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Abstract

The Wiener index of a connected graph is the sum of distances between all un-
ordered pairs of its vertices. In this paper, we first identify the graphs whose Wiener
index is second largest among trees with given bipartition. Based on this result,
the largest Wiener index of unicyclic graphs with given bipartition is determined
and the corresponding extremal graphs are characterized.

1 Introduction

All graphs considered in this paper are simple, finite, and undirected. We follow the
terminology and notation of Bondy and Murty in [1] for those not defined here. For a
connected graph G, we use V(G), E(G),n and m to denote the vertex set, edge set, order
and size of G, respectively. The cyclomatic number p of a connected graph G is the
minimum number of edges that must be removed from G in order to transform it to an
acyclic graph. It is known that g = m —n+1, see [15]. A unicyclic graph is a graph with
1 = 1. Throughout this paper, let P,, S, and C, denote a path, a star and a cycle on n
vertices, respectively.

Let G be a connected graph. For a subset S of the edge (vertex, respectively) set of
G, we use G — S to denote the graph obtained by deleting the edges (vertices and incident
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-78-

edges, respectively) in S. If S = {wv} ({v}, respectively), we write G — uwv (G — v,
respectively) for short. Let G+ uv denote the graph obtained from G by adding the edge
wv ¢ E(G). For a subgraph H of G, denote by |H| the number of vertices in V(H) and
simply write G — H for the graph G — V(H). Let dg(v) be the degree of the vertex v
in G. For u,v € V(G), we use P, to denote the path connecting v and v. Let dg(u,v)
denote the distance between the vertices v and v in G, and let Dg(u) denote the sum of
distances between u and all the other vertices of G, that is, Dg(u) = 3,y (q) da(u, v).

The Wiener index of a connected graph G, denoted by W (G), is defined as the sum
of distances between all unordered pairs of its vertices, i.e.,

W(G) = Z de(u,v) :% Z Dg(u).

{u,v}CV(G) ueV(G)

This graph invariant was proposed by Wiener in 1947, while its equivalent definition as
above was first given by Hosoya [9] in 1971. The Wiener index has found many applications
in chemistry and has been extensively studied, see surveys [10,11,16] and the references

therein. For P, and C,, we can easily get their Wiener indices.

Lemma 1. [/ W(P,) = ("H).

Lemma 2. [14]

1,3 o .
sn if n is even;
1

W(C,) = {

sn(n? —1) otherwise.

One of the fundamental problems for a graph invariant is to determine its extremal
(maximum and minimum) values among certain classes of graphs. Entringer et al. [7]
proved that among all connected graphs on n vertices, the Wiener index is maximized
by the path P,, while minimized by the complete graph K. For trees of order n, the
maximum Wiener index is obtained by the path P,, and the minimum for the star S,
in [3]. Tang et al. [14] characterized the graphs with the first three maximum and min-
imum Wiener indices among all the unicyclic graphs of order n. Besides, the extremal
graphs that maximize or minimize the Wiener index among trees or unicyclic graphs with
prescribed maximum degree, diameter, matching and independence numbers, etc., have
been studied (see [2,6,8,12,13]).

Du [4] considered the Wiener indices of trees and unicyclic graphs with given biparti-
tion. He determined the smallest Wiener indices and characterized the corresponding ex-

tremal graphs. For two nonnegative integers p, ¢, we say a graph G has a (p, q)-bipartition,
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if G is a bipartite-graph with bipartition sizes p and q. Let H(r;z,y) be the tree obtained
by attaching x and y vertices, respectively, to the two end vertices of the path on r vertices,
where r > 1,2 > y > 0. We simply write T'(p, ¢) for the graph H(2¢—1; [”’%1], LL;“JL

as shown in Figure 1. For the largest Wiener index of trees, Du [4] got the following.

T(p,q)

Figure 1. The graph T'(p, q).

Theorem 1. [/] Let G be a tree with a (p, q)-bipartition, where p > q > 1. Then

WG < a2 =)+ 9o+ D+ (-1 || L | - 2o o)

with equality if and only if G = T(p,q).

However, the largest Wiener index of unicyclic graphs with given bipartition remains

open. Knor et al. [10] proposed the following problem.

Problem 1. [10] Find the largest Wiener index among unicyclic graphs on n vertices

with bipartition sizes p and q, where n = p + q.

In this paper, we first identify the graphs whose Wiener index is second largest among
trees with given bipartition. Based on this result, the largest Wiener index of unicyclic
graphs with given bipartition is determined and the corresponding extremal graphs are

characterized, which completely solves Problem 1.

2 Second largest Wiener index of trees

Let G1,G2 be two nontrivial connected graphs with z € V(G;) and y € V(Ga), to
identify x and y is to replace these vertices by a single vertex incident to all the edges
which were incident to either  in G; or y in Gy. The authors [4,5] stated the following

three fundamental lemmas, which are very useful throughout this paper.

Lemma 3. [4] Let G, H be two nontrivial connected graphs with u,v € V(G), w € V(H).
Let GuH (GvH, respectively) be the graph obtained from G and H by identifying u(v,
respectively) with w. If Dg(u) < Dg(v), then W(GuH) < W(GvH).
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Lemma 4. [5] Let Q1 and Qs be two vertez-disjoint connected graphs such that u € V(Q1)
andv € V(Qs). Forinteger j > 1, let G, (G,, respectively) be the graph obtained by joining

u and v by a path of length j and attaching z pendant vertices to u (v, respectively). Then
W(Gy) = W(Gy) = jz(IV(Qu)] = V(Q2)])

Lemma 5. [4] Let t,a,b,p,q be positive integers. Let t > 4 and q > 2.
(1) Ifa>b>2, then W(H(t;a —1,b—1)) > W(H(t — 2;a,b)).
(2)Ifp>q+1, then W(H(2q— 1;p—q,1)) > W(H(2q—2;p—q+1,1)).
(8) Ifa>b+2, then W(H(2q — 1;a—1,b+ 1)) > W(H(2q — 1;a,b)).

Let T"(p, q) be the graph H(2¢ — 1; [E=£] 1, | =22 ] — 1), and T"(p, g) the graph
obtained from H(2¢—1; [%'\ -1, L%j) by adding some new pendent vertex as shown
in Figure 2. Obviously, 7"(p, q¢) and T"(p, ¢) are bipartite-graphs with a (p, ¢)-bipartition.
Inspired by the proof of Theorem 1 [4], we determine the second largest Wiener index of

trees with given bipartition.

P’%“Hl{}————<}t"3ﬂ—l (11{>—0—I<}LJ
T (p,q) )

T"(p,q

Figure 2. The graphs T'(p,q) and T"(p, q).

Theorem 2. Let G be a tree with a (p,q)-bipartition, where p > q > 3. Moreover,
G2 T(p,q). Then
(1) for p — q odd,

WG < ata =)+ oo+ )+ - || LI 2oy -]

with equality if and only if G = T'(p, q);
(2) for p — q even,

W(G) < pa(2q—3)+pp+1)+(q—1) HMJ

5 fgq(q72)74}+4

3
with equality if and only if G = T"(p, q).

To prove Theorem 2, we need the lemma below.
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Lemma 6. Letp > q> 3. Then
(1) for p—q odd, W(T(p,q)) — W(T"(p,q)) = 2¢ — 2;
(2) for p — q even, W(T'(p,q)) — W(T"(p,q)) = 4q — 8.
Proof. (1) Let p — ¢ be odd. Set @, = Spire=gr1y and Qg = SLLEHJ. Let u and v be the

2

centers of Q1 and @9, respectively. Then the graph obtained by joining v and v by a path
of length j = 2¢g — 2 and attaching z = 1 pendant vertex to u (v, respectively) coincides

with T'(p, ¢) (T(p, q), respectively). Then by Lemma 4,

W) = T = 20 =21 (14 [EEE | 2 |22 ) gy

(2) Let p—q be even. Set Q; = H(2¢—3; |24 ],0) and Q> = Spe=gz1). Let u be the
leaf of @; such that its neighbor is of degree 2, and v be the center of Q3. Then the graph
obtained by joining v and v by a path of length j = 2 and attaching z = 1 pendant vertex

to u (v, respectively) coincides with 7" (p, q) (T'(p, q), respectively). Then by Lemma 4,

W(T(p.q) — W(T"(p,)) = 2-1- (2qfs+ Lp*g“J - [p*g“D _4g-8

|
Proof of Theorem 2: Let G be a tree with a (p, ¢)-bipartition with the second largest
Wiener index. We may partition V(G) into two disjoint subsets V;(G) and V2(G), where
Vi(G)] = p and |V2(G)| = ¢q. Let P = wyuz ... u—1u; be a diametrical path of G. Note
that G is not a star (i.e. ¢ > 4). Assume that dg(uz) < dg(u—1).
(1) Let p — ¢ be odd.

If G = T'(p,q), by Theorem 1 and Lemma 6, we have that
W(G) =W(T(p,q)) — 2q +2

=pq(2¢—3)+plp+1)+(¢—1) Hw

2
—Zq(g—2)—2|.
5 J da—2)
Next we suppose that G 2 T"(p, ¢). In the following, under the assumption that p — ¢ is
odd, the proof falls into three cases based on the number of vertices on P different from

Uy, uy—1 with degree at least three.

Case 1.1 Suppose that there does not exist a vertex on P different from wg, u;—1 with
degree at least three, which means G = H(t — 2;a,b) (a >b>1,a+b=p+q—t+2).
If de(ug, ue—1) is odd (i.e. ¢ even), then us € V4(G) and w1 € Va(G). Furthermore, G
has a (5% + a, 52 + b)-bipartition, that is, p = 52 4+ a, ¢ = 52 +b (a > b). Suppose that
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b > 2. Clearly, H(t;a—1,b—1) 2 T'(p,q) and H(t;a—1,b—1) has a (p, ¢)-bipartition. By
Lemma 5 and Theorem 1, W(G) = W(H(t—2;a,b)) < W(H(t;a—1,0—1)) < W(T(p,q)),
a contradiction. Now assume that b = 1, implying that t —2 =29 —2 and a =p — ¢+ 1,
that is, G = H(2¢—2;p—q+1,1). Since G 2 T"(p, q) and p— ¢ is odd, we have p—q > 3.
Then H(29 — 1;p — q,1) 2 T(p,q) and it has a (p, ¢)-bipartition. By Lemma 5 and
Theorem 1, W(G) =W(H(2¢—2p—q+1,1)) < W(H(2¢ — 1;p —¢,1)) < W(T(p,q)),
a contradiction.

If dg(uz,u—1) is even (i.e. t odd), then ug,u;—1 € V2(G). What’s more, we have
t—2=2¢—1and a+b=p—q+1since G has a (p, q)-bipartition. Let a = (%W +s
and b= [’F;ﬂj — s, where s > 2. Then by a similar way of the proof in Lemma 6(1), we

have

W(T(p, )~ W(G) = (24— 2) - 5- [(1+ [%D - (V%“J . 1)}

= (2 —2)s?

However, we have W(T(p,q)) — W(T"(p,q)) = 2¢ — 2 by Lemma 6. Hence, W(G) <
W(T'(p,q)) < W(T(p,q)), a contradiction.

Case 1.2 Suppose that there exists exactly one vertex u; (3 < i < t—2) on P
different from wus, u;—; with degree at least three.

Let A = {v1,v2,...,v} be the neighbors of u; in G different from w;_1, u;41, where k =
de(u;)—2 > 1. Let Hy (Hs, respectively) be the component of G—A (G —{w;—1u;, w1 },
respectively) containing u;. Then G can be obtained from H; and Hs by identifying
w; € V(Hy) with u; € V(Hs). Next, we further divide our discussion into two subcases
based on whether Hs is a star.

Subcase 1.2.1 H, is not a star.

(a) Suppose that dg(ug,u;) is even.

Let G; be the tree obtained from H; and H, by identifying us € V(H;) with u; €

V(Hs). Obviously, G; 2 T(p,q) and G has a (p, ¢)-bipartition. Let n; be the number of
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vertices of the component of H; — u;u; 41 containing ;1. We have

DH1 (u?) - DH1 (ui) = Z [dHl ($71L2) - dHl (Iv uz)]

z€V (H1)\{u2,uz,...,;ui—1,ui}
= (i = 2)[n — (dp, (u) — 1)]
2 (i = 2)[du, (ur-1) = (d, (u2) — 1)]
= (i — 2)(d(ur) — doluz) + 1) > 0,

and thus, Dy, (us) > Dp,(u;). Now by Lemma 3 and Theorem 1, W(G) < W(G,) <
W(T(p,q)), a contradiction.

G(t;r,x,c)

Figure 3. The graph G(t;r,z,c).

(b) Suppose that dg(us,u;) is odd.

(b1) If Hy = H(r;z,1) (r > 2,2 > 1), set dg(u—1) = ¢+ 1(> 2), then t+r+a+c =
p+q+1and G = G(tr x,c) as shown in Figure 3. Let Gy be the tree obtained from
Hy = Hy 4 uv; and Hy = Hy — vy by identifying uy € V(Hs) with v; € V(Hy). Clearly,
Go 2 T(p, q) and G5 has a (p,q)-bipartition. Note that ¢ > r+2>4andt—i >r+1 > 3,

since P is a diametrical path of G. Furthermore, i — 2 is odd, which means ¢ > 5. Then

DH:;(U'?) - DH:s(vl) = Z [dHa(Iv u2) - dH.‘i(‘T7 Ul)]
x€V (Hsz)\{u2,us,...,u;,v1}

= dp, (ur, uz) — dp,(ur, v1)+

[dH.'l(‘r7 u2) - de (Iv Ul)]
zeV (H3)\{u1,uz,...,ui,v1}
—1—it(i=3)t—i+c—1)>2>i—4)>0.

Then by Lemma 3 and Theorem 1, W(G) < W(G2) < W(T(p,q)), a contradiction.
(b2) Otherwise, let G be the tree obtained from H; and Hj by identifying vy € V(Hy)
with u; € V(Hy). Obviously, G5 2 T(p,q) and Gs has a (p, ¢)-bipartition. Note that
Dy, (u1) — Dy, (ug) = |V(Hy)| — 2 > 0. Together with the fact Dy, (u2) > Dp, (u;) in
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Subcase 1.2.1(a), we get that Dg,(u1) > Dpy,(u;). Now by Lemma 3 and Theorem 1,
W(T(p,q)) > W(G3) > W(G), a contradiction.

Subcase 1.2.2 H, is a star.

(a) Suppose that dg(us, u;) is even. Hence i > 4. If w; is the center of Hy, dg(us) =
[ ] — k+1and ¢ = 2¢ + 1, then dg(ue—1) = [2=2] + 1. Assume that k = 1. Note
that T'(p, q) (G, respectively) can be obtained from G — v; by attaching z = 1 pendant

vertex to u;_y (u;, respectively). Then it follows from Lemma 4 that
- 1
WG - W) = -1 -1 | ([P 452 )
- Q#J —1+i—1)} =(t—1-i)(3—1)<0.

So we have W(G) < W(T'(p,q)) < W(T'(p,q)), a contradiction.

Now assume that & > 2. Then G can be obtained from Hs = H; + wv, and Hg =
Hj — u;vy by identifying u; € V(Hs) with u; € V/(Hg). Let G4 be the graph obtained from
H; and Hg by identifying uy € V(Hs) with u; € V(Hg). Clearly, G4 2 T'(p, q) and G4 has a
(p, @)-bipartition. By directly calculating, Dy, (us) — Dy, (u;) = (i—2)(t—i+k) > 0. Then
by Lemma 3 and Theorem 1, we have W(G) < W(G4) < W(T'(p, q)), a contradiction.

For the other cases, we can get a contradiction by a similar discussion to Subcase
1.2.1(a).

(b) Suppose that dg(uz,w;) is odd. If w; is a leaf of Hy, dg(us) = 2, da(w—1) =
[E=¢H] 41 and t = 2¢—1, then G & G(2¢—1; 1, |24 |, [2=21)). In a similar discussion
to Subcase 1.2.1(b1), we can obtain a contradiction.

If u; is the center of Ha, dg(us) = 2, da(w—y) = [E=L2] 4+ 1 and ¢ = 2g, then
k = L%J We can deduce a contradiction whether £k = 1 or £k > 2 in a similar
discussion to Subcase 1.2.2(a).

For the other cases, similarly to Subcase 1.2.1(b2), we can reach a contradiction.

Case 1.3 Suppose that there exist at least two vertices on P different from uso, u;_q
with degree at least three. Let u; (3 <4 <t —2) be such a vertex satisfying dg(uz,u;) is
as small as possible. We may deduce a contradiction whether dg(ug, u;) is even or odd in

a similar discussion of Subcase 1.2.1.

(2) Let p — g be even.
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If G =T"(p,q), by Theorem 1 and Lemma 6,
W(G) =W(T(p,q)) —4g+8

=pg(2¢—3)+plp+1)+(¢—1) HM

2
—-ql¢g—2)—4 4.
- Zita-n-q) +

Next we suppose that G 2 T"(p, q). Similarly, we can divide our proof into three cases.

Case 2.1 Suppose that there does not exist a vertex on P different from usy, u;_1 with
degree at least three, which means G = H(t — 2;a,b) (a>b>1l,a+b=p+q—1t+2).

(a) If dg(ug,ui—1) is odd (i.e. t even), then us € Vi(G) and w1 € Va(G). Further-
more, G has a (% +a, % +b)-bipartition, that is, p = % +a,q= % +b. Suppose that
b>2 Ifa=0b=2, then W(T(p,q)) — W(G) =2(2¢ —3) > W(T(p,q)) — W(T"(p,q))-
Hence W(G) < W(T"(p,q)) < W(T(p,q)), a contradiction. If a > b >2ora =10 > 3,
then H(t;a—1,b—1) 2 T(p,q) and H(t;a—1,b— 1) has a (p, ¢)-bipartition. By Lemma
5 and Theorem 1, W(G) = W(H(t — 2;a,b)) < W(H(t;a — 1,b—1)) < W(T(p,q)), a
contradiction.

Now assume that b = 1, implying that ¢t — 2 = 2¢ — 2 and a = p — q + 1, that
is, G & H(2¢ —2;p—q+1,1). Since G 2 T(p,q), we have p —q > 2. If p—¢q =
2, W(T(p,q)) — W(G) = 2(2¢ — 2) and W(T(p,q)) — W(T"(p,q)) = 2(2g — 4), which
means W(G) < W(T"(p,q)) < W(T(p,q)), a contradiction. Suppose p — ¢ > 3, then
H(2q—1;p—q,1) 2 T(p,q) and it has a (p, ¢)-bipartition. By Lemma 5 and Theorem 1,
W(G)=W(H(2q—2;p—q+1,1)) < W(H(2¢g—1;p—q,1)) < W(T(p, q)), a contradiction.

(b) If dg:(ua, wy—1) is even, then up, uy—y € Vo(G) and t—2 = 2¢—1. Let a = [ ]+
and b = |22 | — 5, where s > 1. Then with a proof similar to Lemma 6(1), we have

that
W(T(p,q)) —W(G) = (2¢—2)-s-(s+1) > W(T(p,q)) = W(T"(p,q)) = 2(2q — 4).

Thus, W(G) < W(T"(p,q)) < W(T'(p,q)), a contradiction.

Case 2.2 Suppose that there exists exactly one vertex u; (3 < i <t —2) on P
different from wus, u; 1 with degree at least three.

Let A = {v1, vq, ..., v} be the neighbors of u; in G different from w;_1, u;41, where k =
de(u;)—2 > 1. Let Hy (Ha, respectively) be the component of G— A (G —{w;_1u;, wju;ii1 },
respectively) containing w;. If H is not a star, we can get a contradiction similar to

Subcase 1.2.1. Assume that Hj is a star.
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(a) Suppose that dg(ug,u;) is even.

Observe that ¢ > 4. If w; is the center of Ha, dg(uz) = L%j —k+landt=2¢+1,
then dg(u—1) = [”7%1] + 1. Suppose that k¥ = 1. Then, G can be obtained from
H; = G — us—1uy and Hg = w;_qu; by identifying u;—y € V(Hy) with u;—y € V(Hsg). Let
G5 be the graph obtained from Hr and Hg by identifying us € V(H7) with u;—y € V(Hg).
Clearly, G5 2 T'(p,q) and G5 has a (p, ¢)-bipartition. Moreover, Dy, (u2) — Dy, (ui—1) =
(t—14+t—2)—(t—i+1) =2i—4>0. By Lemma 3 and and Theorem 1, we have
W(G) < W(Gs) < W(T(p,q)), a contradiction. For the case that k > 2, we can obtain a
contradiction in a similar discussion to Subcase 1.2.2(a).

If w; is the center of Hy, dg(uz) = f%] —k+1and t =2¢+ 1, then dg(u—1) =
[Lgﬂj + 1. Suppose that k = 1. Note that T"(p, q) (G, respectively) can be obtained

from G — v; by attaching z = 1 pendant vertex to uy (u;, respectively). Then

W(T"(p.q)) - W(G) = (i — 4) HP_TWJ oo (P”T‘”ﬂ - 1+3)}
=(@—4)t—1i-3).

Since G 2 T"(p,q), we get that ¢ > 4 and ¢t +1 — ¢ > 4. Now we have W(G) <
W(T"(p,q)) < W(T(p,q)), a contradiction. Suppose k > 2. We can deduce a contradic-
tion in a similar discussion to Subcase 1.2.2(a).

For the other cases, we can get a contradiction similar to Subcase 1.2.2(a).

(b) Suppose that dg(ug,u;) is odd.

We can always find a graph G’ such that G’ has a (p, ¢)-bipartition and W(G) <
W(G") < W(T(p,q)) by a similar way to Subcase 1.2.2(b), which is impossible.

Case 2.3. Suppose that there exist at least two vertices on P different from wug, u;_1
with degree at least three. We can deduce a contradiction in a similar way of Case 1.3.

Therefore, the proof is complete. |

Theorem 3. Let G be a tree with a (p,q)-bipartition, where p > q = 2. Moreover,
G2T(p,2). Then W(G) < p>+3p+ L@J — 2 with equality if and only if G = T'(p,2).
Proof. 1t G = T'(p,2), then W(G) = W(T'(p,2)) = p? + 3p+ | 252 | — 2.

Let G 2 T'(p,2) and let P = wjus ... us—1u; (4 <t < 5) be a diametrical path of G.
Suppose that dg(us) < dg(u—1). Note that there does not exist a vertex on P different

from us, uy_q of degree at least three. If us and u;_; are in the same vertex class, it follows
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that W(G) < W(T"'(p,2)) in a discussion similar to Case 1.1 in Theorem 2. Otherwise,
t = 4 and dg(uz) = 2. Since G 2 T(p,2) and G 2 T'(p,2), we have p > 5. Then
W(T'(p,2)) —W(G) =2 (p— |52]) - (|%*] — 1) > 0. Therefore, W(G) < W (T"(p,2)).

|

3 Largest Wiener index of unicyclic graphs

Let G be a unicyclic graph of order n with its unique cycle C, = wus...uyu;. For
1 <4 <, we use T; to denote the component containing u; in the subgraph G — E(C,).
Such a unicyclic graph is denoted by C, (13,15, ...,T,). Let £; = |T;] —1,i =1,2,...,7.
Then Y] li=n—1.

With a proof similar to [14], we give the following formula for calculating the Wiener
index of unicyclic graphs.

Theorem 4. Let G = C,(T1, T, ..., T,) be a unicyclic graph. Then

W(G) =W(C,) + > tiDe, (w;) + Y W(T)

=1 v

+ Z Z (éiw]' + éiéjdcw (ULU]) + iji), (1)

i=1 j=it1
where w; = D, (u;).

We use U(p,q) to denote the unicyclic graph obtained from T'(p, ¢) by adding some
edge, that is, the first graph as shown in Figure 4. Now, we determine the largest Wiener

index of unicyclic graphs with given bipartition.

ot DGR DO
Ulp.q) H(a,b)

Figure 4. The graphs U(p,q) and H(a,b).

Theorem 5. Let G be a bipartite unicyclic graph with a (p, q)-bipartition, wherep > q > 2.
Then

WiE) <paza -1+ o=+ (- ) || L] i)

—2(2¢—3) V%HJ +2

with equality if and only if G =2 U(p,q).
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Proof. Note that when ¢ = 2, G = H(a,b), where H(a,b) is the graph in Figure 4 with
a>b>0and a+b=p-—2 By direct calculation, we have W(G) = W(H(a,b)) =
p? + 3p — 2 + 2ab. Under the condition that a +b = p — 2, W(H(a,b)) attains the
maximum value if a = (ﬁ] = L%J and b = LPQ;QJ = [p;zl] — 1, which means G =
H([%2], |52]) = U(p,2). In the following, we assume that ¢ > 3.

Let G = C,(T1,T>,...,T,) be a unicyclic graph with a (p, ¢)-bipartition and ¢; > ¢;
for each 2 <i<~. Then ./ {i=p+q—", lH > (WT*V—‘, 4 <~ < 2qand 7 is even.

We calculate the Wiener index of the graph G — uju, with a similar formula to the

equality (1) as follows:

W(G —uru,) = +Z€Dp7 (u:) +ZW

=1

+ Z Z (Ziw]‘ + éifjdpv (ui,uj) + éjwi), (2)

=1 j=it1
where w; = Dy, (u;).

(1) — (2), one gets

W(G - wu,) — W(G) =W (P,) — W(C +Ze (Dp, (u;) — D, (u;))+

+ Z Z il (dp, (us, ;) — de, (i, 1y)). (3)

i=1 j=it1
By direct calculation, for 1 <i <7,

Dp,(ui) — Dc, (u;) = Dp, (uy11-i) — Do, (ty41-) = (% +1- l) (% - l) Y

We should point out that W(U(p,q)) = W1 — (2 + 267), where W7 = W(T(p,q)) and
0 =2q—4+ LLZHJ Note that 2 + 20} < p+ 3¢ — 5. We use W, to denote the value
of the second largest Wiener index of trees with a given (p, ¢)-bipartition. Since g > 3, it

follows from Lemma 6, Theorem 1 and Theorem 2 that
W1*WZEQQ*2. (5)

We proceed to show W(G) < W(U(p,q) = Wi — (2+26}) if G 2 U(p,q).
Case 1. 6 < < 2q and 7 is even.
(0) If G —wu, = T(p,q), we have W(G — uju,) = Wi. Let v,w denote the two

vertices in T(p,q) as shown in Figure 1. Then there are at most two ways to get G
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from T'(p,q): (I) both u; and u, are on the path P,,, in which case by (3) and (4) we
have W(G — uyu,) — W(G) = W(P,) = W(C,) + t1(Dp,(u1) — De, (ur)) + 4 (Dp, (uy) —
Des () + 4ty (dp, (w1, 10,) — des (un, 1)) = (73) = 2+ 3G = Dp+a—7) + (-2t
(IT) only one of uy and u, is on the path P,,, in which case by (3) and (4) we similarly
have W(G —uru,) ~W(G) = () =L+ (2-1)(3-2)(p+q—) +2(E 1)l +(y—4) (16,1
No matter which case happens, we always have

WG - ) -w©&) > (13 - T+ G- DG -2+a-)

g+¥)72— {%Jrs(p;q)}'wﬂpﬂ) (6)

5 3
=317 +(

Set g(v) = =273 + (3 + BH9)42 — [%3 + L";q)} v+ 2(p+ ¢). Then we have ¢'(y) >
min{g'(6), 9’ (2¢)} since g"(6) = % > 0. And g(v) > min{g(6), g(2¢)} because ¢'(6) >
0 (p>q=>3). Since g(2q) — 9(6) = p(¢® = 3¢) — §¢° +3¢° — Fq+4 > 3a(¢* — 13) +4 >
3 X3 x (32 —13)+4=0, we get g(7) > g(6). We continue the inequality (6) and obtain

W(G —uwu,) —W(G) > g(6) =2(p+q) — 4
>p—q+1+(2+26)

> 24 20}

Thus, we have W(G) < Wy — (2+20}) = W(U(p, ¢)) in this case.
(i1) If G —wyuy 2 T(p, q), we have W(G — uju,) < Ws. Recall that ¢, > P’*qf’{‘. By

(3) and (4), we get
W(G —wuy) — W(G) =W(P,) - W(C,) + i:ﬁ,-(Dpw (us) = D (ui))+

i=1

=1 v
+ Z Z Eié]‘(dp,y (ui,uj) — dcgY (ui, U]))

i=1 j=i+1
Y+ A vy
> ST gy
= 3) g t2la VA
1 3 -
S (e WA P AP I
3 8 22 vy
3 2
04 1 p+gq p+q
2 TGt
63 62 1 p+gq p+q
> 2 o By g P
TR I e 2
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From (5) and (7), we obtain

W(G) < W(G—wu,)— (p+q+2)
Ssz(erquQ)
<Wi—(p+3q)

< Wi — (24 200).

Thus, we have W(G) < W(U(p, q)) in this case.

Case 2. y=4and {4 # 0.

By (3) and (4), we have W(G — uyug) — W(G) = 24 2(01 + €4) + 2014,.

(i) If G — wyus = T(p, q), we have W (G — ujuq) = Wy and €1 + €4 = p+ g — 4. Then
W(G —uug) = WI(G) =2+2(0; +4y) + 2004, > 2+2(p+q—4)+2=2(p+q) — 4>
p—q+ 1+ (2+26}). Thus, we have W(G) < Wy — (2 + 26}) = W(U(p, q)) in this case.

(ii) If G — wyug 2 T(p, q), we have W(G — ujus) < Wa. Recall that ¢, > [EX42]. So
we have W(G —ujuy) — W(G) = 24 2(0; + {y) + 20104 > 40, +4 > p+ q. Then with (5),

we get

W(G) <W(G —wu) — (p+9q)
SWz*(erq)
<SWi—(p+3¢-2)

<Wy—(2+20)).

Thus, we have W(G) < W(U(p,q)) in this case.

Case 3. y =4 and {, = 0.

By (3) and (4), we have W(G — ujuq) — W(G) = 2 + 24;.

(1) If G — wyuy 2 T(p,q) and G 2 U(p, q), then we have p — ¢ is even and p — ¢ > 0.
And in this case, we have ¢} = 2q — 4 + F’%H] Ay =1Ly, = 0,03 = L%j — 1, which
means W (G — ujug) = Wy and ¢4 > (3. Thus, we get W(G) < W(U(p, q)) in this case.

(1) f G — wyug 2 T(p,q), we have W(G — ujuy) < Wh.

First, we suppose one of /3 and {3 equals 0, say ¢, = 0. Then we have ¢; > (WL
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otherwise Z?Zl l; < p+q—4, a contradiction. Then together with (5), we obtain
W(G) =W(G — ujug) — (2 +24y)
<Wa—(p+q-2)
<Wi—(p+3¢—4)
<Wp —(2+20)).
Thus, we have W(G) < W(U(p,¢)) in this case.

Now, we consider the subcase that f; > 1 and ¢3 > 1. Set G; = G — uquy. Let
H, denote the graph G — (V(T3) \ {u2}). Then G; can be obtained from H; and T3 by
identifying uy € V(H;) and us € V(Ty). Let G2 be the tree obtained from H; and T
by identifying uy € V(H;) and uy € V(T3). Clearly, G = G1 + ugus = Go + uguy. So
W(G) =W(G1) — (2+26,) = W(G2) — [2+ 2(1 + £2) + 20105 by (3) and (4). Moreover,
W(Gse) < Wy and ) + ly > (%-‘ (otherwise, 321, ¢; < p+ ¢ — 4, a contradiction).
Hence, with (5), we have

W(G) = W(Gs) — [2+ 2(€1 + €3) + 20145
< Wy —[4+2(6 + £)]
<Wy—(p+q)
<Wi—(p+3¢g—2)
< Wi —(2+26).

Thus, we have W(G) < W(U(p,q)) in this case.

Our proof is thus complete. |
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