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Abstract

The concept of Gutman indez SGut(G) of a connected graph G was introduced
in 1994. The Steiner distance in a graph, introduced by Chartrand et al. in 1989, is
a natural generalization of the concept of classical graph distance. In this paper, we
generalize the concept of Gutman index by Steiner distance. The Steiner Gutman

k-indez SGuty(G) of G is defined by SGutp(G) = Yscve) [[Loes dega(v)] da(S),
1S|=k

where d;(S) is the Steiner distance of S and degg(v) is the degree of v in G.
Expressions for SGuty for some special graphs are obtained. We also give sharp
upper and lower bounds of SGuty of a connected graph, and get the expression of
SGutg(G) for k = n, n — 1. Finally, we compare between k-center Steiner degree
distance SDDy, and SGuty, of graphs.

1 Introduction

In graph theory applied to chemical problems, a large number of molecular structure de-
scriptors, so-called “topological indices”, has been studied [27]. Many of these descriptors
are defined in terms of vertex degrees; see [6,16,27]. Equally many of these descriptors
are in terms of distance between vertices; see [27,28]. There are also several degree-and-
distance-based topological indices; see [11,13,14,18].

Throughout this paper graph is connected. For a graph G, let V(G), E(G), and
m = |E(G)| denote the set of vertices, the set of edges, and the size of G, respectively.
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The minimum vertex degree is denoted by ¢ and the maximum by A. Distance is one of
the basic concepts of graph theory [4]. If G is a connected graph and u,v € V(G), then
the distance d(u,v) = dg(u, v) between u and v is the length of a shortest path connecting

u and v.
In [14], the degree distance of a graph G is defined as
DD =DD(G) = Z [dega(u) + degg(v)lda(u, v),
{u0}CV(G)
where degg(u) is the degree of the vertex v € V(G), and d(u,v) is the distance between

the vertices u,v € V(G). For more details on degree distance, we refer to [2,3,12,25].

In [18], the Gutman index of a graph G is defined as
SGut(G) = Z [degg(u)dege(v)]da(u, v),
{ur}V(G)
where degg(u) is the degree of the vertex v € V(G), and d(u,v) is the distance between

the vertices u,v € V(G). For more details on Gutman index, we refer to [8,12,15,27].

The Steiner distance of a graph, introduced by Chartrand et al. in 1989, is a natural
and nice generalization of the concept of classical graph distance. For a graph G(V, E)
and a set S C V(G) of at least two vertices, an S-Steiner tree or a Steiner tree connecting
S (or simply, an S-tree) is a such subgraph T(V’, E’) of G that is a tree with S C V.
Let G be a connected graph of order at least 2 and let S be a nonempty set of vertices
of G. Then the Steiner distance d(S) among the vertices of S (or simply the distance of
S) is the minimum size of a connected subgraph whose vertex set contain S. Note that if
H is a connected subgraph of G such that S C V(H) and |E(H)| = dg(S), then H is a
tree. Clearly, de(S) = min{|E(T)|, S C V(T)}, where T is subtree of G. Furthermore,
if S'= {u,v}, then d(S) = dg(u,v) is nothing new, but the classical distance between u
and v. Clearly, if |S| =k, then dg(S) > k — 1.

If v is a vertex of a connected graph G, then the eccentricity €(v) of v is defined by
e(v) = max{d(u,v) |u € V(G)}. Furthermore, the radius rad(G) and diameter diam(G)
of G are defined by rad(G) = min{e(v)|v € V(G)} and diam(G) = max{e(v)
V(G)}. Let n and k be integers such that 2 < k < n. The Steiner k-eccentricity e;(v) of
a vertex v of G is defined by £x(v) = max{dg(S)|S C V(G), |S| = k,and v € S}. The
Steiner k-radius of G is srady(G) = min{e,(v) |v € V(G)}, while the Steiner k-diameter

(ORS

of G is sdiamy(G) = max{e;(v)|v € V(G)}. Note that for every connected graph G,
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e9(v) = e(v) for all vertices v of G, srads(G) = rad(G) and sdiamsy(G) = diam(G). For

more details on Steiner distance, we refer to [1,5,7,9,10,26].
The following observation is easily seen.

Observation 1.1 Let k be an integer such that 2 < k <n. If H is a spanning subgraph
of G, then sdiamy(G) < sdiamy(H).

Li et al. [19] generalized the concept of Wiener index by Steiner distance. The Steiner

Wiener k-index or k-center Steiner Wiener index SWi,(G) of G is defined by
SW(G) = Y da(S).
B

For k = 2, the above defined Steiner Wiener index coincides with the ordinary Wiener
index. It is usual to consider SWj, for 2 < k < n — 1, but the above definition implies
SWi(G) = 0 and SW,(G) = n — 1. For more details on the Steiner Wiener index, we
refer to [19,20, 24].

Recently, Gutman [17] generalized the concept of degree distance by Steiner degree

distance. The k-center Steiner degree distance SDDy(G) of G is defined by

SDDK(G) = > <Z dega(v ) :(9).
scv(G) \veS
|S|=k

For more details on the Steiner degree distance, we refer to [18,23].

We now generalize the concept of Gutman index by Steiner distance. The Steiner

Gutman k-index SGutg(G) of G is defined by

SGuty(G) = Y <Hd€qa ) (S).

scv(a) \veS
[S|=k

The relations between the Steiner degree distance, Steiner Gutman index and Steiner

Wiener index are shown in the following Table 1:

Table 1. Three Steiner distance parameters.

Parameters Definitions
Steiner Wiener k-index SWi(G) =D scvie) da(S)
|S|=k

k-center Steiner Degree distance | SDDy(G) = Y scvie) |2 pes d€ga(v)] da(S)
S|=k

Steiner Gutman k-index SGuts(G) = D scvio [[Loes dega(v)] da(S)
IS|=k
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In Section 2, we obtain the exact values of the Steiner Gutman k-index of the complete
graph, complete bipartite graph, path and star. When G is a connected graph or tree,
we also get the expression of SGuty(G) for k = n,n — 1. In Section 3, we obtain sharp
lower and upper bounds for SGuty in terms of degree, or both order and size, or order.

In Section 4, comparison between SD D), and SGuty, of graphs is given.

2 Results for some special graphs

Beginning this section, we note that the special case for k = 2 of all formulas derived here
for the Steiner Gutman k-index, thus pertaining to the ordinary Gutman index, are well
known and mentioned many times in the earlier literature. From the definition of Steiner

Gutman k-index, one can easily obtain the following result:

Proposition 2.1 Let K,, be the complete graph of order n, and let k be an integer such
that 2 < k <mn. Then

n

SGuty,(K,) = (k) (n—1)*(k —1).

By the similar method in [22], we can derive the following result for complete bipartite

graphs.

Theorem 2.1 Let K,; be the complete bipartite graph of order a+b (1 < a <b), and
let k be an integer such that 2 < k < a+b. Then
kak (2) + K0 () + (k= 1) 350 () (2 )braf e if 1<k <a
SGuty(Kap) = { ka” (Z) + k=D (9( b )bTak—® ifa<k<b

k—zx

(k= 1) X () (L) ifo<k<a+b

The following corollary is immediate from the above theorem.

Corollary 2.1 Let S, be the star of order n (n > 3), and let k be an integer such that
2<k<n. Then

SGuty(S,) = (kn — 2k +1) (7: - D .

For paths of order n, we have the following.
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Proposition 2.2 Let P, be the path of order n, and let k be an integer such that 2 <
k<n-—2. Then

SGuty(P,) = 25 (k — 1) (k Z 1) +262(n — 1) (Z B ;)

Proof. Let P, = vjvy...v,, and G = P,. Note that dg(v1) = dg(v,) =1 and dg(v;) = 2
for each i (2 < i <n—1). We first regard the degree of both v; and v, as 2. In this way,

all the degree of vy, ve,...,v, are 2.
> (H degc(v)) da(S) =2 > da(S) = 2"SWi(G) .
SCV(G) \vES SCV(G)
|S|=k |S|=k

Next, let us compute how we add additional contributions for 28SWy(G) — SGuty(G) by

assuming dg(v1) = dg(v,) = 2. It is clear that
2ESW(G) — SCuty(G)

_ gkt 3 dg(S) + 281 > da(S) =252 )" da(S),

SCV(@),|S|=k SCV(G),|S|=k SCV(G),|S|=k
1 €S, degg(vn)=2 vn €S, degg(v1)=2 v1E€S, vpE€S

where degg(v1) = 2 or degg(v,) = 2 means that we regard the degree of vy or v, as 2.

For symmetry, we only need to compute Y scvesi=r da(S). Choose S C V(G)
v1€S, degg(vi)=2
and |S| = k. Without loss of generality, let S = {u1,u;,, ..., u; } where 1 < iy < -+ <

i < n. Then k < iy <n. Let dg(ui,u;,) = j — 1. Since dg(S) = da(ur, u;,) = j — 1, it
follows that k —1 < j —1<n—1, and hence k < j < n. Once the vertex u;, is chosen,

since dg(u1,u;,) = j — 1, we have (]’2) ways to choose u;,, u;

k=2 ,Uj,—1. Therefore, we

330

have

N de(S)+2 Y dalS)

SCV(G),|S|=k SCV(G),|S|=k
v1ES, dega (vn)=2 vn €S, dega(vi)=2
j — 2
= 2.9k1 da(S) = 2 (!
Z (S) Z (J ) E—9
SCV(Gy).|SI=k k<j<n
v ES
. j—1 b n
= 2%k -1 =2"k—-1 .
k- ¥ (12 —2e-(})
k<j<n

We now turn our attention to compute Y scv ey, si=+ dc(S). Without loss of generality,
v1ES, v ES

let S = {u1, Wi, ..., Ui, U} Where 1 < iy < --- < ip_y < n. Clearly, dg(S) =n —1,
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n—2

k—2) ways to choose u;,, u;

and we have ( ,Ui,_,- Therefore, we have

330

22 N dg(s) = Qk—2(nf1)(2:§>4

SCV(G),|S|=k
V1 €S, v, €S

Therefore, we have

k k—2

(i) )i

= (k- 1)<kil) +252(n — 1)(Z:§>4

SGuty(G) = 28SWi(@) — 28 (k — 1) (n> 2 n 1) (n - 2)

For k = n, the following result is immediate.

Observation 2.1 Let G be the connected graph of order n. Then
SGut,(G) = (n—1) [ de(v).
veV(G)
In [21], Mao obtained the following result.

Lemma 2.1 [21] Let G be a graph. Then sdiam,_(G) = n — 2 if and only if G is

2-connected.
We now give the expression of SGut,_1(G) for a graph G.

Proposition 2.3 Let G be a connected graph of order n.

(1) If G is 2-connected, then
1
SGut,_1(G) = (n —2) Uelv‘([c) de(v) E;()W
(2) If k(G) =1, then
1 u 1
SGut, 1(G) = HEIVL) da(v) | |(n—2) UGVE@M + <; degc(vi)>

where v; (1 < i <p) are all cut vertices of G.
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Proof. (1) Since G is 2-connected, it follows from Lemma 2.1 that dg(S) = n — 2 for any
S CV(G) and |S| =n — 1, and hence

SGut,—1(G) = (n —2) Z (H degg(v)> =(n-2) H dg(v) Z %@
svg:‘{r(f) veS veV(G) veV(Q) G

(2) Note that vy, vs, . .., v, are all the cut vertices in G. For any S C V(G) and |S| = n—1,
if V(G) = S = {uv} for some i (1 < i < p), then it follows from Lemma 2.1 that
dg(S) =n—1;if V(G) — S # {v;} for each i (1 < i < p), then it follows from Lemma 2.1
that dg(S) =n —2. Let U = {vp41,Vps2, - .., Un} be the set of non-cut vertices. Then

SGut,_1(G)

- (n-2) 3 <Hdegc ) (n—1) > (Hdegc(v)>

SCV(G),|S|=n—1 veS SCV(G),|S|=n—1 veS
V(G)-S={vi}, p+1<i<n V(G)-S={u}, 1<i<p

2 1
" 2 (uel\:[G) dC ) (1;1 ngG ) " (n ) 1) (vel‘;([G) dG(U)) <; df‘!]G(”:))
? 1
= (n-2) (mlx:[G) da(v ) (UE‘ZG) dega(v ) (vel\:[G) ot ) (2 degGW) .

The following corollary is immediate.

Corollary 2.2 Let T be a tree of order n. If vi,vs,...,v, are all the pendent vertices in

T, then

4 1 u 1
SGut,—1(T) = (n — 2)( (H degr () > +(n—1) <}_[1 dﬁgr(vi)> (; degr(vi)> .

3 Lower and upper bounds for general graphs

In this section, we give upper and lower bounds of SGut(G).

3.1 Bounds in terms of degree
The following bounds are sharp for SGutg(G).
Theorem 3.1 Let G be a connected graph of order n. Then
(G SWi(G) < SGut(G) < A(G)ESWi(G),

with equality if and only if G is a reqular graph.
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Proof. From the definition of Steiner degree distance, we have

SGuti(G) = Y (Hdegg(v)> < D AG)da(S) = A(G)FSWL(G).
scv(a) \vesS SCV(G)
[S|=k |S|=k
and
SGuty(G) = Y (Hdeg(, )d(, > Y (G da(S) = 5(G)FSWi(G) .
5‘?/(; veS b‘gr(;)

To show the sharpness of the upper and lower bounds, we consider a r-regular graph G.
Then A(G) = §(G) = r, and SGuty(G) = r*SW,(G) = A(G)*SW(G) = 6(G)*SWi(G).
|

Li et al. [19] obtained the following sharp bounds for SWy(G).

Lemma 3.1 [19] Let G be a connected graph of order n, and let k be an integer such
that 2 < k <n. Then

(Z) (k—1) < SW(G) < (k — 1)(21 1)

Moreover, the lower bound is sharp.

The following result can be easily seen.

Proposition 3.1 Let G be a connected graph of order n, and let k be an integer such

that 2 < k <n. Then

5(Q) (:) (k- 1) < SGutx(@) < AG) (k- 1) (ZI D

Moreover, the bounds are sharp.
Proof. From Theorem 3.1 and Lemma 3.1, we have

SGuty(G) > 8(G)FSWL(G) > 6(G)F (”) (k —1).

Similarly, from Theorem 3.1 and Lemma 3.1, we have

1
SCuts (@) < A(G)SWi(G) < AG)E(k — 1) (:i 1)4
To show the sharpness of lower bound, we consider the complete graph K. Since
0(K,) =n—1, it follows from Proposition 2.1 that

]

SGuty(K,) = (2) (n— D*(k — 1) = 6(K,)* (Z) (k—1).
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To show the sharpness of upper bound, we consider the path P,. For k = 2, since

A(P) =1, it follows from Proposition 2.2 that

SGuta(Py) = 1= A(R)"(k — 1) (Z I i)

3.2 Bounds in terms of order and size
For graph G having n vertices and m edges, we have the following upper and lower bounds

of SGuti(G).

Theorem 3.2 Let G be a connected graph n vertices and m edges, and let k be an integer
with 2 < k <n. Then

2m\"* (n—1\" 2m(k —1)(371) if 8(G) > 2
(= (7) <k - 1) = Su(e) = { k-1 if §(G) = 1.

Moreover, the upper and lower bounds are sharp.

Proof. For any S C V(G) and |S| =k, we have k — 1 < dg(S) < n — 1, and hence

(k=1) > <Hdeg(;(v)> <SGut(G) < (n—1) Y <Hdegc(v)) ‘
)

scv(G) \veS SCV(G) \veS
|Sl=k |S|=k
Let
M= > <H degG(”)) = > degg(v1)dega(va) - . . dega(v).-
scv(a) \ves {v1,02,...,0 }CV(G)
|S|=k
and
N = Z [dega(vr) + degg(v2) + ... + dega(vg)]-
{v1,02,....,v5 }CV(G)
Since

1
dega(vi)dega(vs) . . . dega(vy) < ﬁ[degc(vl) +dega(va) + . .. + dega(vi)]F,
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it follows that

M = Z degg(v1)dega(v2) . . . degg(vy)

{v1,v2,..,0 }CV(G)

1
< " Z [dega(vi) + dega(va) + . .. + dega(ve)]®
{v1,v2,...,ux }CV(G)
k
1
< " Z (degg(v1) + dega(v2) + . .. + degg(vy))
{v1,02,...,05}CV(G)
[

For each v € V(G), there are (Zj) k-subsets in G such that each of them contains v. The
contribution of vertex v is exactly (:j)degc(v). From the arbitrariness of v, we have
-1 -1
N = <Z _ 1) Z dega(v) = 2m (Z B 1),
veV(G)

and hence

SCuts(@) < (n—1)M < (n — 1)%1% < (2ﬂ>k (Z B 1)k(n _).

If §(G) > 2, then degg(vi)dega(va) - . . degg(vi) > dega(v1)+degg(va)+. . . +dega (vi),

and hence

SGuti(G) > (k—1) Z degeg(v1)dega(ve) . . . degg(vi)
{v1,v2,...,0:,}CV(G)

%

(k—1) Z [dega(v1) + degg(v2) + . . . + dega(vi)]

{v1,02,..., 0 }CV(G)
= (k—1)N
n—1
= 2m(k—1 .
mtr -0y ))

If §(G) = 1, then

SGuti(G) > (k—1) Z degg(v1)dega(ve) . .. degg(vy) > (k — 1) (Z)

{v1,v2,...,0,}CV(G)

To show the sharpness of the lower bound for § = 1 and the upper bound, we let

G = P,. For k =2, we have

(n—1) (%)k (Z:Dk = 1=SCuty(P) = (k — 1)(2).
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To show the sharpness of the lower bound for § > 2, we let G = C3. For k = 2, we have

SGuty(Cy) = 12 = 2m(k — 1) (Z B D
3.3 Bounds in terms of order

In this subsection we prove that the complete graph K, gives the maximum Steiner

Gutman k-index of graphs.

Theorem 3.1 Let G be a connected graph of order n. If there is a positive integer k >
0.618n, then

SGuty(G) < (?) (n— 1)k —1) 1)

with equality holding if and only if G = K, .

Proof. We have

k> 0618(n— 1) > (V5-1)(n—1) - 7(n71)+\/(n;1)2+4(n272n)7
that is,
(2k4+n—1)* > (n—1)* +4(n* — 2n),

that is,
n+1

k 1\ m—1)\*
1+ —- 1+ — = . 2
k+1< +n72<<+n72> (n72) 2)

Again since k > 0.618(n — 1), then one can easily see that

FhoD)>n_2 thatis, ("2L) s14-% > F_
snme M T n—2 k_1

From the above, we get

(n=1D*E&—-1)> (n—2)"k. (3)

First we assume that A =n — 1. If G = K,,, then by Proposition 2.1, the equality holds
in (1). Otherwise, G 2 K,,. For any S C V(G) and |S| = k, without loss of generality, we
let S = {uq,us,...,u;}. Since A = n— 1, we have two possibilities: (i) dege(w;) =n—1,
u; € S and (ii) dege(u;) < n— 2, for any u; € S.

Case (i) : degg(u;) = n—1, u; € S. In this case the tree T induced by the edges in

{uwsuy, wiug, ..., Uti—1, Williq1,. .., wug} is a Steiner tree connecting S, which implies
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d(S) < k—1. Since |S| = Fk, it follows that d¢(S) > k — 1. Therefore, dg(S) = k — 1. For
each v € V(G), we have degg(v) < n — 1. Thus we have

(H degc;(v)) do(S) < (n— 1" (k= 1)
veS

with equality holding if and only if degs(v) =n — 1 for any v € S.

Case (i1) : degg(u;) < n —2, for any u; € S. Let w be a vertex of degree n — 1 as
A = n — 1. In this case the tree T induced by the edges in {wuy, wus, ..., wu} is a

Steiner tree connecting S. One can easily see that d(S) = k. For each v € S, we have

degg(v) < n —2. Thus we have
<H dcgg(v)> dg(S) < (n—2)Fk
veES

with equality holding if and only if degs(v) =n — 2 for any v € S.

Since G 2 K, using (3) with the above results, we get

SGuti(G) = Y (H degc;(v)) da(8) < (Z) (n— 1%k —1).

scv(a) \veS
|S|=k

Next we assume that A <n — 2. By (2), we have
k k
n+1 - n—1 < ("= 1 .
k+1 n—2,) = A
From Proposition 3.1 with the above result, we have

SGut(G) < iii(nfl)’“(kfl)(;z;ti) _ (Z) (k—1)(n— 1.

4 Comparison between SDD; and SGut; of graphs
In this section we compare between SD D) and SGuty, of graphs.

Example 1 Let S, be the star of order n (n > 3), and let k be an integer such that
2<k<mn. Then

SGuty(S,) = (kn — 2k + 1) (Z - i) .
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Example 2 [23] Let S, be the star of order n. Then

SDDK(S,) = (2kn —n — 3k +2) (Z B D .

Proposition 4.1 Let G be a connected graph of order n with minimum degree §, and let
k be an integer with 3 < k < n. Let r be the number of the pendant vertices in G.
(1) If 6(G) > 2, then

SDD.(G) < SGut(G).
(2) If 6(G) =1, r+3 <k and 2*°" > 2(k — ) +r, then

SDD(G) < SGutg(G).
(3) If 6(G) =1, and r =n — 1, then

SDDk(G) > SGutk(G).
Proof. (1) For any S C V(G) and |S| =k, we let S = {v1,v,...,v}. Let dega(vi) = @;
for i (1 <4 < k). To show SDD;(G) < SGut,(G), from the arbitrariness of S and the
definitions, it suffices to show that Hle T > Zle x;. Let f(zy,29,...,28) = 120 ... T —
(x1 4+ @3+ ... 4+ x1). Since 6(G) > 2, it follows that x; > 2 for each ¢ (1 < i < k), and

hence

=TT ... Ti1Tjq1 ... Tk — 1>0
z%i

Therefore, f(z1,2,...zx) is a monotone increasing function. Clearly, f(z1,za,...,z;) >

f(2,2,...,2) =2F — 2k > 0. So, we have SDD.(G) < SGut,(G).

(2) For any S C V(G) and |S| = k, we let S = {v1,v9,...,05}. Let dege(v;) = x; for
i (1 <4 < k). To show SDD;(G) < SGuty(G), from the arbitrariness of S and the

definitions, it suffices to show that Hle T; > Zle ;. Since there are r > 1 pendant

vertices in G, we can assume that x; = 29 = ... = z, = 1. Then z; > 2 for each
i (r+1<4i<k). Let f(Trg1, Trga, - ooy Tk) = Trp1 Ty - o Tp — (Vg1 + Tpga +. . A 23) — 7.
Then

of

o, = Tp 1 Tpg2 - Tim1Tig1 -+ T — 1 > 0.

Therefore, f(Zy11,Zr42,-..,2) is monotone increasing. Clearly, f(zyi1,ZTry2,...,Tk) >
£(2,2,...,2) = 2" —2(k —7r) —r > 0 as 27 > 2(k — r) + r. Therefore we have
SDD(G) < SGut,(G).

(3) If 6(G) =1 and r = n — 1, then G = K;,_ is a star of order n. From Examples 1
and 2, we have SDDy(G) > SGut,(G). |
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Proposition 4.2 Let G be a connected graph of order n with mazimum degree A, and
let k be an integer with 2 < k < n.
(1) If A(G) <k —1, then
SDD,(G) < SGutg(Ky,).
(2) If A(G) =n —1, then
SDD(G) < SGuty(K,).
Proof. (1) For any S C V(G) and |S| = k, since A(G) < k — 1, we have
{Z degG(’”)} dg(S) < (k= 1)*da(S) < (k= 1)"(n - 1).
ves

For this S in complete graph K,

[H degm(v)} 1, (S) = (n — ¥ (k — 1).

veES
Since k < n, it follows that (k — 1)*(n — 1) < (n — 1)*(k — 1). From the arbitrariness of
S, we have SDD(G) < SGut(K,).

(2) If A(G) = n — 1, then there exists a vertex v such that degg(v) = n — 1. For any
S CV(G)and |S| =k, wehavev € Sorv ¢ S. If v € S, then d;(S) = k — 1, and hence

[Z dege(v

veS

(S) < (n— 1)k —1).

From the arbitrariness of S, we have SDDy(G) < SGutg(K,).

If v ¢ S, then dg(S) =k — 1 or dg(S) = k. If dg(S) = k — 1, then it is true as the
case v € S. If dg(S) = k, then G[S] is not connected, and there is at most one vertex of
degree k — 2 in G[S]. Therefore, there are at most two vertices in S of degree less than

or equal to n — 2 and all the other vertices in S are of degree at most n — 3. Then

{Z degg(v)} da(S) < [(n —3)"2 +2(n — 2)]k.

veS

It suffices to show that [(n — 3)=2 4+ 2(n — 2)]k < (n — 1)*¥(k — 1), that is,

[
k (n 3)k 2 2(n —2) (n—3)k’2 2(n — 2)
”—1[0 D1 (= e 1}—(71_1%1 =i (@)
(

One can easily see that (4) is true for 3 < k < n—1. For k = n, one can easily prove that

the result holds as dg(S) =n — 1. For k = 2, we have

{Zd(ﬂ% } S) <4n—2) < (n—1)?

veES
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as n > 3. This completes the proof of the result. |
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