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Abstract

The degree distance DD(G) of a connected graphs G was invented by Dobrynin and Ko-
chetova in 1994. Recently, one of the present authors introduced the concept of k-center Steiner
degree distance defined as

SDD(G) = > [Z degG(’U)] da(S)
scv(a) Lves
|S|=k
where dg(S) is the Steiner k-distance of S and degg(v) is the degree of the vertex v in G.
Expressions for SDDj, for some special graphs are obtained, as well as sharp upper and lower
bounds of SDDy, of a connected graph. Some properties of SD Dy, of trees are established.
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1 Introduction

All graphs in this paper are assumed to be undirected, finite, and simple. Let G be such
a graph with vertex set V(G) and edge set E(G). Then the order and size of G are
n =n(G) = |V(G)|] and m = m(G) = |E(G)|. In other words, G has n vertices and m
edges.

The degree dege(u) of the vertex u € V(G) is number of first neighbors of this vertex.

Distance is one of the basic concepts of graph theory [7]. If G is connected and
u,v € V(G), then the distance d(u,v) = dg(u,v) between u and v is the length of
a shortest path connecting v and v. If v is a vertex of a connected graph G, then
the eccentricity (v) of v is defined as e(v) = max{d(u,v)|u € V(G)}. Furthermore,
the radius rad(G) and diameter diam(G) of G are rad(G) = min{e(v)|v € V(G)}
and diam(G) = max{e(v) |v € V(G)}. These latter two quantities are related by the
inequalities rad(G) < diam(G) < 2rad(G). More details on this subject can be found
in [14].

We refer to [5] for graph theoretical notation and terminology not specified here.

* ok ok k%

For a graph G with vertex set V(G), the degree distance is defined as [13]

DD =DD(G)= > |dega(u) + dega(v)lde(u, v) (1)
{uv}eV(G)

For more details on degree-and-distance-based graph invariant, we refer to [2-4,6,16,17,
22,24,27].
The Wiener index W(G) of the graph G is defined as

W@ = Y dalun). 2

{uv}CV(G)
Details on this oldest distance—based topological index can be found in numerous surveys,
e.g., in [11,12,18,19,25, 26, 28].
The Steiner distance of a graph, introduced by Chartrand et al. in 1989 [9], is a natural
and nice generalization of the concept of classical graph distance. For a subset S of the
vertex set V(G), consisting of at least two vertices, the Steiner distance d(S) (or simply

the distance of S) is the minimum size (number of edges) of a connected subgraphs whose
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vertex set contains S. This connected subgraph is necessarily a tree and is referred to as
a Steiner tree.

Note that if S = {u, v}, then d(S) = d(u,v) is nothing new, but the classical distance
between u and v. Clearly, if |S| = k, then d(S) > k — 1.

Let n and %k be integers such that 2 < k < n. The Steiner k-eccentricity ex(v) of
a vertex v of G is gx(v) = max{d(S)|S C V(G), |S| = k,and v € S}. The Steiner
k-radius of G is srady(G) = min{e,(v) |v € V(G)}, whereas the Steiner k-diameter of
G is sdiamy(G) = max{ez(v)|v € V(G)}. Note that for every connected graph G,
g2(v) = e(v) for all vertices v of G, srady(G) = rad(G) and sdiamy(G) = diam(G). For
more details on Steiner distance, we refer to [1,8-10,14,23].

The following result is immediate.

Observation 1. If H is a connected spanning subgraph of G, then
sdiamg(G) < sdiamy,(H)
holds for all k, 2 < k <mn.

Li et al. [20] put forward a Steiner-distance-based generalization of the Wiener index
concept. According to [20], the k-center Steiner Wiener index SWy(G) of the graph G is
defined by

SW(@G) = Y d(S). (3)
SCV(G)
1S|=k
For k = 2, the above defined Steiner Wiener index coincides with the ordinary Wiener
index, Eq. (2). It is usual to consider SWj, for 2 < k < n — 1, but the above definition
would be applicable also in the cases k = 1 and k = n, implying SW;(G) = 0 and
SW,(G)=n—1.

In [20], Li et al. obtained the following results.
Lemma 2. [20] Let S,, P,, K,, and K, be the star, path, and complete graph of order

n, and the complete bipartite graph of order a +b. Then for k being an integer such that

2<k<n—2o0r 2<k<a+b-2,
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swirn) = 6-0(}) ©)
A—1<"z')>+<z>+<z>

s = 3 G-y e (y)  wa<ks m
(k,n(a;b) irean

Recently, one of the present authors [15] offered an analogous generalization of the
concept of degree distance, Eq. (1). Thus, the k-center Steiner degree distance SDDy(G)
of G is defined as

SDDy(G Z [Z degg(v) :| da(S). (8)

scv(Ga) LveS
|S|=k

In Section 2, we report expressions for the k-center Steiner degree distance of the
star, path, as well as the complete and complete bipartite graphs. We also get general
expressions for SDDy(G) for k = n,n— 1. In Section 3, we obtain sharp lower and upper

bounds for SDDy.

2 Steiner degree distance of special graphs

Beginning this section, we note that in the special case k = 2, all formulas derived here
for the k-center Steiner degree distance reduce to expressions for the ordinary degree

distance.

Theorem 1. Let S,,, P,, K,, and K, be the path, star, and complete graph of order n,
and the complete bipartite graph of order a +b. Then for k being an integer such that
2<k<n—-2o0r 2<k<a+b-2,

SDDW(S)) — (2kn—n—3k+2) ( i D )
SDD(P,) = %ﬁ”*” (Z) (10)

SDDy(K,) = n(nfl)Z(Z:S) (11)
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2ab(k — 1)(“231 1) +lm(2) +kb(z> if 1<k<a

SDD(Kay) = 4 2ab(k —1) (a Zf; 1) + ka(Z) fa<k<b (12)

2ab(k71)(“2f11) +k(k71)a(2) i b<k<a+b.

Proof. We first verify the expression for SDDg(S,).

Let w be the center of S,. For any S C V(S,) and |S| =k, if w € S, then dg, (S) =
kE—1land ) .gdegs,(v)=(n—1)+(k—1)=n+k—2 Ifw¢S, then dg,(S) =k and
> ves degs, (v) = k. Therefore,

SDDi(S,) = > |:Zdegsn(v):| ds,(S)+ Y |:Zdegsn(v):| ds, (S)

SCV(Sn) veS SCV(Sn) veES
|S|=k,wes [S|=k, w¢S

= (Z:D(n+k72)(kf1)+(";1>k2

_ (Z:D(n+k—2)(k;—1)+(Z:D(n—k)k

from which Eq. (9) directly follows.

Next we consider the Steiner degree distance of K.

Let S C V(K,) and |S| = k. Since K,, is a regular graph of degree n — 1,

S deg, () = K(n — 1)

veS

implying

SDDy(K,) = > {Zdegm(v)} dg,(S)

SCV(Kn) LvES
1S|=k
= k(n—1) > di,(8)=k(n—1) SWi(K,).
SCV(Kn)
|S|=k

Eq. (11) follows now from Lemma 2.

The proofs of Egs. (10) and (12) are similar, yet somewhat more complicated, and

are omitted. [
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Observation 3. Let G be the connected graph of order n and size m. Then directly from
the definition of SDD,(G), Eq. (8), it follows
SDD,(G) =2m(n—1).

In [21], Mao obtained the following result.

Lemma 4. [21] Let G be a connected graph of order n. Then sdiam,_1(G) =n — 2 if
and only if G is 2-connected.

We now show how to compute SDD,,_1(G). Denote the vertex-connectivity of the

graph G by &(G).

Theorem 2. Let G be a connected graph of order n and size m.

(1) If k(G) > 2, then

SDD,_1(G)=2m(n—2)(n—1). (13)
(2) If K(G) =1, then
SDD,_1(G) = 2m(n* —3n+2+p) — zp: dege(w;) (14)

where w; (1 <14 < p) are the cut vertices of G.

Proof. (1) Since £(G) > 2, all subgraphs of G with n—1 vertices have £ > 1, and therefore

the Steiner distance of the respective n — 1 vertices is n — 2. Hence,

SDD,, 1(G) = (n—2) Z {Z dege(v)
s, e
For each v € V(G), there are (n — 1) (n — 1)-element subsets of V(G) such that each of
these contains v. The contribution of vertex v to SDD,,_1(G) is exactly (n — 1)dega(v).
From the arbitrariness of v, we get Eq. (13).

(2) Note that wq,ws, ..., w, are the cut vertices of G. For any S C V(G) and |S| =
n—1,if V(G)\S = {w;} for some i, then by Lemma 4, dg(S) =n—1. fV(G)\S # {w;}
for each i (1 < i < p), then Lemma 4 implies dg(S) = n — 2. Then SDD,,_;(G) is equal
to

(n—2) Z [Z degg(v)

SCV(G) veS

+(n-1) Z |:Z degg(v):|

SCV(Q) veES
|S|=n—1 |S|=n—1
V(G)\S#{wi} V(G)\S={w;}
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= (n—2)|2(n—p)m — Z dega(w;)

i=p+1

+(n—1) [me - Z deg(;(wi)}

i=1
which is equal to the right-hand side of Eq. (14). (|

In [15], a result for SDDj of a tree T was obtained. Here we calculate SW,,_1(T).
Theorem 3. Let T be a tree of order n, possessing p pendent vertices. Then
SDD, (T) =2(n—1)* — p(2n — 3) (15)
irrespective of any other structural detail of T'.

Proof. Since k = n — 1, the respective subsets S contain all except one vertices of 7. If
the vertex missing from S is pendent, then the vertices contained in S form a tree of order

n — 1. Therefore dr(S) =n — 2, and ) _cdegr(v) = 2m(T) — 1 = 2n — 3. There are p

vES
such subsets, contributing to SDD,,_1 by p x (2n — 4)(n — 2) = 2p(n — 2)2.

If the vertex of 7', not present in S, is non-pendent, then the vertices contained in S
cannot form a tree, and the respective Steiner tree must contain all the n vertices of 7T'.

Therefore, dp(S) = n— 1, and ) g degr(v) = 2m(T') — dr(w), where w € V(G) \ S.
There are n — p such subsets, contributing to SDD,,_; by

2(n—D)(n—p)m(T) — (n—1) > dr(w)

dr (w)>2

2(n—1)(n — p)m(T) — 2(n — 1)[2m(T) — 2p]
= 2(n—1)*(n—p)—(n—1)(2n—2-p)
= 2(n—1%—pn—1)(2n—-3)

which straightforwardly leads to Eq. (15). O

3 Lower and upper bounds for general graphs

Denote by 0(G) and A(G) the smallest and greatest vertex degree of the graph G. The
bounds stated as Proposition 5, follow immediately from the the definitions of the Steiner

Wiener index, Eq. (3), and Steiner degree distance, Eq. (8).
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Proposition 5. Let G be a connected graph of order n. Then
k6(G)SWi(G) < SDD(G) < kA(G)SWi(G)
holds for all k, 2 < k < n, with equality if and only if G is a reqular graph.

Theorem 4. Let G be a connected graph of order n and size m. Then

n—1 n—1
— < < —
2m (k _ 1)(k 1) < SDDy(G) < Qm(k B 1) (n—1) (16)
holds for all k, 2 < k <mn.

Proof. For any S C V(G) and |S| =k, we have k — 1 < dg(S) < n — 1, and hence

k=1 Y {Zdega(v)} <SDDLG) < (n—1) > {Zdﬁga(v)} (17)

scv(a) LveS scv(G) LveS
[S|=k |S|=k

Let

M=) |:Zdagg(v):| .

scv(c) Lves
|S|=k

For each v € V(G), there are (2:11) k-subsets in G containing the vertex v. The contri-

n—1

bution of v to M is thus (7_]) dege(v). From the arbitrariness of v, we have

k-1
n—1 n—1
M= > =
(k—l) Z dege(v) 2m(k_1)
veV(Q)
which substituted back into (17) yields (16). O

Li et al. [20] obtained the following sharp bounds for the Steiner Wiener index.

Lemma 6. [20] Let G be a connected graph of order n. Then

(1) a-v<sme <a-n ;1))

holds for all k, 2 < k <n. Moreover, the lower bound is sharp.

Proposition 7. Let G be a connected graph of order n. Then

(@) ) =1 < 5006 < kaEE-1 ;1)

holds for all k, 2 < k <n. Moreover, the lower bound is sharp.
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Proof. From Proposition 5 and Lemma 6, we have

SDDW(G) > k6(G) SWi(G) > k8(G) (Z) (k—1)

and

k+1

In order to show the sharpness of the lower bound, consider the complete graph K.

SDDy(G) < kA(G) SWi(G) < kA(G)(k — 1)<n + 1) .

Since A(K,,) =n — 1, it follows from Egs. (6) and (11) that

SDDW(K.) = n(n —1)° (Z B ;) - (Z)k(n (k= 1) = kS(K) SWi(K).

To show the sharpness of the upper bound, we consider the path P,. Since §(P,) = 1, it
follows from Egs. (5) and (10) that

SDDy(P,) = DD(P,) =2 =2A(R,) SWa(F) .
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