in the proof of Lemma 2.7,

we have

() (B 0 - ()G
sense 2[(3) - (557 ](5-3) <0

For x > 3 and a € (0,0.5], one can get the result from Lemmas 3.2, 3.6. And for
a € (0.5,1), one can obtain the result from Lemmas 3.2, 3.9.

The lemma follows. |

Now we can establish an upper bound on ABC,(G) in terms of n, m, A and «
(0 < a < 1), where G is a connected graph with n (n > 3) vertices, m edges and
maximum degree A. Especially when m < 2n — % and m = 0 (mod A), this upper
bound can be obtained if and only if G € I';, ,, A.
Theorem 3.1 Let G be a connected graph of order n, size m and maximum degree A,

where 2 < A<n—1and 0 <a < 1. Then

A—1\“ 2m 1\“ 2m
<
ABCH(G) < ( ) (271 m ) + <2> <2m 2n + >

with equality if and only if G = P, for A =2, and G € I', ;, A for A > 3.
Proof. If A =2 then G = P, and the result follows.

Assume that 3 < A < n — 1. By Lemma 3.10, we have f(z,y,A,«) < 0 for all
1<z <y<Awith (z,y) € {(1,A),(2,A)} and 0 < o < 1. Since G is a connected
graph with n vertices, m edges and maximum degrees A, by the formula (2) in Theorem

2.1, we have



A—1\“ 2m 1\ 2m
< JE— — - — — — -
ABC,(G) < ( ) (Qn m ) + <2> <2m 2n + >

with equality if and only if a,, = 0 for all 1 < o <y < A with (z,y) € {(1,A),(2,A)},

that is, G € T’y p,a for A > 3.

This completes the proof of Theorem 3.1.

O

2,
Remark 2. By Lemma 2.8, if m > 277,—é,Z orm # 0 (mod A), then T, ,,, o = 0. Thus the

2m

upper bound in Theorem 3.1 for ABC,(G) cannot be obtained. So, when m > 2n — —

A

or m # 0 (mod A) the problem of finding an sharp upper bound of ABC,, indices for

0 < a < 1 among connected graphs with fixed maximum degree remains open.

For positive integers n, m and A with 3 < A <n—1<m and m =0 (mod A), let

®,, m,a be the set of connected graphs with n vertices, m edges and maximum degree A

such that a,, = 0 for all 1 <z <y < A. Then for o = 1, we have the following theorem.

Theorem 3.2 Let G be a connected graph of order n, size m and maximum degree A,

where 2 < A <n—1and o« =1. Then

A-1 2m 1 2m
_ < " —m — - " — 9
ABC,—1(G) < (Qn m ) + 3 (Zm 2n + )

with equality if and only if G = P, for A =2, and G € ¢, ;, o for A > 3.
Proof. If A =2, then G = P, and the result follows.

Assume that 3 < A <n—1. For @ = 1, we have
r+y—2 1 A-1 1 1 1
Flo,y, A1) = ++ ) +

305

Note that f(z,y,A,1) <0 for 1 <z <y < A. Then by the formula (2), we obtain

A—1 2m 1 2m
_ < —m— z _
ABC,—1(G) < <2n m ) + 5 (Qm 2n + )

with equality if and only if a,, = 0 for 1 <z <y < A, that is, G € ®, . a.

This completes the proof of Theorem 3.2.

For 3 < A <n-—2andn =1 (mod A), let 7, a be the set of trees obtained by

n—
subdividing every edge of a tree on

A

1 . . .
vertices with maximum degree at most A,

whose vertices are denoted by vy, v, SCEER and then attaching some pendent vertices
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n—
A
Too ={P.} and T, ,—1 = {S,}, where P, and S, are the path and the star on n vertices,

to v; until the degree of v; is equal to A for i = 1,2, ...,

. One can readily see that

respectively. Then by Theorems 2.1, 3.1 and 3.2, we have the following corollaries.
Corollary 3.1 Let T be a tree with n vertices and maximum degree A, where 2 < A <
n — 1. We have,

(i) if a < 0 then

s (352 oos- 2252 (3 552

with equality if and only if 7= P, for A =2, and T € T, o for A > 3;

(ii) if 0 < a < 1 then

sy (452 [oen- 2] (Y [

with equality if and only if 7= P, for A =2, and T' € T, A for A > 3;
(iii) if @ =1 then

ABCoa(T) < 2

71{n+1—%]+%{¥_2}

with equality if and only if 7= P, for A =2, and T € ®,,,_1 a for A > 3.

Recall that chemical trees are trees with A < 4. If A =2, then T" = P, and we have

ABC,(P,) = (n—1) G)" Let

s = (A5 [ora- 202 (2) 220 ]

For chemical trees, we may assume that A = 3 or 4.

- (352 [ | (3 2

If « <0, then

Il Y
Ve e
Slww "
— N

(S N
— °
o) S |

+
w‘w%\w
\_/%

+ —
7N
| =
~_
/N
Lol 3

|
no| Ot
~_

In a similar manner, if 0 < o < 1, then

s () (242 € (53



-164-

Let 7. be the set of chemical trees, we have the following corollary.

Corollary 3.2 Let T' € 7. be a chemical tree with n vertices,

(i) if a < 0 then

e (3 () -9

with equality if and only if T € Ty, 4;

(i) if 0 < a < 1 then

wcen= () () (-

with equality if and only if T € Ty, 4;

(iii) if @ =1 then

ABC&:] (T) S

with equality if and only if T € @, ,_14 N Te.
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