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Abstract

We denote by T, the set of trees with n vertices, P, € T, is the path tree and
Sp € Ty, is the star tree. Let ¢ be a vertex-degree-based topological index defined
over T,. For any tree T' € T, we find an expression of ¢ (T') in terms of ¢ (P,)
and a function f, associated to ¢, in such a way that the derivatives of f, over a
compact set gives information on when the path P, is an extremal value of ¢ over
Tn, for n > 3. Similarly, we present results which give information on when the star
Sy is an extremal value of ¢ over Ty, for n > 3. As an application, we determine
extremal trees for exponential vertex-degree-based topological indices.

1 Introduction

The problem of finding extremal graphs over a significant graph family with respect
to important topological indices has attracted considerable attention in mathematical-
chemistry literature (for motivation and chemical applications of the topological indices
see [7,23,24,30,31]). We are mostly interested in vertex-degree-based (VDB for short)
topological indices, which are defined as a sum, over all edges of a graph, of certain

numbers that depend on the degrees of the end-vertices of each edge [5,9,13,15,19,27].
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A formal definition of a VDB topological index is as follows. Let G, be the set of

graphs with n non-isolated vertices. Consider the set
K={(i,j))eNxN:1<i<j<n—1}

and for a graph G € G,, denote by m;; (G) the number of edges in G joining vertices of
degree 7 and j. A VDB topological index over G, is a function ¢ : G, — R induced by

real numbers {¢; ;} (e defined as

¢(G) = Z mi; (G) @i (1)

(i.)eK
for every G € G,,. We note that the topological indices of the form (1) were referred as
bond incident degree indices in [32]. These indices were also considered in [21], and more
recently in [2].
The most studied VDB topological indices are the First Zagreb index M [20], induced
by numbers ¢; ; = i+j; the Second Zagreb index M [20], induced by ¢; ; = ij; the Randi¢

index y [29] induced by ¢;; = %, the Harmonic index #H [35], induced by ¢; ; = the

2 .
:jv
Geometric-Arithmetic index GA [33], induced by ¢; ; = 21\1177 the Sum-Connectivity index
SC [34], induced by ¢, ; = ﬁ, the Atom-Bond-Connectivity index ABC [10], induced
by vi; =4/ % and the Augmented Zagreb index AZ [12], induced by ¢; ; = (H_’J—J_2> .

Let 7, be the set of all trees with n vertices. It is well known that P, (the path on n

vertices) and S, (the star on n vertices) are extremal trees with respect to most of the VDB
topological indices mentioned above over T,,, as we can see in Table 1 [3,8,11,12,25,33-35].

The problem of finding the minimal tree with respect to the ABC index and maximal tree

My | My | x | H|GA|SC|ABC | AZ
min | B, | P, | Sy | Sn| Sn | Sn ? Sh
max | Sp | Sn | BPu | Pu| Po | Pu| Sa ?

Table 1. Extremal trees for well known VDB topological indices.

with respect to the AZ index are open and very difficult problems [1,4,14,16-18, 26].

In this paper we give a general method to determine whether the path P, or the star
S, are extremal trees of a VDB topological index ¢ over 7,. Generally speaking, let ¢
be a vertex-degree-based topological index defined over 7,. For any tree T' € T,,, we find

an expression of ¢ (T') in terms of ¢ (P,) and a function f, associated to ¢, in such a
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way that the derivatives of f, over a compact set gives information on when the path
P, is an extremal value of ¢ over T,, for n > 3. Similarly, we present results which give
information on when the star S, is an extremal value of ¢ over T,, for n > 3. As an
application, we determine extremal trees for exponential vertex-degree-based topological
indices. Recall that the exponential of ¢ is defined as the VDB topological index e¥
induced by numbers {e#7}; .\, [28]. It was shown in 28] that these topological indices

have good discrimination properties. Our results are summarized in Table 2.

eX | e eABC

min | P, | P, | S, |Sn| Sn | Su ? Sh
max | S, ? 7|\ P,| P, | P,| S, ?

Table 2. Results on extremal trees for exponential of well known VDB topological
indices.

Using this technique we failed to find the minimal tree for eA%¢ and the maximal tree

for eM2, eX and eAZ.

2 VDB topological indices with the path as extremal
tree

Let T € T,, where n > 3. Since a tree is a connected acyclic graph, then m;,(T) = 0,
m;j(T) =0forany 1 <i<j<n—1lsuchthati+j>nand > ,cic, 1mi;(T)=n—1
Consider the subset L of K defined as

L={(,)) e K:i+j<n,(ij)#(1,1)}.

If » is a VDB topological index induced by the numbers {Sﬁi,j}(i, then, for every

TeT,,

JEK

©(T) = Z mi; (T) ¢ij = Z mi;(T)pi;- 2

(i,j)eK (i.5)€L

We define the function

= (2014 — 3
f(,5) T+ (¢ij + 2012 — 3p22)

over the set L. Note that

f (17 2) = f (21 2) =2 (/501,2 - 972,2) .
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Recall that P, denotes the path with n vertices. It is easy to see that

0 (P) =2p12+ (n —3) aa.

Theorem 2.1 Let ¢ be a VDB topological index as in (2) and T € T,.

e (M) =p(P)+ 3 () - £(1,2)] %m

(i)eL

Proof. Since T is a connected acyclic graph, we have

1 1
Z (f*Ff) mi; = N,
v

(.)€l

Hence
3 1 1
§m1,2 + Moo = N — Z ) (; + 5) ml"]‘
mig+mos = n—1-— Z m;

where L* = L — {(1,2),(2,2)}. It is easy to obtain

1 1
mya = 2+ Z 2my; — Z 2<;+;) M j,

(é.5)eL* (é.)eL*

Mys = n—3— Z 3m;; + Z 2(%+%)m”

(i,)eL* (i,5)eL*

Replacing relations (5) and (6) in (2)

o(T) = Z MijPij = M12P12 + MaaPas + Z M jPi,j
(i,5)€L (i,5)eL*
1 1
= 212+ (n—13) P22+ Z 7 + ; (2‘%72,2 —2p19) m; ;
(ij)eLs N

+ Z m;; (0i; + 2012 — 32.2)
(i-j)eL”

1 1 i
= oP)+ Y, <7 + ?) mi { (1 + 2012 — 3p22) — 2 (912 — p22)

“ J i+J
(i,4)eL* o
= o)+ 3 1)~ F(12) s,

(i,5)eL.

Then
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Corollary 2.2 Let ¢ be a VDB topological index as in (2) and define
F0.9) = 2= (ouy + 2012 — 3p22)
i,9) = —2 (i _
»J it Pi,j ©1,2 02,2
for every (i,7) € L.
1. If f(1,2) = f(2,2) = max e f(4,5), then for every tree T € T,
o(T) < o(Pn).
2. If f(1,2) = f(2,2) = ming jyer, f(7,7), then for every tree T € T,
o (T) > @(P).

Proof. First assume that f(1,2) = f(2,2) = max(jer f(i,7). Let T € T,. By
Theorem 2.1 and the fact that f(i,7) < f(1,2) for all (¢,5) € L, we deduce ¢ (T) <
¢ (P,) . The second affirmation can be proved similarly. |

In order to find max; jier f(i,5) or mingj)er f(4,7) for a given ¢, we consider the

extension of L to the compact set
ZZ{(J},Z/)ERXRIISCL‘SZJSR*L z+y<n, y>2}.
Ifp: L —» R is a continuous and differentiable function then fo: L —» R defined as

Y
(I,n—1)

G3)

™~

(12) (22

Figure 1. Compact set L.

o (wy) = S o @) + 20 (1,2) =30 (2,2)],
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is also continuous and differentiable function over L. Clearly,

2 foley) <0 V(z,y) €l
= max fo(i.7) = fo(1,2)
%fv(x,:p)go YV € [2,%] 7

and ) R
== (1111)121, f¢(l7j) = f¢(172)
%.fw (x,z) >0 Vze [2, %] 7

Theorem 2.3 The path P, is the mazimal tree over T, with respect to the following

exponential VDB topological indices:
1. The exzponential of the Harmonic index e*;
2. The exponential of Geometric-Arithmetic index e9*;

3. The exponential of the Sum-Connectivity index eS¢

Proof. 1. The exponential of the Harmonic index is induced by the numbers ¢; ; =

e%, and the associated function f (@,y) is defined over L as

- [% 2§73%]
fa (@) 1’+ye v 4 2e ez | .

The derivative

2

8 x 2 2 1 1 ; 1 2 2
) = —— ey 423 —8ez — 2 "I 2 o
8yf€“(x’y) (z +y)? (€ rze . T (x+y)2€ y)

2 2 2 2 1
’ 1 7% + 2¢h — 3ei
(z+y)? T4y

2 2

for all (z,y) in E, since x <y and x +y > 3 in L. On the other hand

d 1 1 1 1
folz,z) = § (e% 125 — 33 — I—Ze%) = [e% (1 —
X

IN

)+2e%—3e%} <0

for all z € [2., %] It follows that f, (1,2) = f,,(2,2) = maxjper f,(4,j) and we are
done by Corollary 2.2.
2. The exponential of Geometric-Arithmetic index is induced by the numbers ¢; ; =

245 . . . =
¢ and the associated function f oa (z,y) is defined over L as

Ty 27y 2v3
fegA (I,y): Tty {ewy +2e3 *36]-
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The derivative

9 VZY (z —y) 2vm
o = L+y 2 —3 —_—F ¢ =ty
ayfeQA (l‘7y) $+y (@ + () J C+ I(I+y) et
< (eif 427 —3€>
< (6+28¥—3€)<0
r+y

for all (z,y) in L, since z < y and ‘ﬁ < 1in L. On the other hand

4
dx

—_

foa(@,2)= (e+ 2% 36) <0,

|

for all z € [2,%]. Then foa(1,2) = f44(2,2) = maxgjer f ¢4 (3,7) and by Corollary

2.2, the maximal tree with respect to the exponential of Geometric-Arithmetic index is

the path P,.
3. The exponential of the Sum Connectivity index is induced by the numbers ¢; ; =
eﬁ, then
xy [ o1 N 1
[oe (@,y) = T+ [6m+2€ﬁ7362]
The derivative
0 I2 Y 1 L 1
— fusc (z,y) = 1— VAT 4 2eV3 — 3e?
s e = G (1= gy ) o e -
< = 1 ! BT 4 295 — 3¢
_ ity 3 — 2
= (z+y)? 2T +y ¢ ¢ ¢

ol

22 1 s E
m lfﬁ evs +2evi —3ez| <0

for all (z,y) in I, since x < yand z+y >3 1in L. On the other hand,

—_

d i BN ! T 1
— T, T = e V2 ev3d — 3e2 — e V2
fose (@,2) Va4 25 — e v

dx (22):

e + +26% - 3e%> <0

wles

2
1 ( 1
o 2\2v2r
for all z > 2. It follows that f ;. (1,2) = f 5. (2,2) = max(jyer f 5 (4, 7) and we are done
by Corollary 2.2. |

Theorem 2.4 The path P, is the minimal tree over T, with respect to the exponential of

the First Zagreb index eM1.
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Proof. For the exponential of the First Zagreb index ¢;; = ¢ and the associated

function f ,, (,y) is defined over L as

Yy

g — 1z+y 2 3734 .
fEMl(Ly) P [6 + 2¢ e}

The derivative

2

9 . x ot 3 i Yty .
@fs-’“l (z,9) wry? (e Y2t -3+ ———e i

a? z+2 4 3 4
m € 3+; + 2e” — 3e >0

for all (z,y) € L since y > 2. Moreover,

%

d

PR [(1+22) €™ +2¢* — 3¢'] >0,

(2,2) =

N =

for # > 2. Hence the minimum of f ,, over Lis f (2,2) = I (1,2). By Corollary
2.2, the minimal tree with respect to the exponential of the First Zagreb index is the path
P,. |

We will next show that the path P, is the minimal tree over 7, with respect to
the exponential of the Second Zagreb index e2. Unfortunately, the minimum value of
fe wy OVET Lis fe My (1,3), so we cannot apply Corollary 2.2. However, we can adapt the
technique used by [22] in the study of the general Randi¢ index. We will denote by dr ()
the degree of the vertex u of T

Lemma 2.5 Consider the trees T and T' with n > 5 vertices, as in Figure 2. If p >3
then eM2 (T) > M2 (T").

Up-1

Figure 2. Trees used in the proof of Lemma 2.5.
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Proof. Set ¢ = dy (u). Then
A = M(T) - M (T)
= (@ - ) — (o (-2 +e)
= (e"—e)+(p—2) (e’ —€') + (" — €).
If p > 4 then each of the summands above is non-negative, being the first and last

strictly positive. Hence A > 0.

Assume now that p = 3. Then
A=e3— 24 2e3 — et — 2
Note that ¢ > 2 since n > 5. It is easy to see that
€31 — 2 > 9e3 — ¢t — €2,
for all ¢ > 2. Consequently, A > 0. |

Lemma 2.6 Assume that T' is a tree with minimum e™? and n > 5 vertices. If v is a

vertex of T adjacent to a leaf u of T, then dr (v) = 2.

Proof. Assume that dy (v) = d and let P be the largest path of T’ that contains v.
Let s be an end-vertex of P and r a vertex in P adjacent to s. By Lemma 2.5, dr (1) = 2.
Let T” be the tree obtained from T by deleting the leaf 4 and adding an edge incident to

s (see Figure 3). We consider two cases:

Figure 3. Trees used in the proof of Lemma 2.6.

1.dr(v)=d>4. If q,...,q4—1 are the degrees of the adjacent vertices to v different

from wu, then

&

-1
A = M(T)—eM(T) = (efr — eld7Da) 4 et — et > 0.

i=1
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This contradicts the minimality of T'.
2. dr (v) = 3. Let v; and vy be the adjacent vertices to v (different from u), such that

dr (v1) = p and dr (v1) = g. It follows from Lemma 2.5 that p > 2 and ¢ > 2. Then
Ap,q) = eM(T)—eM2(T) =% — % 3 — 20 4 &% — ¢,

The derivatives of A (p, q) are

7]
a—pA (p,q) = 3e%—2% >0,
2A (p,q) = 3€3—2e% >0
aq k) “ b
Hence A (p,q) > A(2,2) > 0, which contradicts the fact that 7" is minimal. [ |

Theorem 2.7 The path P, (n > 5) is the minimal tree over T, with respect to the

exponential of the Second Zagreb index e™2.

Proof. Let Tj be a tree with minimal e*2-value over 7,,. By Lemma 2.6, my; (Tp) =0

for all j > 3. It follows from Theorem 2.1 that

) . i+
MT) = MR+ DD [Fay (09) = oy (L2)] s (T0)
(ij)€L .
Mo » it
= P+ Y [f @) = Ly 12 iy (@), (@)
(ij)eM J
where
M={(j)eL:i>2}.
Let
ﬂ:{(ny)ei:zZQ}.
We will show that min; 57 f ., (4,5) = [, (2,2). Note that
ry 2y 2 4
= — 2e“ — .
feMz(:v,y) x+y(e + 2¢* — 3¢*)
The derivative
9 (x,y) = ’ (e +2¢% — 3e* + y(z + y)e')
gy’ e YT gy ‘ e
22

z? 2 2 4
m[e (1420%) +2¢ = 3¢!] >0
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for all (z,y) € M. On the other hand

0

ooy (1) = [(1 +20) € +20% — 364} >0,

N =

for all z > 2. Consequently, the minimum of f ,, over M is Fa, 2,2) =1, (1,2).
Finally, if T € 7, then by (7) we deduce

M (T) > e (Ty) > ™ (By).

Remark 2.8 Using Corollary 2.2 we can also obtain the known results given in Table 1
about the path as a mazimal tree over T, for the Randi¢, Harmonic, Geometric-Arithmetic

and Sum-Connectivity indices.

3 VDB topological indices with the star as extremal
tree

Our concern in this section is when does the star S, attain the minimal value of a VDB
topological index ¢ over T,. If ¢ is a VDB topological index induced by the numbers
{¢i;} (i.j)ex then, as we mentioned in the previous section, for every T' € 7y,
e(T)= > mi;(T)eij,
(i.j)eL
where
L={(G,j)eK:i+j5<n,(i,j)#(1,1)}.
Consider the function
9(1,5) = @i,
defined over the set L.

It is easy to see that

2 (Sn) = ('I’l - 1) P1,n—1-

Theorem 3.1 Let ¢ be a VDB topological index as in (2) and T a tree with n vertices.
Then

(M) =9 (Sa)+ Y lg(ig) —g(1,n—1)]mi; ®)

(i,j)eL
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Proof. Using relation (4), we have
Mip1=n—1— Z M5,
(ij)eL!

where L' = L — {(1,n — 1)}. Replacing (9) in (2)

o(T) = mipapina+ Z M jPi,;
(i.)elt

= n=Dgiaat+ >, mij(pij—Pra-1)

(i,j)€L!

P (S)+ D glig) —g(n—1)]my;.

(i,j)eL

Corollary 3.2 Let ¢ be a VDB topological index as in (2) and define
9(1,5) = @i
for every (i,7) € L.
1. If g(1,n — 1) = max jjer, g4, §), then for every tree T € T,
@ (T) < ¢(Sn)-
2. If g(1,n — 1) = ming jier g(4, ), then for every tree T € T,

©(T) > ¢ (Sn)-

Proof. Let T € T,. If g(1,n — 1) = maxj)er 9(4,j), then by relation (8) and the

fact that ¢ (4,7) < g(1,n— 1) for all (¢,7) € L, it follows that ¢ (T) < ¢ (S,.) -

The second affirmation can be proved similarly.

We next use Corollary 3.2 to find extremal values of the exponentials of VDB topo-

logical indices over T,,. In [6] we obtained that S,, is the minimal graph over G,,, the set of

graphs with n non-isolated vertices, for 7, eX and eA%. In particular, S, is the minimal

tree over 7, for e®, eX and e?Z.

As in the previous section, we extend the function g to the compact set

Z:{(I,y)ERXR:ISISySnfLx+y§n,y22}.
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Assume that
9o (2,y) = ¢ (w,y)
is a continuous and differentiable function over L. Clearly (see Figure 1),

24, (r,y) <0 Y(z,y) el

= max g, (i, ) = gp(1,n — 1),
J)E
L9,(L,y) >0 Vye2,n—1] &

and -
Zg,(x,y)>0 V(zy) el
= n_linLgv(Lj) =g,(1,n—1).
w9 (Ly) <0 Vye2,n—1] v
Also,
5590 (@,y) 20 V(z,y) € L .
= (gl,;EXnga(w) =go(1,n—1),
%_% (x,n—2z)<0 Vze [1, %} 7
and

290 (2,y) <0 V(z,y) €L
= min g,(2,j) = g,(1,n —1).
d n (i.5)€L

Lgo(r,n—x)>0 Ve [l,z

Theorem 3.3 The star S, is the minimal tree over T, with respect to the ewponential

€94 and the exponential e5C.

Proof. 1. We associate to €94 the function

2/TG

Gga (Ty) =€,

defined over L. The derivative

9 (y —x) V7Y 2vm
%QEC«A (1‘7 y) =2 7V Zeuty Z []7

z(z +y)?
for all (z,y) € L. On the other hand
d y— 277
—q l,y) =— e=fvr <0
dy eGA ( ) \/g(y + 1)2

forally € [2,n — 1]. Consequently, g ;,(1,n—1) = ming jer g ¢, (4, 7). The result follows
by Corollary 3.2.

2. We associate to ¢ the function

1
9.5 (T, y) = eV iy,
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defined over L. The derivative

1 1

0 s (T,y) = ————— €V <0
oy = (x+1y)?
for all (z,y) € L. On the other hand
d
T .se (x,n—2)=0

for all = € [1,%]. It follows that g o (1,n — 1) = ming jer g 5 (4,5). The result follows
by Corollary 3.2. ]

Theorem 3.4 The star S, is the mazimal tree over Ty, with respect to eAC.

Proof. We associate to eE¢ the function

T -2
(@y) = eV

9, a8c ’

for all (x,y) € L. The derivative

/Ty 2—y . /14;1/;2 <0

- 2a?%y (x+y—2)

0
%gﬁABc (Iv y)

for all (z,y) € L. On the other hand

d 1 [i—1
digsABc (lvy) =—F——=eV v >0
Y 2yv/y (y—1)

for all y € [2,n —1]. Tt follows that g .. (1,n — 1) = maxg jjer, g _use (¢,5). The result
follows by Corollary 3.2. |
Now we will show that S, is the maximal tree with respect to et over 7,,. However,
we cannot apply Corollary 3.2 since
Goa, (L = 1) 7 max g .., (i, 7),
where

9, () =€

for all (z,y) € L. Instead we use the operations introduced in [8]. We denote by Nr (u)

the set of neighbors of u in the tree T.
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Theorem 3.5 The star S, is the mazimal tree over T, with respect to the exponential

eMi

Proof. Let T' € 7, different from the star. Then 7" has at least one edge uv such
that dr (v) = ¢ > 2 and Nr(u) — {v} = {wi,...,w;} are leaves, with j > 1. Let
T =T —{uwy,...,uw;}+{vws, ..., vw;} (see Figure 4) and denote by {¢1,..., g1} the

degrees of the vertices adjacent to v in T different from u. Then

Figure 4. Trees used in the proof of Theorem 3.5.

i—1
eMl(T') _ eMl(T) _ Z [eqz+i+j _ eql-f—i} +(i+1) eIt _ giti+l fjej“
=1
> (ei+j+1 _ ej+2> >0.

If 7" = S,, we are done, otherwise we repeat the operation until we reach the star S,

Remark 3.6 Using Corollary 3.2 we can also obtain the known results given in Table
1 about the star as an extremal tree over T,, for the Harmonic, Augmented Zagreb,

Geometric-Arithmetic, Sum-Connectivity and Atom-Bond-Connectivity indices.

4 Open problems

As we mentioned in the Introduction, the problem of finding the minimal tree with respect

to the ABC index and the maximal tree with respect to the AZ index are open and very

ABC

difficult problems. Apparently the same occurs with the minimal of e”**“ and the maximal

of e*Z. However, it is easy to see that the path P, is not the minimal tree with respect to

AB

e8¢ neither the maximal tree with respect to eAZ. In fact, for each k > 3, let us denote
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by Ty the Kragujevac tree [14] with a central vertex of degree k and k branches of type

B,

(see Figure 5 ). Note that T2 has n = 1 + 5k vertices.

Figure 5. Kragujevac tree with k branches of type Ba.

Then

M€ (Tho) — €€ (Pypyy) = keV g 2ke\/; + 2156\/g - {2@\/g + (5k —2) e\/g

= k(eV%Jrﬁfe\/g) < 0.

ar \3
e*% (Tha) — e** (Pypsn) = k€<kJTA1) + 2ke® + 2ke® — [2¢° + (5k — 2) €]

= k (e<%)3 — es) > 0.

On the other hand, we still have no answer to the problem of finding the maximal

value of the exponentials eM2 and eX over T,,.
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