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Abstract

In this paper, we determine all unified extremal graphs for maximum (resp., min-
imum) first general Zagreb index R)(G) for @ < 0 or a > 1 (resp., 0 < a < 1), max-

(23
imum (resp., minimum) general first multiplicative Zagreb index [[(G) for a < 0
(resp., @ > 0), maximum second multiplicative Zagreb index [](G), and minimum
2

first Zagreb coindex M;(G) among the class of trees, unicyclic graphs and bicyclic
graphs with given diameter, respectively.

1 Introduction

In this paper, we only consider simple connected undirected graphs. Throughout the
paper, « always denotes a real number and ¢ is a nonnegative integer. Let G = (V| E)
be a connected graph with n vertices and m edges. If m = n 4+ ¢ — 1, then G is called
a c-cyclic graph. A c-cyclic graph with ¢ = 0,1,2 is called a tree, unicyclic graph and
bicyclic graph, respectively. As usual, dg(u) or d(u) for short, denotes the degree of u in
G. A k-verter is a vertex with degree k. A 1-vertex is called a pendant vertez of G, while
a k-vertex with k > 2 is called a non-pendant vertex. The number of pendant vertices of

G will be referred as p(G) throughout this paper.
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Suppose that V(G) = {vi, va, ..., v, } with d(vy) > d(vg) > -+ > d(vy,). Let d(v;) = d;
fori =1,2,...,n. The non-increasing sequence m(G) = (di,da, . . ., d,) is called the degree
sequence of G. Denote by I'(7) the set of all connected graphs with degree sequence 7. If

G is a c-cyclic graph with degree sequence 7, then

idi:Q(nvchl). (1)

The distance between u and v, denoted by dist(u, v), is the number of edges in a shortest
path from u to v. Then, the diameter d(G) of graph G is the maximum distance over all
pairs of vertices of G.

In 1972, Gutman and Trinajsti¢ [4] introduced the first Zagreb index, where the first
Zagreb index M,(G) of a graph G equals to the sum of the squares of the degrees of all
vertices of G. This topological index has been widely studied [3]. The first Zagreb coindex

M;(G) of a graph G defined by Dosli¢ [2] is
M(G)= > (d(u)+d(v).

wgE(G)

As a generalization of the first Zagreb index, the first general Zagreb index R,(G) was

introduced by Li and Zheng [7] which is defined as

Ro(G)= Y (dw)™

ueV(G)

In particular, R%,(G) is called the inverse degree of G and denoted by ID(G) (sce [18]);
and RY(G) is just the first Zagreb index.

In 2010, Todeschini and Consonni [16] put forward the notations of the first multi-
plicative Zagreb index ll[(G) and the second multiplicative Zagreb index [[(G) of graph
G, where ’

1

Mo =TI @w.ad @)= ] (dw)™.

weV(G) ueV(G)

Very recently, the general first multiplicative Zagreb index [[(G) was defined in [20] as

e

[Ie =TI (@)

ueV(G)

It is not hard to see that [[(G) is a generalization of the first multiplicative Zagreb index.
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To unify the vertex-degree-based topological indices, the vertez-degree-function index
H;(G) of a graph G was constructed in [20], where
= > fldw)
veV(G)

for a function f(z) defined on positive real numbers.

Definition 1.1 For a graph family G, a graph G € G is called a good extremal graph of
gif

(i) Ro(G
(i) 116
(i

it) [1(G) is mazimum and M:(G) is minimum.
2

is mazimum for a <0 or a > 1, and RO(G) is minimum for 0 < a < 1.

(
o
(G) is mazimum for o <0, and [[(G) is minimum for o > 0.

Extremal ordering problem is an important topic on topological indices. As observed in
some literatures ( [10,19] for instance), many topological indices share the same extremal
graphs. Thus, it is rather interesting for us to determine unified extremal graphs for
as many topological indices as possible in a given graph family [8,19,20]. As extremal
ordering problem for some topological indices in the class of c-cyclic graphs with a given
diameter always attract much attention [6,9,17,21], we shall identify all good extremal
graphs in the class of c¢-cyclic graphs with given diameter for ¢ € {0, 1,2}. Theorems 2.1,

2.2 and 2.3 are main results in this paper.

2 The main results

Ya n Uy Uz
L N ]
wy W
Y3 Y1 Wo ce o Wsy+1
Y2 Y2 e
21 29
By By
By, 0.5

Figure 1. The bicyclic graphs By, By and Bs, s, s

In this section, we shall introduce the main results of this paper, and we need to
introduce more notations. As usual, the cycle and path with n vertices will be referred

as C,, and P, respectively. Let G be a connected graph with v € V(G), and let Py be a
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path on k vertices such that G and P are vertex-disjoint. Let G* be a graph obtained
from G and P, by adding one edge between v and one end vertex of Py. In this way, we
say that G* is obtained by attaching the path P, to vertex v of G.

Hereafter, we suppose that d is the diameter of G. Let zg, 24 € V(G) with dist (,ro, xd)
=d and Pyyy = xo2; ... 24 denote a shortest path from zg to z4. Define by Tj(n, d) the

tree obtained from Pz, by attaching n —d—1 isolated vertices to x;, where 1 < j < d—1.

Theorem 2.1 A tree T with n vertices and diameter d is a good extremal tree if and only

ifT e {Tl(n, d), To(n. d)..... T, (n, d)}.

If U is a unicyclic graph, then we let Cy = 2z122... 2,21 be the unique cycle of U.
For 1 < j < d—2, let Uy (n,d) be the unicyclic graph obtained from Cj by attaching
n — d — 2 isolated vertices together with the path P; with j vertices to z;, and then
attaching another path P;_;_; with d — j — 1 vertices to z,. For 1 < j < d — 3, let
Us,;(n,d) be the unicyclic graph obtained from Cy by attaching n — d — 2 isolated vertices
together with the path P; with j vertices to z;, and then attaching another path P;_; -

with d — j — 2 vertices to z3.

Theorem 2.2 Let U be a unicyclic graph in the class of unicyclic graphs with n vertices
and diameter d. If 4 < d <n —2, then U is a good extremal unicyclic graph if and only
’Lf U S {Ul.l('ﬂ, d), [JLQ(TL7 d) ..... U1A’d_2(7L7 d)7 Ugtl(n, d), Uvgﬂz('ﬂ/7 d)7 ey UQ,d_g(n, d)}

Hereafter, denote by By, By and By, ,, s, the three bicyclic graphs as shown in Fig.
1. Let By (n,d) be the bicyclic graph obtained from B; by attaching n — d — 2 isolated
vertices together with a path with j vertices to y; and then attaching another path with
d— j —2 vertices to y3, where 1 < j < d—3. Let By j(n,d) be the bicyclic graph obtained
from By by attaching n — d — 2 isolated vertices to o, a path with j vertices to y; and
then attaching another path with d — j — 2 vertices to ys, where 1 < j < d — 3. Let
B j(n, d) be the bicyclic graph obtained from By by attaching n — d — 3 isolated vertices
together with a path with j vertices to y» and then attaching another path with d —j — 1
vertices to y4, where 1 < j < d — 2. Let Byj(n,d) be the bicyclic graph obtained from
By by attaching n — d — 3 isolated vertices together with a path with j vertices to y; and
then attaching another path with d — j — 2 vertices to y,, where 1 < j < d — 3.
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Theorem 2.3 If 4 < d < n —3 and B is a good extremal bicyclic graph in the class
of bicyclic graphs with n vertices and diameter d, then either B € {Blyi(n, d), By j(n,d),
wherel < i< d-3andl1 <j< LgJ 71} orB e {Bg‘k(n? d), Byi(n,d), where1 < i < d—3
and 1 <k < d72}.

3 Some preliminaries

Let s = (s1,82,...,8,) and t = (t1,%2,...,t,) be two non-increasing sequences of real
numbers. We write s <t if and only if 3" s, = S0 t;, and Y7, s < 37 ¢, for all
j=1,2,...,n. Furthermore, we write s < t if and only if s It and s # t. The ordering
s d't is always referred to as majorization [5,12,15].

A strictly convex function is a real valued function g(z) defined on a convex set D

such that

g(pz + (1 —p)y) < pg(z) + (1 —p)g(y)

forall 0 < p < 1 and all z, y € D. Among all majorization theorems, the following one

was discovered long time ago, and it is not restricted to graphical invariants.

Theorem 3.1 [15] Let s = (s1,82,...,8,) and t = (t1,ta,...,t,) be two non-increasing
sequences of real numbers. If s <t, then for any strictly convex function g(x), we have

Yoy g(si) < 30 g(t).

Note that —f(z) is a strictly convex function if and only if f(x) is a strictly concave

function. Thus, the following theorem easily follows from Theorem 3.1.

Theorem 3.2 [14,20] Let m and 7' be two different non-increasing degree sequences with
7', and G and G' be two graphs with G € T'(w) and G’ € (7).

() If f(z) is a strictly conver function on x > 1, then Hy(G) < Hp(G');

(it) If f(x) is a strictly concave function on x > 1, then Hf(G) > H;(G").

The following two results can be deduced from Theorems 3.1 and 3.2:

Theorem 3.3 [14,20] In a given graph family G, if Hy(G) is mazimum for any strictly

(2]
convez function on x > 1, then RO(G) is maximum for « > 1 or a < 0, [[(G) is mazimum

for a <0, [1(G) is mazimum, and Mi(G) is minimum.
2
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Theorem 3.4 [14,20] In a given graph family G, if Hp(G) is minimum for any strictly
(2]
concave function on x > 1, then R2(G) is minimum for 0 < a < 1, and [[(G) is minimum

for a > 0.

4 The proof of Theorem 2.1

Let C(n,d,p;c) be the set of c-cyclic graphs with n vertices, p pendant vertices and
diameter d. We will use the symbol p{@ to define ¢ copies of the real number p. In what
follows, denote by

mo=(n—d+1,202 1074 ) 1) = (n—d +1,3,2047D 109) |

m3 = (n—d+1,3%,200 1007) and 1y = (n —d +1,4,207D, 1007470

Lemma 4.1 IfT € C(n,d,p;0), then p < n—d+ 1, where the equality holds if and only
if T is obtained from Pyi1 by attaching n — d — 1 isolated vertices to some vertices of

{45171?2, cee 75Ed—1}~

Proof. If T € C(n,d,p;0), that is, T is a tree with n vertices, p pendant vertices and
diameter d, then since there are at least d — 1 non-pendant vertices on P;.;, we have

p <n—d+ 1. From this fact, it is straightly to verify this lemma. |

Lemma 4.2 Let T € C(n,d,p;0). If 7 #m and d > 2, then m < .
Proof. Let 7 = (di,da,...,dy_p, 1P)), where dy > d > -+ > dn_p, > 2. Recall that
m = (n—d+ 1,202 10=4+)  We assume that m = (df,db, ..., d;_;, 1"~4D)  that
is,dj=n—d+landd,=2for2<i<d-1

Since T is a tree, by Lemma 4.1, we have

di=2n—1)—p—do—ds—+—dp_p<2(n—1)—p—2(Mn—-p—1)=p<n-—-d+1

Ifdi=n—-d+1, thendy, = d3 = --- = d,_, = 2, and hence 7 = 7y, a contradiction.
Consequently, d; <n —d+ 1.
For2<j<d-—1,sinced; >2and p<n—d+1, by Lemma 4.1, we have

J
di=20n—1)—p—djys— —duy
i=1

J
<2n—1)—p-2(n-p—j)=p+2j-2<n—d-1+2=)Y d.
i=1
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Ford < j <mn,since d}; =1 <dg we have /_,d; <2n—1)—(n—j)=n+j—2=

7_, d;. Combining the above arguments, we have 7 < ;. |

For simplification, let T(n, d) be the set of trees with n vertices, diameter d and degree
sequence 7y, and U(n,d) be the set of unicyclic graphs with n vertices, diameter d and
degree sequence my. Define By (n, d) (rcsp., By(n, d)) as the set of bicyclic graphs with n

vertices, diameter d and degree sequence s (rcsp.7 7r4).

Proof. From the definition of T;(n,d), where 1 <i <d —1,

{T1 (n,d), Ty(n.d).....Ta(n, d)} C T(n,d),

and so it suffices to show that T(n,d) C {Tl(n., d), Tz(n,d), ..., T4 (n,d)}.
Suppose that T € T(n,d). By Lemma 4.1, T is obtained from P,y by attaching
n —d— 1 isolated vertices to some vertices of {xl, Toy ... ,xd}. Since d; = n—d+1 by the
definition of 71, then all these n — d — 1 isolated vertices are adjacent to the same vertex
x;, where 1 <4 < d— 1. Since T;(n,d) = Ty_;(n,d), we can conclude that T" = Tj(n, d)
forsomeje{l,Q,...,\_gJ}. |
Now it is ready to present the following proof of Theorem 2.1.
Proof of Theorem 2.1. In view of Theorems 3.3 and 3.4, it suffices to show that T’
has the maximum (resp., minimum) H(T') if f(x) is a strictly convex (resp., concave)

function on x > 1. We suppose that the degree sequence of 7" is 7. By Lemma 4.2, 7 <y

unless 7 = ;. Combining this with Lemma 4.3, the result follows from Theorem 3.2. W

5 The Proof of Theorem 2.2

Denote by R(G) the reduced graph obtained from G by recursively deleting pendant
vertices of the resultant graph until no pendant vertices remain. Let H be a subgraph of
G and let Ny be the set of non-pendant vertices of H in . Recall that Py = xozy ... x4

is a shortest path from xz( to x4. It is not hard to see that
d—1<|Np, | <d+1 (2)

Lemma 5.1 Ifu and v are two vertices of V(PdH) n V(R(G)), then all the vertices of
V (Pay1) between u and v belong to V(R(G)).
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Proof. Let uy and vg be two vertices of V(Pd+1) N V(R(G)) with maximum distance,
that is, dist(ug, vo) = max {dist(u,v) : {u,v} CV(R(G))NV(
that all the vertices of V(Pd+1) between gy and vy belong to V(’R(G)) Suppose not, and

Pdﬂ) } It suffices to show

let y be a vertex of V(Pdﬂ) between uy and vy and y ¢ V(’R(G)) Then, there is a path
P,v, in R(G) C G—y connecting ug and vy. Let x be the last vertex before y in Pyiq such

that € Py, and let z be the first vertex after y in P;4q such that z € P, In this

0vo "
case, there is another path P,, connecting z and z such that V(Pu) N V(PUOUO) = {z, 2}
and y € P,., which means that z, y, z are in the same cycle of G, and thus y € V(’R(G))7

a contradiction. ]

Corollary 5.2 For any cycle Cy, at least (%1 — 1 wertices of Cy are not on Pyy1.

Proof. As g > [£], the result holds for |V(Cy) NV (Py1)] < 1. Thus, we may suppose
that [V(Cy) NV (Pygy1)| > 2. In this case, the distance of any two different vertices in Cy
is at most L%J, so at most L%J + 1 vertices of C, are contained in V(Pdﬂ) by Lemma 5.1.

Consequently, at least g — ( ng + 1) = {g} — 1 vertices of C, are not on Pyyq. |

Lemma 5.3 If G € C(n,d,p;c) and ¢ > 1, then p < n — d, where the equality implies
that xo and x4 are two pendant vertices of G, and either g € {3,4} and R(G) = Cy with
[V (Par1) NV(Cy)l =g —1 or R(G) = By with V(Pay1) NV(B1) = {y1,y2. y3}.

Proof. Let C; be an induced subgraph of G, as ¢ > 1. By Corollary 5.2, there are at
least (%1 — 1 vertices of Cy that are not on Pyy;. Combining this with g > 3 and (2), it
follows that

pn- (2] 1) €0 - (] 1) =o-ave- [f] <m0

as required.

We now suppose that p = n — d, that is, the equality holds in (3). In this case, Py
contains exactly d — 1 non-pendant vertices by (3), and so x¢ and x4 are two pendant
vertices of G. Since P,y contains exactly d — 1 non-pendant vertices in G and since Py
cannot contain all vertices of Cy by Corollary 5.2, we conclude that R(G) contains exactly
one vertex, say wg, not on Pyy1, and we may suppose that wius ...y r@)-1 are the
sub-path of Py in R(G).

As P,y is a shortest path from 2 to x4, we have Ng(up)N {ug, us, ... ,u‘V(R(G))‘,l} =

{UQ} and N(; (U\V(R((:‘))\—l) N {ul, Uy + oy U|V(R(G))|—2} = {u‘v(n(c))‘,g}. COHlbiIliIlg this
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with {ul, u|V(R(G))|,1} C V(R(G)), it follows that wou; € E(G) and woup (rcy)-1 €
E(G). Now, since P,y is a shortest path from zy to x4 and since U WOy (R(G))|-1 1S &
path of length two from u; to wp(r(ay) -1, we have |V(R(G))| € {3,4}, as wo & V (Pay1).

If [V(R(G))| = 3, then R(G) = C3 and |V (Pyy1) NV(C5)| = 2. Otherwise, |V (R(G))|
=4.

If uswy € E(G), then R(G) = B; and we may suppose that V (Py1) NV(By) =
{y1,y2,y3} and wy = ya. If wowy ¢ E(G), then R(G) = Cy and |V (Pyyr) NV(Cy)| = 3.
|

Lemma 5.4 Suppose that 1 < ¢ <2 and 2¢ < d <n—2. (i) Let G € C(n,d,n — d;c)
with degree sequence 7. If m # 7' = (n —d 41,33 gld=2) 1(""1)), then m Qx'. (i) If
G € C(n,d,p;1) and 7 # ma, then m < .

Proof. We first prove (7). Since p =n —d by G € C(n,d,n — d;c), the degree sequence
of G is equal to ™ = (dl,dz,..‘,dd,l("’d)), where dy > dy > - >d; >3>djy1 ==
dg = 2. By Lemma 5.3, xy and z4 are two pendant vertices of G and j > 2¢. Note that

w # 7', we have
7D (n—d+2c—j+1,307D 267 1=y q 7,

and so () holds.
To prove (i), if p = n —d, then (i) follows from (7). If p<n—d—1and ¢ = 1, then

74 (p+2,20 Y 10) 9 (n — d+ 1,29, 107Dy gy,
completing the proof of (iz). |
Lemma 5.5 If4 < d <n—2, then
U(n, d) = {Uu(n, ), Uro(n,d), .., Upgs(n,d), Uss(n,d), Uss(n,d), .., Usa_s(n, d)}.

Proof. It is not hard to see that {Uii(n,d),Uia(n,d),...,Uras(n,d),Usi(n,d),
Usa(n,d), ..., Usg_3(n,d)} C U(n,d). It suffices to show that U(n,d) € {Ui1(n,d),
Ura(n,d), ..., Uig_s(n,d),Us1(n,d),Usz(n,d),...,Usg_s(n,d)}. Let U € U(n,d).

By Lemma 5.3, zy and x4 are two pendant vertices of U, so |[Np,,,| = d — 1. Besides,

g € {3,4} and |V (Py1) NV(Cy)| = g — 1. Let z122...2,-1 be the sub-path of Py; in



-708-

Cy. Since Py is a shortest path from zg to x4, d(z1) > 3 and d(z,-1) > 3. Since d3 = 2
by the definition of 75, we may suppose that d(z1) =n —d+1 and d(z4—1) = 3.

In the case of g = 3, 2122 is the sub-path of P, in C3, d(z1) = n—d+1 and d(z;) = 3.
Since z¢ and x4 are two pendant vertices of U, U is obtained from C3 by attaching one
path with j vertices together with n —d — 2 isolated vertices to z;, one path with d—j—1
vertices to zo, where 1 < j < d—2. Thus, U = Uy j(n, d) for some j, where 1 < j < d—2.
The case of g = 4 can be proceeded similarly and thus will be omitted here. |
Proof of Theorem 2.2. In view of Theorems 3.3 and 3.4, it suffices to show that U
has the maximum (resp., minimum) H;(U) if f(z) is a strictly convex (resp., concave)
function on & > 1. Let m be the degree sequence of U. If m # 7y, then m < w3 by Lemma

5.4. Combining this with Lemma 5.5, the result follows from Theorem 3.2. |

6 The proof of Theorem 2.3

In what follows, if ¢ > 2, then let B be a bicycle subgraph of R(G), and suppose that
Cs and C; are two cycles of B such that |V(Cs) N V(Cy)| = r. Furthermore, we always
suppose that V(Cs) NV (C;) = {wo, w1, ..., w,—1} when r > 1, and we define

dist(up,vp) = max {dist(u,v) : {u,v} CV(B)NV (Py1)}
when [V(B) NV (Py1)] > 2.

Lemma 6.1 Let G € C(n,d,n —d — 1;¢) with degree sequence (dy,da, . ..,d,). If ¢ > 2,
then either dy > 4 or d3 > 3. Furthermore, (i) If r > 2 and |[{wo, w,—1} N {uf, vy }| = 2,
then dy > 4 and zo and x4 are two pendant vertices of G; (i) If either r > 2 with

{wo, wr—1} N {ug,vé}\ <1orr<1, then d3 > 3.

Proof. Since G € C(n,d,n —d — 1;¢), G contains exactly d + 1 non-pendant vertices. If

[V(B)NV(Pyy1)| < 1, note that |[Np,,,| > d — 1 by (2), then
[Nel  [Npyo| + VB~ 12 d =143 =d+2,

a contradiction. Therefore, [V (B)NV (Py41)| > 2. Next, we consider three cases according
to the value of r.

Case 1. r > 2.
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In this case, we may suppose that B = By, ;, s,, where min{sl7 83} > s > 0 and
min {5y, s3} > 1 (see Fig. 1). By the definition of r and the choices of uy and v}, we
have r = s5 + 2, either {uf,vf} C V(Cyqsps2), 0or {tf,v5} C V(Coypsyya) or {up, v}
V(Conponia).

Recall that B contains at least one vertex that is not on P;;; by Corollary 5.2, and G
contains exactly d+1 non-pendant vertices. Thus, |Np,,,| < d,andsod—1 < |Np,, | <d
by (2).

We first suppose that |[Np,, | = d — 1. Since Py contains exactly d — 1 non-
pendant vertices of G and so xy and x4 are two pendant vertices of G, verifying that
min {d(up), d(vh)} > 3. If {up, vy} = {wo, ws,41}, then di > dz > min {d(up),d(v))} >
4. Otherwise, [{wo, we,41} N {ug, vj}| < 1, then dy > dy > d3 > 3, as required.

We secondly assume that |Np,, | = d. That is, Py, contains exactly d non-pendant
vertices of G. We claim that {ué, U(’J} C V(Cs,4s54+2). Otherwise, by the symmetry of s,
and s3, we suppose that {u},v)} € V(Cs,ysp42). Then Cj, 4,42 contains at least [21522]
vertices that are not on Pyyq by Corollary 5.2. Since G contains exactly d+ 1 non-pendant
vertices and since each vertex of B is a non-pendant vertex, by (2) and min {a 1, 53} >1,
we have

S1+ 82

d:UW%J§d+1—[ —1<d—1,

}.gggd+1,ﬁ;iﬂ

a contradiction. This completes our claim.
3 AR TA 3 oo S1+s3 e ar
Since {up, v)} € V(Cs,4s912), Cstsy+2 contains at least [2522] vertices that are not

on Pyy1 by Corollary 5.2. Combining this with |Np,,,| = d and min {s, s3} > 1, we have

dlePd+1|§d+17 ’75142»53—‘ — 5 <d+1-— {y-‘ <d,

and so s = s3 = 1 and sy = 0, that is, B~ By with y, = w;.

If [{up, vh}N{wo, w1} = 0, then {up, v5} = {y1,ys} (see Fig. 1). Note that |Np,,,| = d,
then either d(y;) > 3 or d(y3) > 3, and hence dy > dy > dz > 3, as desired. Otherwise,
[{up, vp} N {wo,w1}| > 1. We may suppose that uj = wy = ys. In this case, v} €
{y1,92,ys}, and hence |Ng| > |Np,, | + {y1, y2, y3} \ {vo}| = d + 2, a contradiction.
Case 2. r =1.

In this case, V(C,) NV(C;) = {wp} and at least [£] + [4] — 2 vertices are not on Py
by Corollary 5.2. Combining this with (2), it follows that

d—1g|di+1\§d+1—(E}+m—2)§d—1, (1)
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and hence |Np,,,| = d—1. Thus, 2o and 24 are two pendant vertices of G. If wo & {uf, vh},
then dy > dy > dy > 3, as desired. Otherwise, uj and vj lie on the same cycle of B.
Without loss of generality, we suppose that {uj,vj} C V(C;). By Corollary 5.2 and
[Np,.,| =d—1by (4), [INg| > [Np,,,| +5—1+[4] =1 > d+2, a contradiction.

Case 3. r=0.

Since B is connected, there must be a path, say P, = ujus - - - uy, connecting Cs and
C}, where uy € V(Cy), u, € V(Cy) and k > 2. Thus, d(u;) > 3 and d(uy,) > 3.

By Corollary 5.2, at least (%1 + [%1 — 2 vertices are not on V(Pd+1). Similarly
with (4), we have [Np,,,| = d — 1 and hence z and x4 are also two pendant vertices
of G. If |{u671)6} N {uy,up}| < 1, then dy > dy > d3 > 3, as desired. Otherwise,
[{uf, vy} N {ur,up}| = 2. Since |Np,,,| = d—1, and so |[Ng| > |Np,,,[+s—1+t—1 > d+3,

a contradiction. ]

Lemma 6.2 Let B € C(n,d,p;2). If 7 & {m3,ms} and 4 < d < n —3, then 7 <73 or

T <Ty.

Proof. Let 7 = (dhdg,...,dn_ml(p)), where dy > dy > -+ > dpy >4 >dpy =+ =
dj =3>dj;1 = - =dyp =2 By Lemma 5.3, we have p <n —d. If p=n —d, then
m <Ay by Lemma 5.4. Thus, we may assume that p < n —d — 1 in the following, and we
will prove that = <1 7y.
Case 1. p=n—d—1. By Lemma 6.1, k > 2 or j > 3.

Ifk>2 sincenm#myand j >k > 2

< (n —d—k—j+5, 4(’“’1)7 S(j’k)7 Q(d“’j), 1("’d’1)) < Ty.
Otherwise, j > 3. Since m # 7, we have
79 (n—d—j+4,307D 2@1=0) 1(n=d=D) g (n — ¢ 4 1,3 20072 1 (=d-) g7
Case 2. p <n—d—2. It is not hard to see that
7 (p—j+5,307D 90=p=D) 100) (o —d — j +3,30°D) 22D 10-d-2y - (5)

Next, we prove that

Ifp=n—d—2, then j>2. (6)



-711-

Recall that C and C; are two cycles of B such that |[V(C5)NV(Cy)| = r. We may suppose
that s > ¢ > 3. If r # 1, then j > 2 and hence (6) holds. Thus, we may assume that
r =1 in the following.

By contradiction, we assume that j = 1. Thus 7 = (n — d 4 2,20+ 10=4=2)) Let
V(Co)NV(Cy) = {wo}. If |V (Py1) NV(R(B))| < 1, then [Np| > |Np,,,|+s+t—2 > d+3
by (2), a contradiction. Otherwise, [V (Pys1) N V(R(B))| > 2.

As in Lemma 5.1, let ug and vy be two vertices of V(PdH) N V(R(B)) with the
maximum distance. Since dy = 2 and d; = n—d+2, B is obtained from R(B) by attaching
n —d — 2 paths to the 4-vertex of R(B). Combining this with [V (Ps1) NV(R(B))| > 2,
we have [{ug, vo} N {0, z4}| > 1 verifying that |[Np,, | > d.

If wy € {ug,vp}, without loss of generality, we may assume that wy = ug, and so
d(vo) = 2. In this case, vg € {wo,zq}. Since |Np,, | > d, by Corollary 5.2, we have
[Ng| > |Np, |+t =1+ [5] —12>d+3, a contradiction. Thus, wy & {uo, vo}-

Recall that B is obtained from R(B) by attaching n — d — 2 paths to the 4-vertex of
R(B) and dy = 2. Thus, {uo,vo} = {mo,zd} and |Np,,,| = d+ 1. Again, Corollary 5.2
implies that |Np| > |Np,, |+ [£] =1+ [£] =1 > d + 3, a contradiction. This completes
the proof of (6).

By combining (5) and (6), we have 7 < (n —d+1,3,2, 1("_‘1‘2)) <Qmy, as ™ # 7y A

Lemma 6.3 If4 <d <n-—3, then By(n,d) = {Blv,;(n, d),Bs;(n,d), where1 <i<d—3
and 1 < j < LgJ — 1} and By(n,d) = {B;;Mn7 d), Byi(n,d), where 1 < i < d—3 and
1<k<d-2}.

Proof. For 1 <i<d-3,1<j< ng —land 1<k <d-—2,itis not hard to see that
By ; € Bi(n,d), By € Bi(n,d), Bs; € By(n,d) and By; € By(n,d). Let B be a bicyclic
graph of By (n,d) UBsy(n,d).

Case 1. B € By(n,d).

By Lemma 5.3, zo and x, are two pendant vertices of B and R(B) = B; with
V(P[Hl) NV(By) = {yl,yz.,yg} and so min{d(yl),d(y2)7d(y3)} > 3. Since B contains
exactly d non-pendant vertices by the definition of 73, {z1,22,...,2a-1,y4} are all these
non-pendant vertices of B. Note that {y1, y2, ys, y4} are the four vertices with degree at
least three in B, and dy =n—d+1> 3 = dy = d3 = dy > d5. Thus, y; is symmetric with

y3 and yo is symmetric with y4, and either d(y;) =n—d+1or d(ys) =n—d+ 1.



-712-

Here, we only consider the case of d(y2) = n—d+1, as the case of d(y;) = n—d+1 can be
proved similarly. Since zg and x4 are two pendant vertices of B and since d(y2) = n—d+1,
B is obtained from B; by attaching n — d — 2 isolated vertices to ys, one path with ¢
vertices to y;, and another path with d — ¢ — 2 vertices to y3, where 1 < ¢ < d—3. It is
easily checked that B 4(n,d) = Bs4-9—¢, and so B = By j, where 1 < j < L%J -1
Case 2. B € By(n,d).

Recall that Cy and C} are two cycles of B with [V(Cs) N V(C})| = r. By Lemma 6.1,
r > 2 and hence we may suppose that V(C5) N V(Cy) = {wo,wr,..., w1}, § > ¢ >
2(r — 1) and min {d(wo), d(w,—1)} = 4, as zy and 4 are two pendant vertices of G and
{wmwr_l} = {u{)v()} (see Lemma 6.1). Since {wmw,_l} = {ug,vé} and s >t > 2(r—1),

at least s + ¢ — 2r vertices of V/(R(B)) are not on Pyy;. Combining this with (2),
d—14(s+t—2r) <|Np, | +(s+t—2r) <|Np|=d+1, (7)

and hence 2(r — 1) <t <r+1. Thus, 2 <r < 3.

Combining with ¢ > 3, we have t = r+ 1. By (7) and s > t = r 4+ 1, we have
d+1=|Ng|>d—1+42(r+1)—2r =d+ 1, which implies that s = ¢ = r + 1. Recall
that [V(Cs) NV (Cy)| = r € {2,3}. Thus, R(B) € {Bi, B2}. In view of the definition of
74 and since min {d(wo), d(wr,l)} = 4, we may suppose that d(wp) =n —d+ 1.

We first suppose that R(B) = By and we may assume that y» = wy by symmetry.
Since zy and z4 are two pendant vertices of B, B is obtained from B; by attaching one
path with &k vertices together with n — d — 3 isolated vertices to y,, and one path with
d — k — 1 vertices to y4, where 1 < k < d — 2, this implying that B = Bs j(n, d) for some
1 <k <d—2. Now, we suppose that R(B) = Bs. In a similar way, we can conclude that
B = By;(n,d) for 1 <i < d—3, and so complete the proof of this result. |

Proof of Theorem 2.3. In view of Theorems 3.3 and 3.4, it suffices to show that B has
the maximum (resp., minimum) H(B) if f(x) is a strictly convex (resp., concave) function
on x > 1. Suppose that the degree sequence of B is w. If m € {ms, 74}, then Lemma 6.3
implies that B € By(n,d) UBs(n, d). Otherwise, 7 & {m3, m4}. Since 4 <d <n—3, 773

or m < my by Lemma 6.2. Now, the result follows from Theorem 3.2. |

Remark 6.4 Actually, in this paper, we have determined all the extremal graphs with

maximum (resp., minimum) vertex-degree-function index Hy(G) for any strictly convex
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(resp., concave) function f(x) defined on & > 1 among the class of trees, unicyclic graphs

and bicyclic graphs with given diameter, respectively.

Acknowledgment. The authors are grateful to the anonymous referee for helpful sugges-
tions and valuable comments, which led to an improvement of the original manuscript.
This paper is partially supported by NNSF of China (No. 11571123), Training Program
for Outstanding Young Teachers in University of Guangdong Province (No. YQ2015027),
Guangdong Province Ordinary University Characteristic Innovation Project (No. 2017K-
TSCX020), and a grant from the Simons Foundation (522728, XG).

References

[1] A. R. Ashrafi, T. Doslié¢, A. Hamzeh, The Zagreb coindices of graph operations,
Discr. Appl. Math. 158 (2010) 1571-1578.

[2] T. Doslié, Vertex—weighted Wiener polynomials for composite graphs, Ars Math.
Contemp. 1 (2008) 66-80.

[3] I. Gutman, K. C. Das, The first Zagreb index 30 years after, MATCH Commun.
Math. Comput. Chem. 50 (2004) 83-92.

[4] I. Gutman, N. Trinajstié¢, Graph theory and molecular orbitals. Total w—electron
energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

[5] Y. Huang, B. Liu, Y. Liu, The signless Laplacian spectral radius of bicyclic graphs
with prescribed degree sequences, Discr. Math. 311 (2011) 504-511.

[6] S. Li, M. Zhang, Sharp upper bounds for Zagreb indices of bipartite graphs with a
given diameter, Appl. Math. Lett. 24 (2011) 131-137.

[7] X. Li, J. Zheng, A unified approach to the extremal trees for different indices,
MATCH Commun. Math. Comput. Chem. 54 (2005) 195-208.

[8] H. Liu, M. Lu, A unified approach to extremal cacti for different indices, MATCH
Commun. Math. Comput. Chem. 58 (2007) 183-194.

[9] J. Liu, M. Liang, B. Cheng, B. Liu, A proof for a conjecture on the Randi¢ index of
graphs with diameter, Appl. Math. Lett. 24 (2011) 752-756.

[10] M. Liu, K. C. Das, On the ordering of distance-based invariants of graphs, Appl.
Math. Comput. 324 (2018) 191-201.

[11] M. Liu, B. Liu, Some properties of the first general Zagreb index, Australas. J. Comb.
47 (2010) 285-294.



(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

-714-

M. Liu, B. Liu, Extremal Theory of Graph Spectrum, Univ. Kragujevac, Kragujevac,
2018.

M. Liu, B. Liu, K. C. Das, Recent results on the majorization theory of graph spec-
trum and topological index theory — A survey, El. J. Lin. Algebra 30 (2015) 402-421.

M. Liu, Y. Yao, K. C. Das, Extremal results for cacti, paper submitted.

A. W. Marshall, I. Olkin, B. C. Arnold, Inequalities: Theory of Majorization and Its
Applications, Academic Press, New York, 1979.

R. Todeschini, V. Consonni, New local vertex invariants and molecular descriptors
based on functions of the vertex degrees, MATCH Commun. Math. Comput. Chem.
64 (2010) 359-372.

C. Wang, J. B. Liu, S. Wang, Sharp upper bounds for multiplicative Zagreb indices
of bipartite graphs with given diameter, Discr. Appl. Math. 227 (2017) 156-165.

K. Xu, K. C. Das, Some extremal graphs with respect to inverse degree, Discr. Appl.
Math. 203 (2016) 171-183.

K. Xu, M. Liu, K. C. Das, I. Gutman, B. Furtula, A survey on graphs extremal with
respect to distance-based topological indices, MATCH Commun. Math. Comput.
Chem. 71 (2014) 461-508.

Y. Yao, M. Liu, F. Belardo, C. Yang, Unified extremal results of topological index

and graph spectrum, submitted.

A. Yu, K. Peng, R. X. Hao, J. Fu, Y. Wang, On the revised Szeged index of unicyclic
graphs with given diameter, Bull. Malays. Math. Sci. Soc., in press.



